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The material for mathematical education may be chosen 
for the value of the knowledge of the material itself or for 
the value of the training got in the courae of acquiring 
the knowledge. The knowledge-value is greater the more 
closely the thing studied is delated to human life and 
interests, and less the more remote it is from these. As 
to training-value, the appropriate progress from concrete to 
abstract is most possible in connexion with things of 
concrete human interest ; so that a selection of material 
made for its knowledge-value is confirmed by the criterion 
of training-value. 

In range this book is in general agreement with the 
practice of our schools ; containing the Geometry, Algebra, 
and Trigonometry usually read by pupils that do not 
specialize in mathematics. In detail there are a few 
differences. Thus the addition theorem in Trigonometry 
is of no great use for the solution of triangles, nor has the 
manipulation involved sufficient training^value to justify 
the inclusion of the theorem. On the other hand, a certain 
amount of Solid Qeometry is included from a belief in its 
value for both knowledge and training. 

The more the pupils can develop the subject for them- 
selves and without help from the teacher, the truer is their 
knowledge of it and the more valuable the training received 
in the process ; but care must be taken that thifi intensive 
method does not too greatly restrict the range of know- 
ledge. This book has the form of a summarized discussion 
between teacher and pupils. In the earUer chapters the 
discussion is given in some detail. In later chapters it 
is more condensed, so that towards the end of the book the 
reply put in the pupil's mouth is the final formal conclusion. 
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iv PEEPACE 

which is reached only after a good deal of discussion. 
The order of the deyelopment of the subject must depend 
to some extent on the suggestions made by the pupils in 
discussion, and so must vary from class to daas. This 
book shows one possible development ; more importance is 
attached to the method than to the order of development. 
In order that the discussion may be a real one, each dis- 
cussion should take place before the pupils look at the cor- 
responding part of the book. 

Some teachers may for the sake of drill and mechanical 
dexterity desire an increase in the number of exercises ; 
they can easily multiply them by numerical alteration of the 
data. But I venture to think that this country pays too 
much attention to dexterity, and that to work honestly 
through the problems of the text and the exercises will 
result in as great a degree of dexterity as any one should 
require. 

Occasional reference is made to principles. For a dis- 
cussion of principles readers are referred to Some Principles 
of Mathematical Educcation by Mr. Benchara Branford, 
which is being issued by the Clarendon Press. The 
writing of my book has been in part due to reading 
Mr. Branford's manuscript. 

Valuable help in suggestions and proof reading has been 
given by Messrs. Leonard Blaikie, Benchara Branford, 
J. G. Hamilton, and E. L. Kearney. 

Most of the exercises are taken from examination papers 
of the Civil Service Commission, by the permission of the 
Controller of His Majesty's Stationery Office. 

Criticisms and suggestions will be gratefully received. 

I shall be especially glad to hear of pupils' suggestions 

which (whether right or wrong) have proved fruitful for 

the development of the subject. 

DAVID MAIR. 
Baitsiead, Surrey, 
Novmber^ 1906. 
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A SCHOOL COURSE OF 
MATHEMATICS 

CHAPTER I 

THE CACHE 

1. A BOT sometimes makes in a garden a cache or hiding- 
place for treasures, and covers it over so as to be indis- 
tinguishable. By what measurements can he fix the spot 
so as to find it again ? 

The pupils should be asked for suggestions, and their 
proposals discussed till a possible method is found. If the 
discussion can take place in a garden, it will go better. 
They will suggest measuring its distance from trees, posts, 
or other known points. Suppose the cache is 7 feet from 
an apple-tree A, 12 feet from a plum-tree P, 4 feet from 
a cherry-tree Tj and so on. 

2. The cache is 7 feet from the tree A. Mark all the 
points at this distance from A ; in the garden if possible, 
with a piece of string, or, fiuling that, on paper with string 
or compasses, using 1 centimetre to represent 1 foot. These 
points make a curve that is called a circle, the apple-tree is 
at the centre of the circle, and the distance of every point 
of the circle from the apple-tree (7 feet) is called the radius 
of the circle. The cache lies somewhere on this circle. Now 
take the next measurement, 12 feet from the plum-tree P, 
and mark all the points that satisfy this condition, that is, 
all the points that are 12 feet firom the plum-tree. What 
kind of curve does this give ? What is its centre ? and its 
radius ? The cache lies on this line also. 

From these two measurements what do you know of the 
position of the cache ? — ^It must be at one of the points 
where these two curves cross, and we could &ad it by digging 
at these points. But how could you avoid digging 

at the wrong point? — We could use another measure- 
ment. Any other way ? — ^We could note that the 

MAIB n 



2 THE CACHE 

cache lies norfch or east of the liae joining the apple- and 
plum-trees, or note in some other way on which side of the 
line it lies. 

8. Suppose the trees A and P to be 9 feet apart, and the 
cache 11 feet from A and 7 feet from P. Mark the trees on 
paper, 1 cm. representing 1 foot, and mark the two possible 
positions of the cache. With the same two trees, and the 
cache supposed to be 10 feet from A and 8 feet from P, 
mark its possible positions. 

Suppose that the boy noted the position by fastening one 
end of a string at Ay stretching it to C and making a knot 
there and fastening the string there, and stretching it from 
there to P, and cutting it off at P. How could he use this 
string to find the cache? Do it, taking the trees 9 feet 
apart and the two parts of the string 11 and 7 feet long. 
How many points might he find if he forgot whether 11 
feet was the distance from A or from P? Mark them alL 

Suppose that when he tried to use the string he found the 
knot had slipped, what would he know of the position of 
the cache? Use the same lengths as before, and mark all 
the positions he would get by supposing the knot at dif- 
ferent points along the string. Use the string or your 
compasses, whichever you like. 

4. Are there any positions of the knot on the string that 
will not do? — Clearly 1 foot from an end will not 
do. How does it fail? Distinguish between the 

positions that will do and the positions that won't. (The 
pupils will find by experiment that the knot must be at 
least 4*6 feet from an end.) 

The two distances from the trees have been supposed to 
make up 18 feet, or in the drawing 18 cm., and we have 
found that the distance from each tree must be at least 
4*6 feet, or in the drawing 4*5 cm. Suppose this restriction 
that the two distances make up 18 feet or cm* removed, 
and find by experiment what relation there must be 
between the two distances of the cache from the trees, 
the trees being 9 cm. apart on your drawing. Take 8 cm. 
as the distance from A, and take in succession 3, 4, 5, 6, . . . 
cm. as the distance from P. Then take 4 cm. as the dis- 
tance from A, and the same succession of distances from 
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P ; and so on, till you see what the relation is, and till you 
can prove it without any drawing at all. — ^The sum of the 
distances must be greater than 9 cm. and the difference less 
than 9 cm. 

If you take any three points, and rule straight lines with 
your straight-edge to join them, the figure you make is 
called a triangle, and the three lines you have ruled are 
its sidea Make a triangle haying sides 8 cm., 10 cm., and 
13 cm. long, another with sides 8, 10, and 17 cm. long, 
and, if you can, four more with sides (1) 8, 10, 3 cm. ; (2) 
8, 10, 19 cm. ; (3) 8, 10, 7 cm. ; (4) 8, 10, 1 cm. Try 
making other triangles with different sides till you can give 
a rule to distinguish the cases in which the triangle can 
be made ; and justify your rule. The rule is important 
enough to be called a proposition, and may be stated 
thus : — Any two sides of a triangle are together 
greater than the third. 

5. Pomts of the Compass. The terms north and east 
have been used. How do you know which direction is 
north and which east ? Point to the south, How do you 

know ? It is the direction in which you must walk to go 

towards the sun at midday. Where does the sun 

rise and where set? ^Roughly, it rises in the east and 

sets in the west. If you face south and then 

turn in the opposite direction, which way are you 
flEusing? — North. Does any one know the Pole 

Star and how it is used to fix directions ? (The Pole Star 
is not necessary, and need not be followed up if no pupil 
knows it.) 

If you face south and then turn halfway round to the 

north, which way are you facing ? ^East or west. In 

turning halfway round to the north you have turned 
through an angle called a right angle. Point out any 
right angles you see about the room, the tables, desks, &c. 
Through how many right angles do you turn in turning 
from south to north ? And in turning from south back to 
south again ? What fraction is a right angle of the whole 
angle you turn through in turning from south back to 
south again ? What fraction is a right angle of the angle 
you turn through in turning round from any position till 
you again face in the same direction ? 

B 2 



4 THE CACHE 

Fold a sheet of paper, and call two points on the- crease 
A and £. Open the sheet out and fold it again so that A 
and B fall together. Open it out again. How many angles 
do the creases make? — Four. And are they all 

equal? — Yes, because they fit together. Then what 

angles do they make with one another? — Bight angles. 

Take two creases that form a right angle and fold them 
on one another. What angle does the new crease make with 
the former two? — ^Half a right angle. By folding 

make an angle a quarter of a right angle. 

Note for the Teacher. If any pupil raises the question 
whether the size of an angle depends on the length of the 
arms, the question must be discussed. But the question 
should be leffc alone till a pupil raises it. It is a general 
principle not to point out logical difficulties to a pupil. It 
is a waste of time to explain a difficulty that the pupil does 
not feel. 

6. Halves and quarters of a right angle have been men- 
tioned. In shopping we avoid ^'actions of a shilling by 
using a smaller uni^ the penny. In measuring we avoid 
fractions of a metre by using a smaller unit, the centimetre. 
So with angles it is convenient to have a smaller unit than 
the right angle. The smaller unit is called a degree, and 
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90 of them make a right angle. Look at your protractors^ 
they are marked or graduated in degrees. Draw half a 
dozen angles at random, and measure them in degrees. 

How many degrees are there in the first two angles 
together? Make an angle containing this nimiber of de- 
grees. Make another angle as big as the first three angles 
that you made. 
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In turning from north to east, through how many degrees 
do you turn ? And from north to soutti ? And from north 
to north again? And in turning from north halfway to 
east? 

An angle may be indicated by a single letter or by three 
letters, as A, Wy pgr^ in Fig. 1. A straight line may be in- 
dicated by a single letter or by two, as /S, BC. Care must 
be taken that the sign used singles out one angle or line. 

7. The Oircle. Draw a circle and fold the paper so that 
the crease cuts the circle. Open it out again. Gall the 
two points of cutting C and D, and call the centre of the 
circle A, Draw the radii AC and AD, and fold again so 
that these radii lie along one another. How do C and D 
fall ? Open out again and call the point where the creases 
cross 0. What are the angles at 0? — Eight angles, for 
they all fit when folded together. What do you 
know of the lengths CO and OD ? — ^They are equal because 
they fit together. 

8. The straight line joining two points on a circle is 
called a chord. Draw any circle 
and lay in it a chord CD (Fig. 2). 
Bisect the chord at by folding C on 
Z>. Join to Ay the centre of the Cy 
circle, and measure the angles AOC 
and AOD. Bepeat with several other 
chords. 

Again draw a circle and lay in it 
a chord CD, Draw a line bisecting 
the chord at right angles by folding 
C on D and creasing the paper. How 
does the centre A lie with respect 
to this perpendicular bisector? (When two lines meet at 
right angles they are said to be perpendicular to one 
another.) Bepeat with several other chords. 

9. Can you tell from your drawing whether the centre A 
lies within a millimetre of the perpendicular bisector of the 
chord ? Within 0*1 of a mm. ? Within O'Ol mm. ? And in 
the former case, when the centre A was joined to the middle 
point of the chord CD, can you tell whether the angle 
COA differs from a right angle by 1 degree ? By O'l of a 
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degree? There is a limit to the accuracy of a conclusion 
made from drawing. And can you predict whether the 
same result would be true for additional chords if you drew 
them ? — Not with certainty, though the result seems 
likely. If we want an accurate conclusion, and one we 

know to be true for all cases, we need some otiier method 
than this experimental one. Have we in this case another 
method ? Betum and compare the discussion in Art. 7. 
In that there was no measuring, nor did anything depend on 
the accuracy of our folding or on the particular circle or 
radii chosen ; and we may rely on the general truth of the 
conclusion. Thus we know that — the straight line join- 
ing the centre of a circle to the middle point of a 
chord is perpendicular to the chord; and the per- 
pendicular bisector of a chord passes through 
the centre of the circle. 

10. The Isosceles Triangle. Draw any triangle AOJDf 
having the sides AC and AD equal. A triangle with two 
sides equal is called an isosceles triangle, and the third 
side is called the base. Measure the angles at and D. 
Bepeat with three or four other isosceles triangles. What 
do you observe about the angles C and D in each case ? 

Again, draw any straight line CD, and with your pro- 
tractor draw lines from C and D making the same angle 
with OD and meeting in A, and so forming a triangle. 
Measure the lines AO and AD. Bepeat with three or four 
other figures. What experimental result have you reached ? 

11. If in Art. 7 we began without a circle, but with only 
two equal lines AG and AD, would there be any difference 
in our conclusions? What do you know of the triangle 

ACD made by joining G and D? It has two sides 

equal. Consider the triangle when AG and AD are 

folded together. What can you tell about it, and what of 

the angles at G and D? They are equal because they 

fit together. State this as a proposition. ^The 

angles at the base of an isosceles triangle are equal. 

Now begin with a straight line CD (Fig. 3), and draw 
lines GE and DF from G and D on the same side of CD 
and making equal angles with it. Fold C on D. How 
do CE and DF fall? — Together, since the angles are 
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equal. If, then, these lines are produced till they 

meet the crease, what happens ? — They meet the crease in 
the same point. Gall it G. Then we have a triangle 



Fig. 3. 

GCD in which we made the angles G and D equal. What 
do we know of the sides ? — GG is equal to GD because 
they fit. This equality may be written 

GC^GD, 

the sign *= being a short way of writing 'is equal to'. 
State your result as a proposition. — If a triangle has 
two of its angles equal, the two sides opposite to 
these angles are equal. 

12. Let us return to the trees A and P, and the two 
circles with these as centres, at one of whose intersections 
the cache must lie. Gall tiiese intersections C and D 
(Pig. 4). Draw the 
figure and fold C on 
2), so as to get the 
crease that bisects 
CD at right angles. 
What do we know 
of this crease in con- 
nexion with the circle 
whose centre is A 9 
And in connexion 
with the circlewhose 

centre is P? ^We 

know that the crease 

passesthrough A and 

through P. So that the perpendicular bisector of a 

chord that is common to two circles passes through 

the centres of the circles. 

18. If we had found the middle point of CD and joined 
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it to A and P? — Then AO is perpendicular to CD (Art. 9), 
and so lies along the crease made by folding C on 2). So 
does POf so that AO and OP lie along the same crease 
and make a straight line, the straight line that joins 
A and P. So that the straight line joining the 
centres of two circles bisects the common chord 
of the two circles at right angles.* 

When you see anything in a mirror the reflection or 
picture or image seems to be behind the mirror right 
opposite to the original and at the same distance from the 
mirror. Now in Tig. 4 C and D are on opposite sides of 
the line AP, right opposite to one another, and at the same 
distance from it ; so we call C the image of D, or D the 
image of (7. And generally, if two points lie so that the 
line joining them is bisected perpendicularly by another 
line, they are called the images of one another in that line. 

Now draw one circle on ordinary paper and another on 
tracing paper. Put the tracing paper on the top of the 
other and move it about so that one circle is sometimes inside 
the other, sometimes outside, and sometimes they overlap. 
How does the line of centres lie with respect to the com- 
mon chord in every position ? And in a position when the 
circles are just ceasing to overlap, how does the common 

chord lie ? It has become shortened to nothing, and the 

two points of intersection of the circles have become 
one. And how does this single point lie with 

respect to the centres of the circles ? — It is in line with 
them, since the middle point of the chord is always in line 
with them. So we have found that when two circles 

meet in only one point (or, in other words, when they 
touch one another) this one point (the point of contact) 
is in line with the two centrea 

14. Suppose, now, that Fig. 2 (p. 5) is drawn in copying ink 
and folded along the chord CD so that every point of the 
figure prints itself off on the other side of GD ; or what is 
the same thing, suppose the image in CD of every point of 
the figure drawn. What kind of figure have we then? — ^Two 

i| * On the Euclidian plan reference would be made here to the 

ji axiom that two straight lines cannot enclose a space ; but such 

refinements are out of place with beginners. 
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equal circles with centres A and a, cutting one another in 
G and D, the middle point of OD being joined to A and a 
(Fig. 6). And, as before, what do we know by con- 

sidering the radii AC and 
AD folded together ? And 
by considering the radii 
aC and aD folded to- 
gether? — ^We know the 
four angles at are right 
angles, and^Oais astraight 
line. Howthen can 

we draw a perpendicular 
from A on CD? — Find 
a, the image of J., by 
folding, and join Aa. And what do we know df 

the perpendicular from the centre of the circle on a 
chord? — ^We know that the perpendicular let fall 
from the centre of a circle on a chord bisects the 
chord. 

15. Other methods qf fiomg the cadie. Can you suggest 
any other measurements that 
might be made to fix the 
position of the cache, instead 
of those already used? The 
pupils may suggest the follow- 
ing; whether they do or not 
is immaterial, as these methods 
may more naturally be dis- 
cussed later — 
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1. Distance AC and angle PAC (Fig. 6). 

2. AngleB PAC sknd AJPC. 

8. Distance AC and compass bearing of AC. 
4. Oo a suitable distance along AP, and then a suitable 
distance out at right angles to AP. 

16. As much can be learnt from the discussion of unsuit- 
able suggestions as of suitable, and the following may be 
discussed if any pupil suggests it : — Would it do to measure 
the distances of the cache from the foot A of the tree and 
from a point B some distance up the trunk, say 5 feet ? 

Assume a position for the cache C, and measure its 
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distances from A and B, in the garden if possible. If the 
garden is impossible, take B on the wall of the room, or on 
a desk, and A right below it on the floor. What do you 
know of the position of C from the measured dist^^ce 
from A (say 7 feet) ? Mark all the points 7 feet from A, 
These points altogether make what is called the locus of 
points 7 feet from A. Then take the measured distance 
from B and mark all points on the floor at this distance 
from B, another locus. How do these two loci lie ? 

Assume another position for the cache and proceed as 
before. Assume additional positions for the cache till the 
pupils discover and experimentally satisfy themselves that 
in each case the two loci are the same, so that the second of 
them gives no further information (Fig. 7). 

Tiddng B as before 5 feet 
above J., assume G in succes- 
sion 1, 2, 3, . . . 10 feet from A, 
measure the distance CB in 
each case, and make a table 
showing (1) the length of AC 
in feet for each position, 
(2) the length of BC corre- 
sponding, and (3) the number 
of feet in -40 divided by the 
number of feet in BC given 
as a decimal to two places. 

17. Note. The work should throughout be done by the 
pupil, not by the teacher. In drawing and measuring the 
pupil cannot avoid doing the work ; in the matter of con- 
clusions from the drawing and measuring the teacher is 
tempted to tell the conclusion instead of leading the pupils, 
by suitable questions, to discover the conclusion. The 
general reasoning should also be that of the pupils with 
a minimum of leading by 'the teacher. A necessary prelimi- 
nary to the drawing of conclusions and to general reasoning 
is a certain amount of concrete mathematical experience. 
If the pupils are slow at reasoning it will be well to increase 
the amount of drawing and measuring, and to continue the 
course chiefly experimentally, and then to return to reason 
out the results with the help of the concrete experience thus 
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gained. To repeat the words of another^s reasoning is not 
to reason. 

18. Example. A recluse lives in hiding, and communicates 
with his friends through two post offices, A and B, of which 
B lies 14 miles north of A. The hiding-place H is supposed 
to be at the same distance from these two post offices. 
Make a map on a scale of 1 cm. 
to 1 mile, showing A and B ; and 
supposing IT to be 8 miles from 
each of these points, mark where 
it might be (Fig. 8). Do the same, 
supposing H 9 miles from each 
point, then 10 miles and so on. 
By taking a great number of 
points we get a line, and we know 
that if J? is to be equidistant from 
A and B it must lie on this line. 
What sort of line is it and how Fio. 8. 

does it lie? If the pupils do 

not yet know, take different positions for A and JS, and 
again find the line on which H would lie, until the posi- 
tion of the line is made obvious. 

Now consider J? to be at any one of these positions and 
join it to 0, the middle point of AB. What do you know of 

HO ? Can you prove it by folding ? Fold HA and HB 

together, and the crease made lies along HO while A and B 
fall together ; as we saw before. So that HO lies along the 
crease made by folding A on By that is, HO is the perpen- 
dicular bisector of AB. And this is true no matter which 
position we take for H; so that H always lies on this 
perpendicular bisector. Can you state the result in 

mathematical form ; what are the conditions and what the 

conclusion? The locus of points equidistant from 

two 'fixed points is the perpendicular bisector 
of the line joining the points. 

It is also known that the recluse returns home from A by 
travelling north-north-west. Now the direction midway 
between north and west is called north-west (Fig. 9), and 
the direction midway between north and north-west is called 
north-north-west. Find these two directions on your map 
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by folding. On what line do we know that the hiding-place 
H lies from the fact that he travels NNW. to get home ? 



NtDtW 



N«N*6* 



W»N.W. 



E.N.E. 




•»fO»^nf« 



E.ae. 



8iO*>Vv* 



9«9>Bi 



Fia. 9. 



Lastly, from the two conditions, itnark on your map the 
spot at which the recluse's friends should look for him. 



Constructions. 

19. In the preceding article it was found that the locus of 
points equidistant from two given points A and B is the 
perpendicular bisector of the line AB. How could you 

draw this perpendicular bisector? ^By folding A on 

B. Could you do it without folding? ^Yes, by 

finding enough points on the perpendicular bisector and 
joining them. How would you find a point on 

it ? — ^It has to be at the same distance from A and J?, so 
we open our compasses to any convenient radius and draw 
two circles with centres at A and B, The point JET, where 
they cut one another, is a point on the perpendicular 

bisector. How many points do you need? Two, 

because two are enough to settle the position of a line 
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drawn through them. How will you find a aeoond 

point IT? — ^In the same way as J7; or simply take the 
second intersection of the first 
pair of circles. Then join HK 
and we have the perpendicular 
bisector of AB (Fig. 10). 

If you had a line AB and 
wanted to bisect it^ that is, to 
find its middle point, what 
would you do ? Draw the per- 
pendicular bisector; the point 
where it cuts AB is the 
middle point. Or we could 
measure AB] suppose it 8*31 
cm. ; from this find half the 
length, namely 4*15 cm., and 
measure off this distance from 
one end of the line. 




Fio. 10. 



20. Gould you draw a perpendicular to a line CD from 
a point E that does not lie on the line ? — ^We might fold 
the paper so that the crease passes through JE7, while one 
part of the line OD falls along another piurt. Then all the 
four angles where the crease crosses CD will fit if folded on 
one another, so that they are right angles and the crease 
is the perpendicular we want. 

Gould you draw the perpendicular without folding? 
Gould you find on CD two points, Pand Q, such that J^ would 
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lie on the perpendicular bisector of PQ? — ^With E as 
centre, draw any circle that cuts CD in two points, and call 
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these P and Q, Then E is equidistant from P and 
Q so that the perpendicular bisector of PQ passes through 
E (Pig. 11). How many points on this bisector do 

you need in order to draw it? One in addition to E, 

Draw two equal circles, with centres at P and Qy and call 
one of the points where they cut one another H, Then EH 
is the perpendicular bisector of PQy that is, it is the perpen- 
dicular from E on CD. 
How would you draw at JE7 a perpendicular to CD when 



)f 




E lies on CD? Will the same method do? — Yes, find 
P and Q equidistant from E, then find H not on CD and 
equidistant from P and Q ; and EH is the perpendicular 
(Kg. 12). 

How would you use your protractor to draw a perpen- 
dicular to CD at a point J^ in it ? Do so. Some protractors 
can be used to draw the perpendicular when E is not on 
CD. Can yours be so used ? 

21. Converse Propositions. We have found properties of 
circles so related that a condition and the conclusion of one 
become respectively the conclusion and a condition of the 
other. Thus we had the trio:— (1) The perpendicular 
bisector of a chord of a circle goes through tiie centre. 
(2) The line joining the middle point of the chord to the 
centre is at right angles to the chord. (8) The perpendicular 
from the centre on the chord bisects it. 

Any one of these is said to be the converse of any other. 
Another pair of converse propositions we had was : — (1) The 
line joining the centres of two circles bisects their common 
chord at right angles. (2) The perpendicular bisector of 
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the common chord of two circles passes through the centres 
of the circles. 

The following are statements related in the same way. 
Discuss which of them are true and which false. Draw 
a circle of radius 5 cm. and centre A and take a point B 
somewhere inside the circle (Fig. 13). Is it true that every 
point more than 5 cm. firom A lies 
outside the circle ; and that every 
point outside this circle is more than 
5 cm. from A? Is it true that every 
point more than 5 cm. from B lies 
outside the circle; and that every 
point outside the circle is more than 
5 cm. from B? Is it true that 
every point more than 10 cm. from 
A is outside the circle; and that 
every point outside the circle is more 
than 10 cm. from A? Is it true 
that every point more than 10 cm. 
from B is outside the circle ; and that every point outside the 
circle is more than 10 cm. from B ? 

Does it appear whether, from the truth or falsity of a 
statement, you can tell whether a converse of the statement 
is true or false ? 

EZEBOISES. 

1. The positions of four points are specified thus : from to ^ 
is 1*6 miles north and 4'2 east ; from 2. to £ is 3*1 north and 2*3 
west ; from £ to is 2 north and 3*3 west ; and from to D is 
3*7 south and 1*4 east. Show the points OABOD on the scale 
of 1 inch to one mile. 




Fig. 13. 




Fio, U. 

2. In Fig. 14 the thick line AB represents a level railway 
which is carried partly through cuttings and partly on an embank- 
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ment. The irre^^uiar line represents the section of the ground. If 
the scale of honsontal distemces is 1 inch to a mile, and the scale 
of vertical distances is 1 inch to 100 feet, draw up a table showing 
the height of the ground above the level of the nulway at intervals 
of half a mile starting from Ay and indicating points where the 
ground is below the level of the railway by prenzmg the sign - . 

3. Prick off Fig. 15 ; in which A and B are two forts. A body 
of soldiers at T are just out of range of each fort and want to 

§et as near X as possible without going any nearer to either fort, 
ihow the point they would go to, and draw the shortest path by 
which they could go. Draw the straight part of the path hj laying 
your straight-edge against the circle and tnrough their destmation. 

Y© 



©A g0 



X© 

Fia. 15. 

4. AB is a tube which revolves uniformly on a table about its 
middle point 0, that is, turning through the same angle every 
second. If a marble moves from one end of the tube to the other 
at a uniform speed (that is, travelling the same distance every 
second), whilst the tube makes a complete revolution, draw the 
path of the marble. Represent the tube by a line 5 inches long. 

6. From a comer of a sheet of paper mark off 20 cm. along one 
edge to A and 13*4 cm. alons the other to B. Fold over the comer 
along the line AB^ and nuu^ on the page the -point where the 
comer falls. Open out the fold again and join to the comer by a 
straight line. FVove shortly that this straight line ia perpendicular 
to AB. 



CHAPTER II 



POSITION OP CHAIR ON SCHOOLEOOM PLOOB 

1. A CHAIR stands in a certain position on the schoolroom 
Aoor, What measurements would you take so that if the 
chair is moved it may be placed again in its former position ? 

Discussion will soon show that this resolves itself into 
two questions, how to fix one leg of the chair, and how many 
legs must be fixed. The former question is the problem of 
the cache over again, and the same solution may be offered. 
The teacher accepts this and asks for another. A likely one 
is to measure the distances of the leg from the walls. 

Proceed to measure the distance from a wall, say the north 
wall. Prom what point of the wall will you measure? 
The suggestion may be made of the nearest point of the 
wall. Measure from various points and measure the angles 
these various distances make with the wall. Make a table 
of the various distances and the corresponding angles. To 
measure at right angles is thus suggested ; or it may have 
been suggested at first. 

Suppose the leg of the chair known to be 4*6 feet from 
the north wall, measured at right angles. What locus does 
this give ? on what line does the leg lie ? Pind by drawing ; 
draw a number of lines 4*6 feet long perpendicular to the 
wall, either on the floor or to a scale of 1 cm. to 1 foot on 
paper. What is the locus of the ends of these perpen- 
diculars? — It looks like a straight line. Test it 
with your straight-edge. 

2. FaraUds, Pold a sheet of paper and call the crease 
you make A. Pold the crease A on itself in two different 
places, making creases B and C7(Pig. 1). What angles do these 
creases B and G make with A ? — ^Kight angles, since the 
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B 



Fig. 1. 



four angles at either intersection all fit together. Now 

fold the crease B on itself in several places, making new 
creases 2>, JB, JP, . . . across B and 0. Measure and tabulate 

the lengths of these 
last creases that lie 

between B and C 

What angles do these 
creases 2), JE7y... make 
with B? How do 
you know ? Measure 
and tabulate the an- 
gles that Df Ef , , , 
make with C. What 
experimental result 
do your measure- 
ments give ? — That the creases DjE,.., cut B and G pretty 
exactly at right angles, and that the distances between 
B and C measured along them are pretty exactly the same. 

The creases B and C are said to be parallel To be 
made mathematically parallel in this way they would need 
to have the angles between them and the ci*eases D, E, . . . 
made exactly right and the distances apart along all the 
creases B, E, , . . made exactly equal. 

Bepeat this experiment by drawing, that is, draw any 
line Af draw two others B and C at right angles to it, and 
at various points on B draw perpendiculars to meet C 
Measure the lines and angles as before. 

Again draw any straight line, and at a number of points 
on it draw perpendiculars, all of the same length and all on 
the same side of the line. Join their ends. What is the 
result ? ^The ends all lie on a straight line. 

Mention any cases from everyday life of parallel lines. 

The edges of boards of the floor ; the two side pieces of 
a ladder ; the two rails of a straight railway track ; the 
courses of brick in a wall, 

NoTB. The existence of parallel lines is an experimental 
fftct. All systems of demonstrative geometry assume it in 
some form, though often not explicitly. 

8. To return to our problem : it is now known that the 
chair-leg lies on a parallel to the north wall 4*6 feet firom it. 
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How would you draw this parallel? — ^We have had one 
method, by finding a number of points on it ; a simpler 
way is to measure 4*6 feet along the neighbouring walls and 
to join the points thus found. 

Is this enough to fix the leg? — We need the distance 
from a second wall. Is l£e leg then fixed ? Will any 

second wall do ? — ^It must be the east or the west wall, and 
the leg is then fixed, for this gives a second locus meeting 
the former locus in one point. The south wall would not 
do, for the locus it would give is the locus we have already. 
So that the position of the leg is fixed by its distances from 
two walls that meet. 

4. Having fixed one leg, say the right-front-leg, h,ow will 
you fix the chair ? By fixing another leg, say the left-front- 
leg. How ? ^In the same way. Is the chair 

now fixed? — Yes, for you can place it in position from 
these data. 

How many measurements have you made to fix the chair ? 
Gould you have done with fewer ? When you have fixed 
one leg do you know anything about the position of the 

second leg? If the first leg is set down on the proper spot 

P (Fig. 2), the second lies 
somewhere on a circle 
with this spot P as centre 
and with the distance be- 
tween the legs as radius; 
so that we need only one 
more measurement. If 
we know the distance of 
the second leg from the Fig. 2. 

north wall, its position 

must be Q or JR, one of the points where the two loci meet. 
And if we know also that the second leg is nearer than the 
first to the east wall, its position is fixed without ambiguity. 

What information then do we need to fix the chair ? 

Three measurements, in addition to a means of distinguishing 
between Q and B. 

Ex.1. You are given that the right-front-leg is 4*6 feet from the 
north wall and 6*1 feet from the east, the other front leg is 4*8 feet 
from the nCorth wall, and the distance between the legs is 1*5 feet. 

o2 
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Suppose 1 cm. represents 1 foot and a page of your book repre- 
sents the floor ; and mark the position of the chair. 

If you had been given that the left-front-leg was 6*8 feet from the 
north wall, could you have marked its position ? Why not ? What 
condition must hold among the measurements ? 

6. When you have the chair in position can you moye it 
at all without shifting the two legs from their positions on 
the floor? — ^We may tilt the chair. Then state 

more exactly what you have found. ^Provided the chair 

stands on the floor the three measurements and the 
means of distinguishing between Q and B settle 
the position of the chair. 

What measurements would be necessary if the chair is 
not to be compelled to stand on the floor ? Think this over, 
and we will return later to the discussion of such a problem. 

6. Is any other measurement possible for the second leg, 
instead of the distance from a wall, when you have the first 
leg fixed ? The angle the line joining the two legs makes 



Front liffJit letT^ ^j^ 




FrCUt left i0g 



Fig. 3. 

with a wall or with a parallel to a wall would do. And 
various other suggestions may be made. 

From the sketch given (Fig. 3) draw the chair in position 
on the same scale as before. 

7. A boy once made a cache in the comer of a rectangular 
lawn, and to keep a note of the position he made the 
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drawing in Fig. 4. But, as boys and even men sometimes 
will, he forgot to make a note of the scale of his drawing, 
whether an inch represented a foot, or every distance was 
^ of the true distance, or whatever else it might be. What 
does his drawing tell him 

of the position of the cache? North edge of lawn 

Measure in the drawing the xT / 
distance of the cache from 
the two edges of the lawn. 

He knows only that the 
cache is at the same distance 
from the two edges. Draw 
the lawn to some definite 

scale, this time marking the OaebK^ ^^^^ 

scale, and draw the locus of B 

all points where the cache 
might lie. How do you 
mark the point that is 8 cm. 

(say) from each edge? By Fig. 4. 

measuring 8 cm. from 

along the north edge to A, and there drawing a per- 
pendicular AB 8 cm. long. Or by measuring dong the 
east edge to C and drawing CB perpendicular and 8 cm. 
long. Or by measuring 8 cm. along to A and to (7, and 
drawing perpendiculars long enough to meet. 

When the last method is used, do we know that the 
point B where the perpendiculars meet is 8 cm. fi.'om each 
edge? — ^Yes, from our experimental result we know that 
if OA and CB are both perpendicular to 0(7, their distance 
apart is the same all along as between and C, that is, it is 
8 cm. If now the two edges OX and OY are folded 

together, how do A and fell? And how do the per- 
pendiculars at A and C fall ? Then how does the point B 
where they meet lie ?— On the crease. 

8. Does this result depend on the particular length 8 cm. 
that we used ? — No, whatever the length B would lie on 
the crease. What then is the locus of possible posi- 

tions of the cache ? — It is the crease. Compare the 

angles the crease makes with OX and Or by measuring. 

They are equal as far as measiurement can tell. Can 

you give any other reason ? — They are equal because they 
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fit when the paper is folded. So that the locus of 

possible positions for the cache is the bisector of the angle 
between the edges of the lawn. 

State the geometrical property without reference to lawns 

or caches. If two straight lines OX and OY are at 

right angles the locus of all points equidistant 
from them is the bisector of the angle XOT, 

9. Now produce XO, TO, and BO so that we have XOZ 
and FOTF crossing at right angles, while BOQ bisects the 
angle XOT (Fig. 5). What can we say of this figure? 
Are points on OQ equidistant from OW and OZ, and does 

OQ bisect the angle ZOW? 
And do all points equidistant 
from XZ and TW lie on BQ? 
Measure aU the angles at 
with your protractor and write 
their values on the figure. 
When you stand facing north 
and turn about to face south, 
through how many degrees do 
you turn ? And if from any 
position you turn about to face 
the opposite way? Does it 
matter whether you turn to 
the right or to the left;? Sup- 
pose that in Fig. 5 you stand 
at facing along OX and then turn about to face the oppo- 
site way ; write down the angles that make up the 180 

degrees you have turned through. They are XOW, WOQ, 

and QOZf if we turn to the right. Do this for every 

line of the figure. 

You found the sizes of all these angles by measuring. But 
the value of yoiu" results depends on the accuracy of your 
drawing and of your measuring, which can never be very 
great. Can you by reasoning tell what results you would 
get if you could draw and measure the figure with perfect 
accuracy? What would the angle XOT be on a perfect 
figure ? And how did you get the line OB ? — By folding 
OX on OT, What, then, do you know of the angles 
XOB and TOB on a perfect figure ? They are equal, and 




Fig. 6. 
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together they make a right angle or 90 degrees ; so that 
each is 45 degrees. 

Can you tell the size of the angle ZOTT? — ^It is 90 
degrees, for the turn from OT to OX is 90 degrees and the 
turn from OT to OW is 180 degrees. 

And what do you know of the sum of the angles BOX, 
XOW, and WOQ? — It is 180 degrees. And of 

these three angles you know two ; what, then, is the 
third WOQ? — It must be 45 degrees to make the sum 
180 degrees. 

10. To write this down in the ordinary way takes a long 
time, and some contractions or sjrmbols are used to shorten 
the writing. Thus — 

angle is denoted by L 

degree by ® 

equals or is equal to by = 

together with or plus by + 

less or minus by — 

perpendicular by J. 

parallel by || 

triangle by A 

therefore by .*. 

and by the help of these symbols our reasoning may be 
stated thus — 

LXOr- 90° 

LXOJB + LJBOr « 90° and LZ0J5 « LJBOF 

.•.LZOJ5 = LJ?Or«45° 

LTOX + LXOTT" 180° and LYOX - 90° 

• •• LXOW = 180° -90° = 90° 

and so on. But these contractions should be sparingly 
used at first as there is danger of concentrating the attention 
on the contractions instead of on the reasoning. The value 
of symbols is best realized if the pupils are allowed to do their 
writing in longhand till they begin to realize how tedious 
it is ; they may then be encouraged to invent symbols for 
themselves and to use their own inventions for a time. 
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11. Now find the size of each angle of the figure by 
similar reasoning, and compare these results with the 
measured results. Can you now answer any of the ques- 
tions at the beginning of article 9? Are all points on OQ 

equidistant from OZ and OW? ^Yes ; OQ bisects the angle 

ZOW and folding along OQ brings OZ and OTF together, 
so that if any length is measured along OZ and OW, and 
perpendiculars drawn, they meet on OQ and have the same 
length ; just as we found already for OB, OX and OY. So 
that we now know that all points on BOQ are equidistant 
from XOZ and TOW. 

The question whether OQ bisects LWOZ is already 
answered. 

Do all points equidistant from XOZ and YOWlie on the 
line BOQ ? Pind a number of such points by drawing, and 
then answer the question. — No, all such points do not lie 
on BOQ ; some lie on the line that bisects the angles XOW 
and YOZ. Here, then, we have two converse pro- 

positions. Are they both true, or both untrue, or what? 

Can you sum up what we have found in a single proposi- 
tion about a locus of points? A little discussion should 
lead to the statement that: The locus of points 
equidistant from two lines intersecting at right 
angles is the two lines that bisect the four angles 
made by the intersecting lines. 

Ex. 2. Use the result of Article 8 to bisect a right angle by the 
help of ruler and compasses. 

12. Suppose now that the lawn in Art. 7 is not rect- 
angular, and that as before you know the cache is equidistant 
from two edges, the distances being measured perpendicular 
to the edges. Gk> over the work of Arts. 7-11, altering it 
to suit the altered condition* 

13. Draw two straight lines A OB and COD crossing at 0, 
and measure all four angles. The angles AOC and BOD 
are called vertically opposite angles. The angles AOD 
and BOG also are called v^ically opposite. Tou have met 
with several such pairs of angles. Can you state and 
prove any proposition about a pair of vertically opposite 
angles? — ^The vertically opposite angles made by 
two intersecting lines are equal. 
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EXEBOISBS. 

3. In article 12 it is found that the bisector OB of any angle 
XOY may be found by laying off equal lengths OA and 00 along 
OX and OY and drawing perpendiculars at A and to meet in 
B, Find out if it would do to join to the middle point D of 
AO ; would this line OD be the bisector of the angle ? 

4. Make a map of the schoolroom and the desks, &o., in it. Use 
a scale of 1 cm. to 1 ft., 1 in. to 1 ft., 1 cm. to 1 metre, or any 
other that is convenient. 

5. How would you fix the position of a pencil that lies on your 
desk ? A book ? A triangle cut out of paper ? An irregular sheet 
of paper ? 

6. How would you draw a line parallel to a line that is given 
you ? How would you do it if the parallel was to go through a 
given point ? 

7. Two straight railroads, AOO and BOD, cross at at nght 
angles. ^ is 1^ miles, and B is 1^ miles distant from 0. ^o 
trams pass A and B respectively, at noon, moving towards Oat the 
uniform rates of 20 and 30 miles an hour. Find by measurement, 
and tabulate, the distances apart of the trains at noon, and at 
1, 2, 3, . . . 7 and 8 minutes after noon. By examination 
of your table of distances, state as accurately as you can the time 
when the trains were nearest to one another. Take about the 
middle of the page, and work to a scale of 2 inches to a mile. 

8. Draw on tracing-paper a straight line 8H six inches long : 
mark on it a point B two inches distant from 8. On a page of your 
book draw two straight lines XOF and OQ intersecting at right 
angles, XOF close to one side of the page and OQ across the 
middle of the page. Bring the tracing-paper over these lines, 
moving it about so that 8 passes up and down XOF and at the same 
time B moves to and fro along OQ, Prick on the paper the 
points over which B passes and then draw a freehand smooth curve 
through these points. 

9. A square ABCD, measuring 3 cm. in the side, rolls without 
sliding along a line XY, turning about B, C and D in succession. 
Draw (full size) the path of the point A from the position in 
which it is leaving XFtill it again lies on XY» (A square has 
all its sides equal and all its angles right angles.) 

10. Draw two circles of 1 inch radius with their centres 2^ inches 
apart. On tracing-paper draw two straight lines each 1} inches 
long bisecting each other at right angles. By pricking through the 
tracing-paper and drawing through the points a smooth curve, 
determine the paths of the ends of one of the straight lines while 
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the ends of the other move along the circumferences of the two 
circles one end on each. 

11. A point P is known to be at least 4*6 cm. from a point A of 
a straight line ; shade the area in which P may not lie. P is also 
to be at least 4*6 cm. from another point B of the line ; shade the 
additional prohibited area. Take more points 0, D, ... on the line, 
and suppose P to be at least 4*6 cm. from each, and shade the 
prohibited area. Finally, find experimentally and approximately 
the form of the prohibited area if P is to be at least 4*6 cm. from 
every point of the line. 



CHAPTER m 



ABEAS 

1. Thx determination of areas is a problem of great 
antiquity. Many races have passed through a stage of 
development in which the land of a community was 
periodically divided into a number of equal parcels ; and 
the name Geometry itself means land-surveying. 

Do you know any units in terms of which areas are 
measured? — ^Acre, hectare, square foot, square decimetre, 
square inch, square centimetre, and others. Draw as 

many of these units as your paper is big enough to hold, 
and cut them out to use for measuring. Take a sheet of 
paper of any form, and see how many square inches you can 

mark out on it. Does this tell the area? ^Yes, except for 

the irregular pieces left at the edges. Are there no 
pieces left over except at the edges ? — ^We can mark out 
the inch^squares so that there mil be no pieces left over 
except at the edges. Could you measure the play- 
ground in the same way with a square foot as unit ? ^Yes, 

but it would be somewhat laborious. Let us see if 

we cannot find easier ways. 

2. In measuring the sheet of paper, do you need to lay 
the unit-area on the sheet every time to mark out the units 
there ? — We could simply rule the sheet into squares, or 
we could place it on squared paper and trace its boundary 
on to the squared paper. Is there any choice as to 
where you mark out the first square ? — ^We could use any 
straight side of the sheet as the side of squares, and if the 
sheet was rectangular * one square should be placed in a 
comer of the sheet. 

* The sheet is rectangular when its four angles are all right 
angles. 
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Take a rectangular sheet and rule it out as far as you can 
into inch squares. Cut off the strips left over, and state the 
relation between the area, the length, and the breadth of 

the rectangle you now have. The area in square inches 

is the length in inches multiplied by the breadth in 
inches. Does this result depend on the particular 

length and breadth, or would it be true for others ? And 
if the length is { inches and the breadth h inches, what is 

the area? It is Ixh square inches, provided { and h are 

whole numbers. 

8. Let us now replace the strips that were cut away from 
the rectangle and try to find the area of the original sheet 
of paper. No inch-squares can be marked out on these 
strips, and we must use a smaller unit. Let us take as 
smidler unit a strip such that ten of them placed side by 
side form an inch square. Mark out this strip-unit as often 
as you can on the strips that were cut away. If any area 
still remains that has not been included take a still smaller 
unit, say a little square, ten of which will make a strip- 
unit. 

Thus, for instance, if the sheet of paper measures 12*7 
inches by 8*2 inches, the area consists of 

12 X 8 inch squares, 
12 X 2 + 8x7 strip-units, 
7 X 2 of the smaller squares. 

How many strip-units are there? 80. If you 

were given the expression 

12x2-h8x7 

without knowing how it was arrived at, would its meaning 
be clear? — No, unless there is an agreement about the 
order in which the addition and multiplication are to be 
performed ; if we began by adding the 2 and the 8, the 
expression would mean 840. The expression then may 
mean the sum of the two products 12 x 2 and 8 x 7, or it 
may mean the product of the three quantities 12, 2 + 8, and 
7. Brackets may be used to avoid ambiguity ; thus 

(12x2)+ (8x7) 
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means the sum of the two products 12 x 2 and 8x7, while 

12x(2+8)x7 

means the product of the three numbers 12, 2 + 8, and 7. 
There can be no doubt about the meaning of either of these, 
but we can save ourselves some labour in writing if we 
agree to confine the brackets to one of the two cases. Let 
us agree that in the absence of brackets or other indi- 
cation multiplication and division are to precede 
addition and . subtraction. Then when we meet 
12 X 2+ 8 X 7 we know that we must first multiply 12 by 2 
and 8 by 7 and then add the results. So that with this 
agreement the expression as it originally stood means 80 
without any ambiguity, and if we want to make it mean 
840 we must use a bracket. f 

4. Now express in square inches and fractions the area of 
the sheet of paper. — It is 

12x8 + (12x2 + 8x7)x^ + 7x2x^4^ 

square inches. (Note the use of the bracket ; what 

would this expression with the bracket left out mean ?) This 
expression, which is now recognizable as 12*7 x 8*2, has the 
value 104*14. For most purposes it is su£Scient to give the 
value as 104, and if the length and breadth of the e^eet are 
only approximate, being measured to the nearest tenth of 
an inch, the form 104*14 has a misleading appearance of 
accuracy, and even 104 is not reliable in the unit figure. 

If you adopted as unit from the beginning the small 
square 0*1 of an inch in the side, how many of these units 
would you have in the rectangle? And what is their 
equivalent in square inches? 

Ex. 1. Make a loop of string, lay it on Boaared paper, and find 
the area it encloses oy counting squares. Move the loop about 
and pin it out, to make it enclose as great an area as possible. 
What does the shape of the loop then look like ? 

6. Now generalize the formula already obtained for the 

area of a rectangle in terms of the length and breadth. 

The length being { inches and the breadth h inches the area 
is { X & square inches, where { and & may contain fractions. 

Are these fractions limited to be tenths? Or to be 
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decimals ? And what is the formula if the dimensions are 
given in centimetres ? 

6. What is the area of a rectangle measiuring a inches 
and b tenths by c inches and d tenths? — It consists of 

axe inch squares, 

axd + hxc strip-units, 

hxd smaller squares, 

that is, 

axe + axdx-^ + bxex-^ + bxdxj^ 

square inches. 

This form is clumsy, and a shorter way of writing it is 
desirable. One a little better is 

axd bxe bxd 

axe + "jQ- + "lo" + Too' 

but even this may be improved on. Would it do to drop 
the sign of multiplication and write ae to mean a multiplied 
by c? — ^It would not do for numerals; we cannot drop 
the sign in 12x8, for it would then be 128, that is, one 
bundled and twenty-eight. May we drop it except be- 

tween numerals ? — ^Tes. A system is a little illogi- 

cal that adopts different conventions for letters and numerals, 
and this difference of convention may cause difSculty. 
However, these conventions are universal and very useful, 
and pupils that realize the difference, and realize that both 
conventions are no more than conventions, will find no 
difficulty. We agree^ then, that the sign x may be dropped 
when no ambiguity results from dropping it, and we write 
the number of square inches in the rectangle as 

ac -h ad^ -h bc^ + ^^hhsy 
or as 

orf be^ bd^ 

^ "^ 10 ■*■ 10 "*■ 100* 

Area of a right-angled triangle. 

7. Suppose that the playground that we want to measure 
is shown in I^. 1, on a scale of 1 to 1000. We saw one 
way of measuring its area, by marking out a foot square as 
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Fig. 1. 



often as possible. Can we now shorten this work ? — ^We 

could mark out a few big rectangles on the playground, 

measure their length and 

breadth, and so find their 

area. But some pieces 

will remain oyer, and what 

shall we do with these? What 

is their shape? — They are 

triangles, two of them right 

angled (ie. having one angle 

a right angle). So that 

to find an expression for the 

area of a triangle would be 

usefuL 

Take a rectangular sheet of paper and cut it along a 
diagonal, that is, along the line joining two opposite 
comers. What kind of figures have you now ? — Two right- 
angled triangles. Which of them is greater? — ^Pit- 
ting together shows them equal experimentally, that is, equal 
as £ar as observation will tell us. We will discuss 
later whether two triangles obtained by a cut accurately along 
a diagonal of an accurate rectangle will fit accurately, that 
is, whether the triangles are mathematically equal What 
do you know of the area of each triangle ? — It is half that 
of tiie rectangle. 

Now draw any right-angled triangle. Is there any rect- 
angle of which this triangle is half? Draw this rectangle. 
Express the area of the rectangle in terms of the sides of the 

triangle. If the two sides of the triangle that meet at the 

right angle are p cm. and g cm. long, the area of the rectangle 
is |) X g sq. cm. And 
the area of the triangle itself? 
It isjpxg-r2 sq. cm. 

8. Take again one of the 
triangles into which you cut 
the d^eet of paper. Call the 
comer at the right angle A 
and the others J? and C(Fig. 2). 
Fold J? on to J. and fold C on 
to Ay forming creases BE and FE. Measure the sides and 
angles of the figure ADEF. What is the figure ADEF? — 
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As £Eur as observation tells it is a rectangle. And 

mathematically what do you know of the figure ADEF? — 
That the folding makes the angles at D and F right angles, 
and makes AD half of AB and AF half of ACf while A was 
supposed a right angle from the beginning. Later we 

will discuss whether this is enough to ^ow ADEF a rect- 
angle. Meantime, the sides AB and AC being p and q cm. 
long, what is the area of Uie rectangle ADEF? — ^It is 

P Q. 

^ X 2 sq. cm. or ipq sq. cm. 

When the comer B of the triangle ABOb folded in on A^ 
is the piece of paper still a triangle ? — No. Why ? 

Because the three boundaries are no longer straight, 

and a triangle is bounded by three straight linea 

When B and C are folded in on A, how does the piece of 
paper lie ? — ^By observation it is made up of the rectangle 
ADEF and the folded-in parts which just cover the rect- 
angle. Whether this is so mathematically we shall 
see later. Then what is the area of the triangle ? — ^It is 
twice the rectangle, or ^pq sq. cm. Thus our previous 
result is confirmed. 

8. How much of the playground in Fig. 1 are we now in a 
position to measure ? — ^All but the triangle Q. Can 

you suggest a method of dealing with the triangle Q? Can 
you divide it into right-angled triangles ? — ^Tes, by a per- 
pendicular from a comer on the opposite side. 

Tou are now in a position to find the area of the play- 
ground of Fig. 1. Hake the necessary measurements of the 
figure, and, remembering that every length on the figure is 

0*001 of the true lengtti, find 
its area in square feet or in 
square metres. 

K your own playground is 
simple enough to treat simi- 
larly measure it up and find 
its area. 

Fio. 3. 10. Could you now find 

the area of a playground 
such as Fig. 8 shows? Could you divide it into triangles ? 




I 
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And can you find the area of any triangle, no matter what 
its shape is ? 

Again, could you find the area of a playground whose 
houndaries are not straight? Tou could replace the curved 
boundaries by one or more straight ones, placing the straight 
boundaries so that, as far as the eye can judge, as much play- 
ground is now left outside as other ground is brought in. 
Or, if you may not go beyond the boundaries of the play- 
ground, you could make a straight-sided figure by joining 
up a number of points in the boundary, and allow by eye or 
by further measurements for parts left over. 

Ex. 2. Find in acres or hectares the area of a field represented 
in Fig. 3 on a scale of 1 to 10,000. 

Ex. 3. Draw any irregular figure, and find its area. Check your 
result by using squared paper. 

Ex. 4. Find the area of a circle of radius 8 cm. by both 
methods. 

Area of a triangle. 

11. Let us return to a triangle of any form. Can you 
extend the methods used for the right-angled triangle to 
cover the general case? 

We might, as in treating the triangle Q of Fig. 1, divide 
our triangle into two right-angled triangles. Suppose one 
side of the triangle h cm. long and the perpendicular from 
the opposite corner A cm. long, and that the perpendicular 
divides the base into two parts p and q cm. long. What 
are the areas of the two right-angled triangles? — ^They are 

sq. cm. and —^ sq. cm. And together? 




-^ sq. cm., since the side h is made up of the two parts 

p and q. 

How must this be modified if the triangle is obtuse-angled'^ 
and the perpendicular h falls not on the side h, but on this 

side produced ? In this case the triangle dealt with is not 

the sum but the difference of two right-angled triangles. 

* An angle less than 90° is called an acute angle, an angle 
greater than 90'' and less than 180** is called an obtuse anele. 
A triangle whose angles are all acute is called an acute -angled 
triangle, and a triangle with one angle obtuse is called an 
obtuse - angled triangle. 




84 AREAS 

12. Again, take a rectangular sheet of paper (ABCD in 
Fig. 4) and make two cuts, ED and ECf from a point in 

one side to the ends of 

E B the opposite side. Can 

you fit the comers cut 
off on to the remaining 
triangle CEB? What 
then is the area of the 

triangle? ^It is half the 

rectangle, that is^ half 
Fia. 4. the length of the rect- 

angle multiplied by the 
breadth ; the length and breadth and the area being ex- 
pressed in corresponding units, e.g. inches and square 
inches or centimetres and square centimetres. And 

in terms of the parts of the triangle? — The area is half 
the base CD multiplied by the height EFj as we found 
before. You assume that EF is equal to AD or BC. 

How do you know? By the experimental result that parallel 

lines are at the same distance apart all along. 

How would you cut the rectangle to give an obtuse- 
angled triangle? Cuts along AF and AC would 

do. And how far does the discussion differ for 

this case? 

18. Again, take any paper triangle CDE ; Fig. 4 will 
serve. Fold the side DC on itself so that the crease 
passes through E, as EF in Fig. 4. Straighten out, and 
then fold the comers CDE down on to F. What figure 

results ? It is a rectangle exactly covered by the folded- 

in comers. What are the length and broadth of the 

rectangle ? ^They are half the base and height of the 

triangle. So that as before the area of the triangle is half 
the product of the base and the height. 

Bepeat this for the case in which the angle D is obtuse, 
noticing that till the folding is done an extra piece of paper 
to carry the point i^'must l^ left. 

14. Once more draw any triangle, acute- or obtuse- 
angled, and draw about it a rectangle of which it is 
half, and so proceed to the expression for the area of a 
triangle. 
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In this discussion we have chosen any side of the triangle 
and called it the base, while we called its distance from the 
opposite corner the height of the triangle. And as a 
triangle has three sides, the expression we have found gives 
three ways of finding the area of a triangle. Draw a 
triangle, and use the formula in the three ways, and com- 
pare your three results. Further, check your results by 
drawing the same triangle on squared paper and counting 
squares. 

Graphs. 

16. The daily newspapers give curves showing the height 
of the barometer for the preceding day or the preceding 
week. In these, distances measured from an initial point 
along a base line running parallel to the lines of print 
(running horizontally, we may say by an obvious meta- 
phor) represent time elapsed ; and distances perpendicular 
to the base line, that is, parallel to the columns of print, 
or vertically, represent the height of the barometer. The 
length of the perpendicular from any point of the base 
line to the curve gives the height of the barometer at the 
moment denoted by that point of the base line. A second 
curve gives the height of the thermometer. To save 
space it is usual to use the same diagram for the two 
curves, and to show only the upper part of the diagram, 
thus omitting the base lines. 

Such curves can be more quickly read than a table of 
numbers giving the same information. They are called 
graphs. The scales used are of course shown on the 
figure ; without them the curves wouJd lose much of their 
meaning. 

16. Take a sheet of paper 20 cm. in breadth, and place 
a ruler across it at one end. Slide the ruler along, keeping 
it all the time parallel to the end of the sheet, till it has 
moved 20 cm. along the paper. Find and show in a table 
the area of the paper that the ruler uncovers by moving 
2 cm., 4cnL, 6 cm., . . . 18 cm., 20 cm. 

Distance ruler has moved, in cm. 



Area uncovered, in sq. cm. 

d2 



2 

40 


4 
80 


6 
120 

■ 


8 
160 



• •» 
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Now mark a line OX 20 cm. long on squared paper (if 
you have no paper squared in centimetres, use any con- 
venient scale), and mark along it from 2 cm., 4 cm., . . . 
At the point marked 2 cm. raise a perpendicular to OX to 
represent on a scale of 1 cm. to 40 sq. cm. the area 
uncovered by the ruler in moving 2 cm., that is, raise a 
perpendicular of length 1 cm. At the point marked 4 cm. 
raise a perpendicular to represent on the same scale the area 
uncovered by the ruler in moving 4 cm., and so on. 

If you wanted to show on your diagram the area 
uncovered when the ruler had moved 1cm. or 8 cm., 
how would you proceed? Erect a perpendicular as be- 
fore. And for any other distance, for instance, 
3-4 cm. ? 

Through the ends of all these perpendiculars draw a 
smooth line. This line shows graphically how the 
uncovered area varies as the ruler moves. 

17. Again, suppose the ruler to be returned to its position 
at the end of the sheet of paper, while a second ruler is placed 
along the side of the sheet. Let the two rulers now move 
away, each remaining parallel to its original position, in 
such a way that the area uncovered is always a square, 
that is, has its angles right angles and its sides all equal. 
As before, show in a table and in a graph the variation of 
the uncovered area as the rulers move. From your graph 
read off the area of a square whose side is 12*8 cm., and the 
length of the side of a square of area 178 sq. cm. 

18. Two rods 18 cm. and 10 cm. long are hinged together 
at one pair of ends, and the other two ends are joined by an 
elastic string. Find by drawing, and show in a graph, how 
the area of the triangle formed by the two rods and the 
string varies as the angle between the rods increases, or, 
in mathematical language, show the area as a function of 
the angle. 

Algebraic ea^pressiom. 

19. In finding the area of a rectangular piece of ground 
we treated each dimension as made up of two piurts, an 
integral part and a fractional part. Let us now suppose the 
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axe 


6x.c 


d 


axd 


6xd 



Fig. 5. 



length made up of two parts a cm. long and b cm. long, where 

a and h may be fractional ; 

and the breadth of two ^ ^ 

parts c cm. and d cm. long. 

Sketch the rectangle, and 

divide it into rectangles 

which have sides of 

lengths a b c dcm., as 

in Fig. 6. Hark on each 

rectangle its area in sq. 

cm., and so find an expression for the whole area. — It 

is in sq. cm. 

axe + ax d + bxe + bxd^ 

or, written in the shorter form, 

ac '\' ad -^ be •¥ bd. 

By considering the undivided rectangle you can give 
another expression for the area. It is the product of a-k-b 
and c-\-d, which we agreed to write in the form 

(a + b)x(c + d)y 
or (a + 6)(c + d). 

What then do we know of these two expressions ? ^That 

they are equal, since each is the number of sq. cm in a 
certain area. 

20. Is it true that whatever numbers abed are 

(a + b)(c + dj-^ ac + ad + be -^ bd? 

Is it true only when these numbers are the lengths of lines, 
or is it true also when you buy a+b loaves sA> e-{-d pence 
each, or, as a particular case, 6 white and 3 brown loaves at 
2^ pence each ? — ^We are at liberty to buy the white loaves 
first and then the brown, and we are at liberty to pay down 
2 pence on every loaf and then the remaining hal^nny ; 
which gives us as the price in pence 

5x2 + 5xi + 3x2 + 3x| 

in addition to the other form, 8x2^ pence. Or we could 
i*epresent the whole price by a figure, such as Fig. 5, 
representing a loaf by a centimetre across the page and a 
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penny by a centimetre down the page ; the partitioned area 
would then represent the four parts of the price. And the 
same reasoning applies whatever numbers of loaves are 
bought and whatever the price per loaf. 
May you then conclude that 

{a + h) {c -i- d) = ac -i- ad -^ he + hd 

for all numbers, whatever may be the concrete problem in 

hand ? It looks as if other cases could be represented in 

the same way by Fig, 5. 

It will be well for you to watch as to the applicability of 
this formula, when you have occasion to use it. There are 
kinds of numbers (negative numbers, complex numbers, 
vector quantities, &c.), some of which you may meet later, 
and which you have not yet considered in connexion with 
this formula. Beware of applying to these without caution 
results you have found true for ordinary arithmetical 
numbers. 

21. In the same way discuss the area of a square measur- 
ing a+h each way. In future the units of length and area 
will not always be explicitly mentioned ; it will be assumed 
that they correspond, so that if the lengths are supposed 
given in centimetres the unit of area will be the square 
centimetre, and so on. 

The result of the discussion may be written 

(a + h)x(a + h) = axa + hxh + ax5x2, 
or {a •{- h){a + h) == aa + hh -^ a62, 
or (a H- 6)(a + &) = aa + 6& + 2a&, 

and the same caution is necessary about the applicability of 
this formula, and of all such formulas. 

Ex. 5. In the same way discuss another expression for (a + 6 + c) 
X (a + 6 + c) by considering a square measuring a + b + c in the 
side. 

22. How would you calculate the price of 8 tons 7 cwt. of 
coal at 19s. a ton, and the price of 8 tons 18 cwt at 19s. 
a ton ? Direct calculation is possible, but a little foresight 
will often lighten the work. 

In the first case the work is lightened by reckoning the 
price at £1 a ton and then subtracting Is. a ton. In the 
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second case we may in addition reckon first the price of 
9 tons and then subtract the price of 2 cwt. Further, 
we may make formulas useful for such cases, in which we 
use letters instead of numbers ; so that any particular case 
may be treated by giving the letters numerical values 
instead of reasoning out the particular case for itself. 

As in Arts. 19 and 20 such formulas are closely con- 
nected with formulas about rectangular areas, which will 
now be discussed. 



23. Draw four rectangles measuring 




a + h by c — 
a — h by c — 
a — h by a — 
a •\- h by a — 


d, 



and express their areas in terms of rectangles having sides 
of lengths a h c d. 



a-d 



od 




C'd 



Fig. 6. 
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Fig. 7. 



Figs. 6 and 7 need little additional explanation. In each 
the leaded part is the original rectangle. In each express 
the areas axe, axd, dxc, hxd in terms of the rect- 
angles F Q E S, By this means it is seen that in Fig. 6 

(a + b)x(c — df) = axc+ hx c — ax d — bxd, 

or, more shortly, 

(a + h){c 

and in Fig. 7 

(a — 6) X (c — 
or (a — h)(c 



— d) '=' ac + 6c — ad -- hdy 

d) z= ax c + bx d — ax d — bx c, 

— d) = ac + bd -- ad ^ be. 
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Now draw Figs. 6 and 7 over again, but making c « a 
and d =^ h. It results that 

(a + 6) X (a — h) = axa — & x 6, 

or (a 4- h)(a — 6) = oa — Z)&, 

and (a — &)x(a — 6)«axa + &x6 — 2xax(y 

or (a — &) (a — 6) = oa + 66 — 2a6. 

Ex. 6. Calculate to three significant figures 997 x 1014 and 
997x997. 

Is there any limitation on the values that a,b,Cjd may 

have ? a must be greater than b, and c greater than d, to 

make the rectangles possible. 

Note. The notation of the index is better not introduced 
at this stage, not until the need is felt of shortening the 
writing ; and when that need is felt, the pupils may with 
great advantage be asked to invent contractions. 

Exercises. 

7. Draw any closed curve on squared paper, and find its area by 
counting squares. 

8. A triangle ^jB(7, right-angled 
at By has side AB 6 inches long 
and side BC 4 inches long. AS 
is divided into a number of equal 
parts, on which rectangles are 
constructed as in Fig. 8. Find 
the sum of the areas of the 
rectangles (i) when 9 in number 
(AB mvided into 10 parts), (ii) 
when 99 in number (AB divided 
into 100 parts). 

In each case find the differ- 
ence between this sum and the 
area of the triangle. 

9. Draw a straight line XQ, 9 inches long, and mark the position 
of a point Z, IJr inches distant from the Une and near the middle 
of the line. Draw a straight line AB on tracing-paper; mark 
a point N on this line 2} inches from A, Move the bracing-paper 
about so that AB always passes through Zy and A is always on the 
line XQ, Find in this way the locus of N ; that is, for each position 
of A determine the position of N by pricking through the tracing- 
paper, and then draw a smooth curve through the points thus found. 

Give reasons for thinking that the curve would never meet XQ. 
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10. Draw the field sketched in Fig. 9 (the lengths given being in 
yards) to a scale of 1 inch to 

50 yards, and so find its area. 

An ancient Egyptian formula 
for the area of a four-sided field 
is 'the mean of one pair of oppo- 
site sides multiplied by the mean 
of the other paur '. How much ^• 
per cent, is this wrong in the 
present case? Name any case 
in which this formula is true, 
or give a simple reason why it 
cannot always be true. 

11. If a square has each side 
3*4 inches long, what is its area ? 

If two boys were to calculate the area, one taking the length of 
a side as (3*4 + x) inches, and the other taking it as (3'4 - x) inches, 
what should be the difference between their results ? And what (to 
the nearest tenth of a square inch) is this difference if as =0*04 ? 

12. If the floor of a storehouse is capable of bearing the weight 
of 4} cwt. to the superficial foot, how many high could ^ou, with 
safety, stow cases measuring 2^ feet by l|feet, and weighing 1 cwt. 
1 qr. 13 lb. each ? 

13. In order to determine the cross-sectional area of a river 
channel at a certain place a series of soundings are taken, and the 
results are given in the table below : — 



Fig. 9. 



Distance of sounding from 
right bank in feet . . 

Depth of sounding in feet 





8 



10 
17 



14 
20 



18 
23 



22 

17 



30 
10 



34 

7 



40 




Plot a section of the channel on squared paper, and compu the 
area of the cross-section in square feet. 



K 




\a 



Fig. 10. 
14. Draw a right-angled isosceles triangle ABC with hypotenuse 
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(that is, the side opposite the right angle) AB 10 cm., and a line 
KCL of indefinite length at right angles to AB, On tracing-paper 
make a copy aob of ABO and place it as shown in the rough sketch 
in Fig. 10. Now bring oto 0, and starting from ^s point dide 
the tracing-paper to the left till ab coincides with An^ o alwavs 
being on KL^ and ab perpendicular to KL, If M and N are the 
points of intersection of the two pairs of sides, find from measure- 
ments (i) the area of OMoN when o has moved 6 cm., (ii) the rate 
of movement of Jlf if o moves uniformly at 1 cm. per sec. 

15. Find the area of a regular hexagon whose side is 1 inch. 

(A regular hexagon has 
six sides all equal and has 
each of its six angles 
120'.) 

A piece of wire netting 
consists of hexagoniu 
meshes an inch in the side 
(see the rough sketch in 
Fig. 11). Each horizontal 
side (such as AB or OD) of 
a mesh is formed of two 
wires, and each of the other 
Fio. 11. sides, such as BC or CE, 

is formed of one wire. 

Find, approximately, the length of wire contained in a square foot 

of the netting. 

16. Construct a triangle ABC^ given A = 90*^, AB = 7*6 cm., 
^Os=6*7cm. On JBO, CM, AB as bases, and exterior to the 
triangle, describe squares Jf, X, M, Given that there is a simple 
relation between the areas of JT, X, 3f, find it by measurement 
and calculation. 

Repeat with equilateral triangles JBT, X, M^ instead of squares. 

17. A recreation ground was surveyed by running a line through 
it. From the Ime ofbets to the fence were taken at right angles 
at regular intervals of 50 links, the length in links of the successive 
offsets on one side of the line being 30 (at the starting-point), 
37, 61, 45, 72, 80, 40, 60, 69, 48, 19. Give, as the decimal of an 
acre to the nearest hundredth, the area included between the line 
run through and the fence. 100 links ^ 1 chain. 10 square 
chains ^ 1 acre. 

18. In a chemical experiment I require to dissolve one gram of 
copper in acid. I have a reel of copper wire 100 metares long, 
which weighs 3} kilograms. What length of wire must I cut off 
for the purpose ? Mark off the length in question, writing your 
numerical answer below the measured length, calculated to the 
degree of approximation attainable in measuring. 
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19. The population curves, 1, 2 and 3 (in Fig. 121 are those of 
England, Ireland, and Scotland respectively. What was the 
population of each of those countries in 1841 ? When was the 
population of Ireland decreasing most rapidly, and that of England 
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increasing most rapidly ? Forecast from the curve the population 
of England in 1911. 

(^asamp^e^ of reading : The population of Scotland in 1831 was 
2 millions, that of Ireland in 1821 was 6*8 millions, and that of 
England in 1871 was 22*5 millions.) 
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20. The Navy expenditure is given below for certain years. 
Plot these on a diagram and draw a broken line through the points. 
Draw also a straight line to lie as near this broken line as possible, 
and taking this straight line to indicate what the esroenditure would 
be in 19^-6, and in 1906-7, if there was no change of plans, 
estimate the expenditure for each of these years. If the population 
may be estimate as 44 millions in 1906-7, what would the cost per 
head be in that year ? 

1897-8 20,848,863 



1898-9 

1899-1900 

1900-1 

1901-2 

1902-3 

1903-4 

1904-5 



23,880,875 
25,731,220 
29,998,529 
30,981,315 
31,003,977 
35,709,477 
36,889,500 



21. One man walks up a street 600 yards long at the rate of 200 
yards ui three minutes, out stops for five minutes in a shop half- 
way up the street. Another man, starting from the same end as 
the first, but seven minutes later, walks after him at the rate of 
100 yards per minute. Draw lines on the squared paper which will 
indicate tneir respective distances from the end of the street at 
given times, using 1 inch to represent two minutes, and 1 inch 
to represent 100 yards. 

Hence, or otherwise, fiind where and when the second man will 
overtake the first. 



CHAPTEB IV 



VOLUMES 



L How shall we measure the air-spaoe of the schoolroom ; 
how much oil an oil-drum holds ; how much coal can be 
mined from a given seam ; or how much water a swimming- 
bath or a reservoir holds ? What sort of unit do we need 
for these ? 

Let us begin with the schoolroom. 

Our unit must be a piece of space, such as a cubic metre, 
or a cubic foot. These are suitable for measuring the 
volume of a room. For smaller volumes the litre, gallon, 
cubic inch, cubic centimetre, &c., are useful. 

Hake a decimetre cube and an inch cube of paper by 
cutting out suitable 
pieces of paper, folding 
them, and pasting them 
together (see Fig. 1) ; 
leave margins for the 
pasting. If you can get 
pasteboard make a foot 
cube from it. In a comer 
of the room mark with 
chalk how a metre cube 
would stand. 

Measure in metres the 
length, breadth, and 
height of the room you 

are in, which we will suppose rectangular. Suppose them 
to be 18 metres, 10 metres, and i metres, neglecting 
fractions for the present. (The teacher will of course use 
the actual dimensions in place of these.) If you covered 











1 

1 

1 







Fig. 1. 
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the floor with a layer of metre cubes, how many would 

there be, and what would be their volume ? 130 cubes, 

and their volume 180 cubic metres. How many 

layers would fill the room, how many cubes are there 

then, and what is the volume or air-space of the room? 

4 layers, 520 cubes, and the air-space is 520 cubic metres, 
or, in terms of the measured dimensions, 13 x 10 x 4 cubic 
metres. 

The building bricks that children use, or clay or plasticine 
shaped into cubes, should be used as models. 

2. Now measure the room more accurately, and suppose 
we find the dimensions in metres 18*6, 10*2, and 4*4. What 
additions must be made to the volume calculated ? 

With the building bricks a model, which is not to scale, 
may be made by increasing each dimension by a unit, or 
a model to scale may be made by using pieces of board along 
with the bricks. Either model shows that we can fill up 
the space left by — 

(a) three slabs measuring (in metres) 18x10x0*4, 
10x4x0*6, 4x18x0*2; 

(h) three pillars measuring 4x0*6x0*2, 18x0*2x0*4, 
10 X 0-4 X 0*6 ; 

(c) a little block measuring 0'6 x 0*2 x 0*4. 

What is the volume of a slab, say the horizontal one ? 
How many metre cubes would ten such slabs together 
make? They would make 18x10x4 cubes, so tiiat one 

slab has a volume of y^r , or 18x10x0*4 cubic 

metres. 

What is the volume of a pillar, say the vertical pillar? 
How many such pillars would you put together to be able 
to cut them up into metre cubes ? 

And how many copies of the little block would you put 
together to be able to cut the figure so made into metre 
cubes? 

We can now calculate the volume of each piece, and we 
see that to find the total volume we carry out operations 
that could be used to give the product 18*6 x 10'2 x 4*4, or 
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610*868. Oiye separately the rolumes of the original piece, 
the slabs, the pillars, and the little block. They are 

c m. 
Original piece .... 520 

Slabs 86*4 

Pillars 8*92 

Little block 0*048 



610*868 



and, assuming the dimensions of the room to have been 
measured to the nearest decimetre, we give as an appropriate 
result for the air-space 610 cubic metres. What is the order 
of importance of the various volumes you have given ? And 
how many of them afifect the result if it is wanted to one 
significant figure ? If to two significant figures ? 

If you had begun with the decimetre and cubic decimetre 
as units, what would you have had for dimensions and 
volume of the room ? And what is this volume expressed 
in cubic metres ? 

8. Give a formiila for the air-space in terms of the 
dimensions of the room. The air-space and the dimensions 
being expressed in corresponding units, we have 

volume = length x breadth X height, 

or, if we denote volume, length, breadth, and height by 

t? = Ixhxh, 
or V = Ihh, 

Need the length, &c., be whole numbers or involve only 

decimals of a particular kind ? No; for decimals to any 

number of places we can proceed by using successive units, 
smaller and smaller; or we can begin with a unit small 
enough for the smallest volume that occurs ; and in either 
case we arrive at the formula 

!;« Ixhxh. 

Are vulgar fractions also included? Vulgar fractions 
could be considered for themselves in the same way as 
decimals, but any vulgar fraction can be expressed decimally 
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— by a terminated decimal — to any degree of accuracy we 
choose ; and therefore^ to any degree of accuracy we choose^ 
vulgar fractions are already included. 

Later we shall meet with numbers that cannot be expressed 
with absolute accuracy by either decimal or vulgar fractions ; 
for instance, the length in inches of the diagonal of an inch 
square (that is, the line joining opposite corners). But these 
numbers also can be expressed decimally to any degree of 
accuracy we choose. So that for any rectangular piece of 
space of length ^ breadth h, and height h, the volume (in 
the corresponding unit) is given by 

V = Ixbxh. 

Ex. 1. In Huxley's opinion the air in a room ought to be 
renewed at the rate of 60,000 Htres an hour for every person 
present. On this reckoning, how often would complete renewal 
of the air be necessary in the room you are in ? 

The standard gallon measure. 

4. Gkt a standard gallon measure, and try to determine 
its capacity in cubic inches. How will you set about 

it ? ^We could try how many inch cubes can be packed 

in. Or we could try how many go to the bottom layer and 
how many layers there are. And what is the rela- 

tion between the number of cubes in a layer and the area of 

the bottom of the gallon measure ? The number of cubes 

in a layer is the number of inch squares that could be 
marked out on the bottom. Measure the inside 

diameter of the gallon measure (71 inches), draw a circle 
of this diameter to represent the bottom, and mark out on 
it as many inch squares as you can. 

In packing-in the inch cubes you left some comers unfilled. 
What will you do with these? — We need smaller units. 
These might be obtained by supposing an inch cube sliced 
into ten equal slabs for the first smaller unit, a slab sliced 
into ten equal pillars for the second unit, and a pillar cut 
into ten little cubes measuring 0*1 inch each way for the 
third unit. Of these three kinds of smaller units how 

many kinds do you use to complete approximately the bottom 
layer, and how are they related to areas on the bottom of 
the vessel? On your drawing of the bottom of the vessel 
show the bases of all the units used for the bottom layer. 
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Count up the area thus covered on the drawing, and the 
volume of the units that would form the first layer in the 
vessel. 

6. Measure the inside height of the vessel (7*1 inches). 
How many layers like the bottom layer could you pack in, 

and what volume would they occupy? Seven layers, and 

their volume in cubic inches would be seven times the area 
in square inches of the bottom of the vessel. And 

what further layer do you need? — ^A thin layer, 0*1 of the 
thickness of the bottom layer, so that its volume is 0*1 
of the volume of the bottom layer. 

And the whole volume ? It is in cubic inches 7*1 times 

the area in square inches of the bottom. Compare 

this result with that for the schoolroom. In each case, all 
the quantities being expressed in corresponding units, 

the volume ~ the area of the base x the height. 

The floor of a room is said to be horizontal and the 
walls to be vertical. When the gallon measure stands on 
a table its base Is also horizontal and its sides vertical. 
And in our discussion of these cases the shape of the floor 
and the shape of the bottom of the gallon measure were of 
no consequence, so that we know that in such cases, what- 
ever the shape of the base, 

volume s= area of base x height. 

6. Look up arithmetical tables to find how many cubic 
inches a gallon is equal to, and compare with your former 
result Can you explain why they difier ? — ^We did not com- 
pletely fill up the vessel with our solid units, and the units of 
area marked out on the circle that represented the bottom 
did not completely fill the circle. Consider the parts 

within the circle not accounted for, judge by eye how 
many squares measuring 0*1 by 0*1 they are equal to, 
correct your former result, and compare again with the 
true result *. 

Ex. 2. Each member of the class draws a circle at random. 
Then he measures its circumference (that is, the length of the 

* There is another source of error in the approximation 7*1 inches 
used for diameter and heights 
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curve) by stepping round it with dividers. He also measures the 
diameter, and calculates the quotient 

circumference 
diameter. 

Then all the results from the different circles are collected and 
tabulated in three columns, under the heads — 

Diameter I Circumference I Circumference 

in cm. I in cm. | -f diameter. 

Is there anything noticeable about the results ? Would the third 
column be much affected if the measurements were ^ken in 
inches ? 

Ex. 3. Take a coin and measure its circumference by rolling it 
along a graduated ruler. Measure its diameter and calculate 

circumference -r- diameter. 

Ex. 4. Each pupil again draws a circle of any size on squared 
paper, and draws a square on a radius of the circle. Then he finds 
the area of the circle and of the square by counting squares, 
judging by eye what to allow for the squares partly included. Then 
he calculates 

area of circle -r area of square on radius. 

All the results are collected and tabulated under the heads — 

Area of circle Area of square 

in sq. cm. on radius in sq. cm. 

Is anything noticeable about the results? — It is noticed that 
the numbers in the last column are pretty nearly the same, and 
pretty nearly the same as in the last column of the preceding 
table. Would you expect any of these results to be quite 

accurate ? — No ; the measurement of a length is not likely to be 
more exact than to the nearest millimetre, or at the outside to the 
nearest tenth of a millimetre ; the eye is no great judge of the 
area of the s(][uares partlv included ; each line has some tMckness ; 
and in stepping the dividers along the circumference it is difficult 
to step fairly on the line. 

7. Further developments of mathematics show that if all the 
operations mentioned in Exercise 4 could be accurately carried 
out, all the numbers in the third columns would be the same 
number, and they show how this nimiber can be calculated to 
as many decimal places as you please. It has been calculated 
to a great many places, but the value 3*1416 is as accurate 
as you are likely to need, and for most purposes 3'14 is near 
enough. This number occurs so often that (to save writing) 



Area of circle 
•h area of square. 
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a contraction is used for it, namely the Qreek letter ir ; so 
that we may say the circumference of a circle is 3*14 times 
the diameter, or (if we need to be more accurate) 8*1416 
times the diameter, or we can say it is tt times the diameter, 
leaving over the decision which of these values is to be 
used for tt, or whether a still more accurate value is to be 
used. 

And, calling the radius of the circle r, we may write 
down the area of the circle in various ways, a few of which 
are : — 

3*14 times the square on the radius, 

3*1416 X radius x radius, 

vxrxr, 

3*14rr, 

8. Averages. There were various reasons why the values 
in the last columns of the tables in Exercises 2 and 4 were 
not likely to be accurate. Are the values likely to be too 

great or too little ? ^They might be either, some are likely 

to be too great and others too little. If you arrange 

the values in order of size, greatest first, those at the 
beginning are likely to be too great, those at the end too 
small, while one from the midcQe of the list is likely to be 
nearer the true value than one from either end. How will 
you select a likely nimiber from the list? We might 
choose the middle number. Or we might take a number 
midway between the two extremes. Or we might (and this 
is the usual way) add together all the values and divide this 
sum by the number of these values. The result of this is 
called the average of the values. Calculate the average 
of the values in the third column of each table and compare 
it with 314. 

Ex. 6. In a company of soldiers 

49 were 68 inches in height 
33 „ 69 
14 „ 70 
10 „ 71 
1 „ 73 
What was the average height ? 

If there were A soldiers of height a, B of height 6, G of height c, 
and D of height dy what would be the average height ? 

e2 
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Ex. 6. A boy made in four successive examinations the marks 
73. 84, 90, 100. What was his average mark ? After the second 

73 + 84 .^^ ^ 
examination the boy calculated his average as — g — ~ * ^'^' *"*^ 

78*5 + 90 
the third examination he reckoned his average as g^ ^ ^ ^' 

84*2 + 100 
after the fourth he reckoned it g = 92'1. Criticize his 

method, showing to which examinations he gave too much weight 
and to which he gave too little. 

9. We have seen that a circle of radius r has an area (in 
corresponding units) of 3-14 xrxr. Use this expression to 
calculate the area of the bottom of the standard gallon 
measure, and the capacity of the vessel in cubic inches, and 
compare with your previous results. Also give an expres- 
sion for tiie capacity of such a vessel whose height is h and 
the radius of whose base is r. 

Ex. 7. Take a standard litre, measure its height (17*2 cm.) and 
its diameter (8*6 cm.), and find in two ways its capacitjr in 
cubic centimetres. Compare with the value given in arithmetical 
tables. 

Volume of a reservoir* 

10. A reservoir has been made by damming up a valley. 
The bottom may be taken as level ground, 26 hectares in 
area. The area of the water surface as the water rises is 
as follows : — 

Depth in metres ... 5 10 16 20 25 30 

Area of water surface I 37 ^^ ^ ^ j^^ ^20 
m hectares ) 

and the reservoir is full when the depth is 30 metres. 
How will you determine the quantity of water it will hold ? 
Can you divide the water approximately into horizontal layers 
bounded by vertical sides ? 

Suppose a wall built round the 26 hectares of level 
bottom, carried up 5 metres, and the space behind filled 

* The method of finding limits between which a quantity lies, 
discussed in articles 10-12, should be first introduced in connexion 
with some simpler problem than the reservoir. For instance, the 
class might, for the area of a circle drawn on squared paper, set 
an upper Umit by counting the squares partially includea, and a 
lower limit by leaving out of count the partially included squares. 
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up flush with the wall. Then when the water stands at 5 
metres it is of a shape that we know how to deal with ; it has 
the same shape as the gallon measure with a horizontal 
bottom and vertical sides, a shape called cylindrical. 
What is the volume, the height being 5 metres and the area 

of the base 26 hectares ? Is it 26 x 6 with any unit ? No, 

because metres and hectares are not corresponding units ; 
we had better first express the 26 hectares as 260,000 
square metres. Then we know the volume is in cubic 
metres 5 x 260,000 or 1,800,000. 

U. If now another wall is built round the water's edge 
while it stands at a depth of 5 metres, and then the reser- 
voir filled to a depth of 10 metres, we shall have another 
cylindrical piece of water of volume 1,850,000 cubic metres. 
Treating the other layers in the same way, we have the 
volumes of the six layers, in cubic metres, 

1,800,000 
1,850,000 
2,450,000 
3,800,000 
4,250,000 
5,200,000 

or in all 18,350,000 cubic metres. We know that this is 
not exact, that it is less than the true volume, but we do not 
know how much less. Gould you find a result that is 
more than the true volume, and thus have some idea how 
fiftr wrong our results may be ? 

We could obtain cylindrical layers by cutting away the 
banks of the reservoir instead of filling up with walls. 
Thus we begin at the line of the edge the water has when 
5 metres deep and cut down all round to the bottom level ; 
this gives, when the reservoir is filled again to 5 metres, 
a layer 37 hectares in area and 5 metres in thickness. Treat- 
ing each layer in the same way, we have now for the six 
layers, in cubic metres, 

1,850,000 

2,450,000 

3,300,000 

4,250,000 

5,200,000 

6,000,000 
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P 
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2p 
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9p 
d 


4p 6j) 

e / 



or in all 28,050,000 cubic metres. And we know the 
volume of the actual reservoir to be less than this. Com- 
paring the two results, we may say that the volume is about 
20,000,000 cubic metres. 

Gould this work have been shortened ? — ^As each of the 
areas had to be multiplied by 5 and these products added, 
we could have added the areas and then multiplied by 5. 

12. If the area of the water surface of a reservoir at 
different levels is given by 

Level ofwater in metres p 2p Sp i^p \ bp Qp 

Area of water surface in 
sq. metres .... 

give two approximate expressions for the volume of water. 
One of these is, in cubic metres, 

pxa + pxh + pxc + pxd + pxe + pxf, 
or pa + ph + pc + pd + pe + pfy 

or JP X (a + 6 + c + el + e + /), 

or p(a + h + c + d+e+f), 

and the other, written in the shortest of these forms, 
pijb + c+d + e+f+g). 

Is there any limitation on the numbers that these letters 
may represent ? The discussion assumed the area of the 
water surface to increase as the water rose, so that 
ah c d e f g must be in order of increasing magnitude, 
that is, each is greater than any preceding one. 

13. Suppose there is a series of boxes, the bottom of each 
measuring 80 cm. by 60 cm., while the heights differ. 
Calculate the volume for various heights, and show in a 
graph how the volume varies as the height changes. 

Suppose another series of boxes all of the same height, 
70 cm., and with the bottoms square and of varying size. 
Calculate and show in a graph how the volume varies as 
the side of the square bottom varies. 

Suppose a third series of boxes, all cubes, and varying in 
size. Show in a graph how the volume varies as the 
length of the edge varies. 

In the first of these three cases the volume depends on, 
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or varies with, the height of the box, or, in mathematical 
language, is a function of the height of the box. In the 
second the volume depends on, or varies with, or is a 
function of, the length of a side of the square bottom. In 
the third the volume depends on, or varies with, or is a 
function of, the length of an edge of the cubical box. 

14. One man A lends another B £10,000, and B agrees 
to pay at the end of every year for the use of ihis money 
£4 for every £100 he has borrowed, or, in the usual semi- 
Latin phrase, 4 per cent. How much does he pay annually 
on the loan of £10,000? — ^He pays £400. 

If A and B agree that this £400 need not be paid over 
but considered as an additional loan, what does B owe 
at the end of the year ? — He owes £10,400. For 

the second year B has now to pay on his loan of £10,400. 
What is the payment on this ; and, if this also is added to 
the loan, what is the amount of the loan at the end of the 
second year ? 

On this plan, by what do you multiply the original loan to 
find the amount of the loan at the end of the first year? 
And by what do you multiply the amount of the loan at 
the end of the first year to get the amount at the end of the 
second ? — In both cases the multiplier is 1*04. 

On this plan, to what does a loan of £1 increase in a 
year ? — It increases to £ 1 '04. And in two years ? — 

£ 1*04 X 1*04. And in three, or four, or five years? 

To £1-04 X 1-04 X 1-04, or £1*04 x 1-04 x 1-04x1-04, or 
£1-04 X 1-04 X 1-04 X 1-04 x 1-04. 

These expressions become tedious to write. The pupils 
should be encouraged to express this tedium, and then asked 
for suggestions of shorter ways of writing the expressions. 
The usual contraction is not immediately necessary, and the 
work may go on for a while without it, or with the help of 
contractions invented by the pupils. 

Now calculate what a loan of £1 would increase to in 
four years, for different rates of payment for its use, say for 
1, 2, 3, . . . 10 per cent. Tabulate these, and also show in 
a graph how the total to which the loan increases depends 
on the rate per cent., that is, show the total for 4 years as 
a function of the rate per cent. 
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Give an expression for the amount to which a loan of £1 
will increase in four years at r per cent. It is 

What will it increase to in ten years ? 

If in the expression for the amount in four years the 
brackets were obliterated, what would the expression mean ? 
Compare this meaning and the original meaning when 
r — 10 and when r = 60. 

EXEBOISES. 

8. Measure, in centimetres, a rectangular block of wood, and 
calculate its volume. 

Weigh it and find how much a cubic decimetre would weigh. 

9. A mahogany pattern, made from wood weighing 762 grams 
per cubic decimetre, weighed 2*84 kilograms. A gun-metal casting 
of the same size and shape weighed 30*8 kilo^ms, the gun-metu 
employed weighing 8*4o kilograms per cubic decimetro. Show 
that there must be a cavity in the casting, and find what weight of 
metal would fill it. All the numbers are given to three significant 
figures. 

Take the weight of the wood as a |prams per cubic decimetre, 
of the gun-metfil as b kilograms ]per cubic decimetre, of the ^ttem 
as c kUograms, and of the casting as d kiloerams, and give an 
expression for the weight of metal that would nil the cavity. 

10. Draw any rectangle and suppose it to represent the bottom 
of a cistem on a scale of 1 inch to 1 foot. If 200 gallons of water 
are run into the cistern, to what level will they fill it ? A cubic 
foot is 6*23 gallons. 

11. A room 460 square feet in area is to be floored with wood blocks, 
the flooring to be 2 inches thick. What will the blocks cost at 
38. 6d, per cubic foot ? 

A room p square feet in area is to be floored with wood blocks, the 
flooring to be 9 inches thick. What will the blocks cost at r shil- 
lings a cubic foot ? 

12. The ends of a workshop are 10 metres wide, the height at the 
ridge of the roof is 8 metres and at the eaves 6*2 metres. The 
workshop is 18 metres long. What is the floor area in square 
metres, and the air-space in cubic metres ? 

13. A ton of lead is rolled into a sheet |-inch thick. Determine 
the area of the sheet in square feet, given that 1 cubic foot of lead 
weighs 712 lb. 

A ton of lead is rolled into a sheet m inches thick. Determine 
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the area of the sheet in square feet, supposing a cubic foot of lead 
weighs n pounds. 

14. The royalty paid by a mining company for a horizontal seam 
of coal is £100 per acre per foot thick. Find how much this 
amounts to per ton, a cubic foot of the coal weighing about 70 lb. 

15. Find, to the nearest penny, the value of 100 yards of copper 
wire, of wh^ch the section is circular, of diameter | of an inch. 
(1 cubic foot of copper weighs 8,570 oz. ; the value of 1 ton of 
copper is £78 15«.) 

Supposing 1 ton of copper worth a pounds sterling, and 1 cubic 
foot of copper to weigh b ounces, find an expression in shillings for 
the value of m yards of copper wire of diameter n inches. 

16. A rectangular subway is to be made b feet wide and c feet 
high. The earth weighs x pounds per cubic foot. How many 
tons of earth will be removed in making I feet of the subway ? 

If air is driven in at one end of the subway at the rate of k 
cubic feet per minute, what will be the speed of the air along the 
subway ? 

Give numerical answers for the case in which & « 9, c » 8, 
a;«70, Z = 1, fc = 2,000. 

17. Fig. 2 shows the plan of a church, the east end terminating in 
a semi-circle. Find the area of the floor. 

The average height of the church is 60 feet, and it is estimated 

that for health every 

individual requires I T 

a supply of fresh air 
at the rate of 2,000 
cubic feet per hour. 
A service lasts 1^ 
hours ; at the be- 
ginning the air is 
&esh, but there is 
no renewal of air 
during the service. 
How many will the 
church accommodate 
without injury to 
health ? 

18. A cubic block of wood, a inches in the edge, and weighing 
0*8 of an equal volume of water, floats in water. Salt is 
gradually dissolved in the water till the brine is 1*2 times as heavy 
as water. How high will the block rise from its initial position ? 
Assume that the weight of the block is equal to the weight of the 
liquid displaced. 

19. Find the volume of water a reservoir will hold, given that its 
greatest depth is 30 feet ; the areas of the surface of the water A, 




Fig. 2. 



<26ft,^ 
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at heights h above the lowest point of the bottom, were measured 
and found to be : — 



A in sq. yds. 


2100 


8200. 


13000 


15400 


20000 


25600 


h in feet . . 


5 


10 


16 


20 


25 


30 




Explain the method of calculation you adopt. 
20. If a square post has to be cut from a cylindrical tree trunk, 
find roughly what percentage of the wood is wasted. 

21. Fig. 3 shows the sec- 
tion of a small watercourse. 
The surface velocity is 20 
inches per second, and the 
mean velocity = the sur- 
face velocity x 0*8. Find 
the discharge in gallons 
per minute. 

22. The population of a 
town increases uniformly, 

and in each period of three years the increase is 20 per cent, of the 
population at the beginning of that period. If the population was 
90,000 in January 1903, what will it be in January 1906 and 1912, 
and what was it in January 1897 ? 

By drawing a graph, find the population approximately in 
January of each year from 1900 to 19b5l 

23. The table below shows the distances (in miles) from London 
of certain stations, and the times of two trains, one up and one 
down. Suppose each run to be made at constant speed, and show 
by a graph the distance of each train from London at any time, 
using 1 inch to represent 20 miles, and 3 inches to represent 
an hour. 



London 

5| Willesden, arrive 

, , depart , 
66 Northampton, arrive 
,, depart 

^113 Birmingham . . . 



4.30 p.m. 

4.38 

4.42 

5.50 

5.54 

7.0 



^^7.0 p.m. 

(Ko intermediate 
stop.) 

5.0 p.m. 



At what point do they pass one another, and how far is each 
from London at 5.30? Which of the three runs made by the 
stopping train is the fastest ? 



CHAPTER V 

TO MAKE A COPY OP A MAP. 

1. Let us now discuss the problem how to make a copy 
of the map shown in Pig. 1.* How will you proceed ? Let 
us begin with Kingston. Where will you place it ? — ^Any- 



TwickenbamV 



Wtmbtodon 



Huaptonx 
Court 



XBaiM^ 




* A local map should be used instead of that given, and the 
places on it chosen so that the distances to measure are greater. 
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where. Put it then at K (Pig. 2). And where will 

you put Wimbledon ? What condition must it satisfy ? — It 
must be at the same distance from Wimbledon as on the 
given map, namely, 3*4 cm., and anywhere at that distance 
will do. Put it down then at Wy anywhere on a circle 

with centre K and radius 3'4 cm. ; and consider Epsom. 

What do you know of its position? ^Epsom is 4*7 cm. 

from Kingston, so that it must lie somewhere on a circle 
with centre K and radius 4*7 cm. Will it do any- 

where at random on this circle? — ^It is 6*4 cm. from 




Fio. 2. 

Wimbledon ; which gives another circle on which Epsom 
must lie. Do these two circles fix a certain point 

where Epsom must lie ? How will you decide between the 
two points in which the circles cut, or are you at liberty to 
choose one of them at random ? 

The pupils will easily see that only one of the points will do, 
but not so easily how to distinguish it. The usual convention 
that Uie top of the map is the north, so that Wimbledon is 
east of Kingston, will enable them to place their copies with 
W east of Jr, and to distinguish Epsom as the intersection 
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that lies south of the line KW. Or without using the points 
of the compass^ the pupils may be led to notice that a man 
going from Kingston to Wimbledon has Epsom on the right. 
Having now JT, TF, and E on the map, how will you place 
Esher ? — ^By measuring its distances from two of the places 
already marked and proceeding as before. And the 

remaining places ? 

2. Now coimt up how many measurements you have 
made to copy the map. — ^We had 

For Kingston measurements 

Wimbledon 1 ,, 

Epsom 2 „ 

Esher 2 ,, 

Bichmond 2 ,y 

Tvrickenham 2 ,, 

Hampton Court 2 ,f 

a total of 11 measurements for 7 places. 

If there had been 20 places on the map, how many 
measurements would have been needed ? — That means 13 
more places at 2 measurements each, or in all 11 + 26, that 
is, 37 measurements. In the whole number of 

measurements how many less are there than 2 each for all 

20 places? 8 less, 2 being saved on the first place put 

down, and 1 on the second place put down. 

How many measurements are wanted for a map of N 
places ? — 2 for each, except for the 3 saved on the first two 
places, that is, 2 x ^ ^ 3 measurements. 

How would you copy the river ? How would you fix a 
number of points on it? — ^We could fix as many points as 
we like in the same way as we fixed the places, and then draw 
the river freehand through them. 

3. Beturn now to consider the three places K, W, E. Say 
again how they were fixed, and how many conditions or 
measiu*ements were needed to fix them. Would it make 
any difference if we began by putting down TV first of all 
instead of £*? Or if we had taken E second instead of W? 

Can you suggest anything else we could have measured in 
place of the three lei^ths KW, KE, TFJEJ? Could you 
make use of your protractor? — ^We could measure the 
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angles at K, W, and E. Do so, and measure the 

corresponding angles on your copy of the map. 

We have now 6 measurements, 3 lengths, and 8 angles, 
and we know that the 3 lengths are enough to enable us 
to make a map of K, W, E. If we had only 2 lengths, KW 

and KE, what more is needed ? Find by trial. ^An angle 

in addition will do. Does it matter which? — ^The 

angle K will do ; whether one of the other angles would 
do is not clear. Measure the angle at Ky and use it 

to draw the triangle KWE. 

If you had only ihe length KW, could you make up with 
angles? — ^With the angles at E and W we could draw the 
triangle. Measure these angles and do so. 

Suppose that you measure only one length KW, and for 
the rest measure angles only. Gould you in this way copy 
the whole map? Do so. 

Suppose again that you copy the whole map in this way, 
but by an error make KW of length 6 cm. instead of 3*4 cm. 
Draw the whole figure that you get in this way and compare 
it with the original map. Does it look like the original map ? 

4. The Plane Table. — A man takes a sheet of paper on a 
drawing-board to a high point in Wimbledon from which 
he can see a wide stretch of country. He fixes the board 
horizontal, and marks a spot W on the paper to represent 
Wimbledon. Then from W he draws lines pointing to 
Kingston, Epsom, &c., and labels them ' to Kingston ', &c. 
He now removes to Elingston, where we must suppose him 
to go up in a captive balloon to command a wide stretch of 
countiy. On the line labelled 'to Kingston' he marks a 
point K to represent Kingston. Then he sets up the board 
so that the line Z'TT points to Wimbledon, and draws from K 
lines to Epsom, &c., and labels them ' to Epsom', &c., as before. 
There are now two lines labelled 'to Epsom ', and he marks 
Epsom at their point of intersection ; and so with all the 
otiier places. In this way he makes a map of the district. 

Select two high points in your neighbourhood, and use 
this method to make a map of the district. 

A board made with certain attachments so that it can 
be levelled and fixed for accurate use in this way is called a 
plane table. 
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Fig. 3. 



6. Angles. — In order to lay down TFat the proper distance 
from Kf you measured KW as 3*4 cm., and laid off this 
distance. Could you have laid 
off the distance without a centi- 
metre scale? — Yes, by opening 
the compasses to reach from K 
to W and laying off this dis- 
tance. You measured the 
angles with your protractor, and 
laid them off with the protractor. 
Gould you have done without a 
protractor ? Lay down K and 
W without using a centimetre 
scale, and consider how you 
will make the angle WKE of 

the right size. ^We could cut 

or fold a piece of paper (Fig. 3) 
so as to fit the angle at Kingston. 
Then JT being laid on E 
and JTP along KW, E'Q 
gives the direction of the 
line KE. Use this 

method to lay down Epsom, 
Richmond, &c, on your 
map, considering all the 
time whether you can in 
any way simpUfy the pro- 
cedure. 

By repetition of the cut- 
ting out of pieces of paper 
to fit the angles ihe pupils 
will discoyer, or be led to 
discover, that the pieces A 
and B (Fig. 4) of the scrap 
of paper used need not be 
cut away, that it is sufficient 
to lay Jr on JT of the origi- 
nal map and rule ITP and 
JPQ in line with the parts of 
KW and KE that project 
beyond. Then itisseen that 




Fig. 4. 
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it is sufficient to mai'k the points K' P Q without ruling any 
lines. The next step is that if we know the lengths IPP^ K^Qj 
and PQ we can always place the points K^ P Qin proper rela- 
tive position without using the scrap of paper at all. That is, 
P and Q are taken anywhere on KW and KE on the original 
map, KP is laid off of the proper length on the new map, 
and Q is found as the intersection of two circles, one witii 
centre K and known radius KQ, and the other with centre P 
and known radius PQ. By carrying this out with as few 
operations as possible we arrive at the following construction. 

6. To draw from Q (Fig. 5) a line making with QP an 




Fig. 5. 

angle equal to the angle K ; with the point K as centre draw 
a circle cutting the two arms of the angle in A and B, and 
with Q as centre draw an equal circle cutting QP in C. Then 
take the length AB on the compasses and lay off this length 
as a chord CD in the second circle, and join DQ, DQP is 
an angle equal to K. 

How many points D are there ? 

7. Could you bisect a given angle K (Fig. 6), that is, draw 

a line dividing it into two equal 

parts? One way is to fold the 

legs KL and KM together. The 
crease line KN bisects the angle, 
since the two parts LKN and 
MKN^t when folded together, and 
are therefore equal. Could 

you adapt the method just dis- 
covered for copying an angle to 
the bisection of an angle? — If we 
Fig. 6. can choose A on £L, B on KM, 
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and C in the angle, so that KA » KB, AC = BC, and 
KG = KC, we shall have two triangles that fit together, so 
that the angles AKO and BKC will be equal. To do this, 
mark off KA and KB equal to one another ; then with 
centres A and B and any convenient radius draw circles ; 
either point where they meet will do for C 

Ex. 1 . Take two points A and B 5 inches apart, and suppose these 
to represent two points on a straight coast, 1000 yards apart. 
Simultaneous observations are taken at A and J? of a ship 5 as it 
sails past, there being four pairs of observations, as follows : — 

1. 5^LB«96^ 55^ = 38**. 

9. SAB ^66% 8BA^30\ 

3. SAB =-36% SBA^Sar. 

4. SAB ^33^, SBA^SV. 

Plot the 4 positions of the ship. Assuming that the ship's course 
is composed of two straight fines, find how near she approached 
the shore. Assuming that she sails equally near the wind on each 
tack, draw a Une showing the direction of the wind. 

Fixing a triangle, 

8. It appears that there is a good deal of choice in the 
measurements that may be taken to make a copy of a map ; 
and also that copying a map means fixing in succession 
a number of triangles, that is, drawing the triangle, or 
taking measurements enough to be able to draw the triangle. 
Let us then consider in what different ways we can fix a 
triangle. 

We have seen that there are 6 things about a triangle that 
we can measure, namely, 3 sides 
and 3 angles. For shortness we 
will call the sides a b c and the 
angles ABC, the angle A being 
opposite the side a, and so on 
(Kg. 7). 

Gould you draw the triangle ABC 
from a knowledge of 1 side ? Prom " « " ^ 

a knowledge of 2 sides? Of 3 
sides ? — ^The discussion of the map shows ^t 3 sides are 
enough) but not a less number; and knowing 3 sides we 
know all about the triangle, for we can draw it and measure 
the angles or anything else about it. 

MAIK F 
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Make a triangle having a « 7*2 cm., h = 8*0 cm., e = 9'8 cm., 
and measure the angles. Try to make a triangle having 
a » 6*2 cm., h ^ 8*0 cm., c » 1*6 cm. What condition must 

the given lengths satisfy to make a triangle possible ? ^Any 

two sides together must be greater than the third. 

9. If two triangles are made with the same values for 
a h Cy can they be fitted together? — ^Lay down the side a 
(Fig. 8), then a knowledge of the length h tells us that A lies 
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somewhere on a circle L with centre C and radius 6, and the 
length c tells us that A lies on a circle M with centre B and 
radius c. So that A must lie at one of the two intersections 
of these circles, say at the point marked A. Suppose another 
triangle A'B'Cr made, having B^CT = a, CA' = 6, A'V = c, 
and lay it on the other so that Bf lies on B, and O on 0. 
Then, since CfA' » 6, A' lies on a circle with centre G and 
radius 6, that is, on the circle Z> and in the same way it lies 
on the circle j9f; so that it lies at A or at P. If we originally 
placed A'VO so that A' lies on the same side of BC as Ay 
then A' falls on A and the triangles fit. Or we could allow 
it to fall either way ; and if A' falls at P, we know from 
a former discussion (chapter I) that folding along BG brings 
P on Jl, so that in this case also the triangles fit together. 

10. Tou know that 2 sides won't fix a triangle. Could 
you in place of the third side take any other measurement 
or measurements ? — ^We could measure an angle, or, if need 
be, 2 angles. 
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Try to make nine triangl 


ds in which (all the lengths being 


in centimetres) : — 






1. a = 6-9, 


b = 9-4, 


= 5(r. 


2. a = 6-9, 


b = 9-4, 


S = 5(r. 


3. a « 9-4, 


b = 6-9, 


B = 50°. 


4. a = 9-4, 


b = 4-3, 


5-50^ 


5. a = 9-4, 


b = 4-3, 


^ = 50". 


6. a = 9*4, 


6 = 4-3,' 


C = 10^ 


7. a = 9-4, 


b = 4-3, 


C = 150°. 


8. a = 9-4, 


6 = 4-3, 


= 200°. 


9. a = 6-9, 


b = 9*4, 


B = 130°. 



The pupils should attempt these constructions with little 
or no assistance. Half-successful and unsuccessful attempts 
are of value for the following discussion. 

For the fixing of a triangle by measurement of 2 sides and 
an angle or angles we may take as an angle to be measured 
the one between the 2 measured sides, or one not between, 
that is, one opposite to one of the sides. Let us take the 
angle between the sides, and call the sides a and b ; then 
the angle is C, Are these 3 measurements enough to fix 

the triangle ? ^Yes, for we can make an angle C with the 

protractor, and measure the lengths a and b along its two legs. 

If two triangles are made with the same values ofabC, 

will they fit together? ^Tes, as we see by fitting the 2 

angles together so that the 2 longer legs fall together, and 
the 2 shorter together. 

Copy the triangle of Fig. 7 by means of its a b (7, and 
without using a scale or protractor. 

Can a triangle always be made from given values of a b 0? 

^The lengths of a and b do not matter. C must be less 

than 180^ Draw two lines 3*2 cm. and 1*9 cm. long, 

and inclined to one another at 200°, and join the ends of the 

lines. Has this triangle an angle of 200° ? No, the angle 

of the triangle is 160° at the comer where we made an angle 
of 200° (Fig. 9). 




Fig. 9. 

11. We know that 2 sides alone are not enough to fix 
a triangle. Suppose, for instance, that we know a » 6 cm. 

p2 
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b •■ 10 om. y but nothing more. Let us lay down BC =■ 6 cm., 

Then what do you know of the position of A ? That it 

lies on a circle with centre C 
and radius 10 cm. (Fig. 10, a 
sketch drawn on a reduced 
scale). If now you are 

given also that A = 23°, how 
will you find the position of ^ ? 
Try drawing the triangle with 
A in various positions on the 
circle. Or better, by drawing 
the triangle in various positions 
and measuring the angles A and 
(/draw a graph giving the angle 
J. as a function of the angle G 




Fig. 10. 
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(Fig. 11). From this graph read off the value of C that 

corresponds to -4 = 23°. ^There are two values, namely, 

0= 18° and (7= 116° approximately. Make a tri- 

angle having a = 6 cm., h = 10 cm., C = 18°, and another 
having a = 6 cm., h = 10 cm., C = 116°, and measure the 
angle A in each. 

What is the greatest value A can have with the given 

values of a and &? The graph shows it to be about 

37°-5.* Make the triangle having A = 37°-6. The 

graph gives C = 48°, and we make the triangle a = 6 cm., 
h = 10 cm., C « 48°. Measure L Jl of this triangle, 

measure also LB. 

12. Consider again a triangle having a = 6 cm., and & = 10 
cm., and lay down CA = 10 cm. 

Where, then, does B lie? It 

lies somewhere on a circle with 
centre C and radius 6 cm. (Fig. 12, 
drawn small). By taking 

B in various positions, see how 
LA varies, and again draw a graph 
giving \-A as a function of LC 
What is the position of B when 
L^ is greatest ? And how would * ^^' ^^' 

you use Fig. 12 to find B for a given value of J. ? 

Use figures like Fig. 10 or Fig. 12 to make a graph giving 
LB as a function of LO (Fig. 11). 

From Fig. 10 or Fig. 12, or from the graphs of A and 
B, make a graph of A-^-B as a function of C ; and also a 
graph of A-^-B-k-C asa function of (7. 

13. We discussed the making of a triangle with 2 sides 
and 1 angle given, the angle being opposite a given side, first 
by laying down the side opposite the given angle, and then 
by laying down the side next the given angle. Let us now 
try laying down the angle first. Take a = 5*4 cm., b = 6*9 cm., 

* The degree was introduced as a unit of angle to avoid fractions 
of a right angle. We now come to a fraction of a degree, which 
we may write decimally as above. Or we may now introduce 
another unit called aminute; 60 minutes make a degree, so that 
37*5 degrees is 37 degrees 30 minutes, which may be written 
37** 30'. 
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Fig. 13. 



B - 55^ Lay down the angle B equal to 55^ What is the 
next step? — ^Hark off BC equal to 5*4 cm. along one leg 

of the angle (Fig. 13, drawn 
small). Where must 

the point A lie? It must 

lie on the other leg BE of 
the angle, and it must also 
lie 6*9 cm. from (7, that is, on 
a circle with centre C and 
radius 6*9 cm. A must there- 
fore lie at one of the intersec- 
tions of the circle and the 
line. Are the two in- 
tersections equally suitable? 

The one marked A gives a tri- 
angle ABC having a = 5*4 
cm., h = 6*9 cm., B = 65°, so 
that this intersection is suitable. The point marked A^ 
gives a triangle A^BG having the two sides of the right 
length, but the angle is not 66^ but 180°-65°, or 126^ so 
that this intersection will not do, and we can make only one 
kind of triangle with the given values. 

If you had another triangle DEF in which EF = 5*4 cm., 
FD = 6*9 cm., E = 56°, could you fit it on to the triangle 

you have drawn? ^Place F on G and E on B, which will 

make ED lie along BR, Then 2> must lie on the line BR 
and also on a circle with centre G and radius 2>JP, that is, 
6*9 cm. So D lies at one of the intersections of this line and 
circle ; and A' is unsuitable, for this would make the angle 
DEF = 125° and not = 55° ; so that JD lies at A and the 
triangles fit. 

14. Would these results be the same when a h B are 
given, no matter what values they have ? Take a = 5*4 cm. 
and B « 55^^ and give h different v^dues. Are the results 

the same as before when h is 14 cm. ? Yes ; as before, A^ 

is unsuitable, and there is only one triangle. Can 

you give any other values of h for which the results are the 

same as before ? ^Any value greater than 5*4 cm., that is, 

greater than a. 

16. Are the results the same when & = 4*8cm. ? — 
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Having laid down the side a and the angle J5, we have, as 
before, two loci on which A must lie, a straight line and a 
circle (Fig. 14) ; but in this case 
the drawing shows that the two 
intersections of the line and the 
circle lie on the same side of B. 
In consequence we have two tri- 
angles of different shapes, both 
of which satisfy the conditions ; 
in the triangle ABC BC » 5-4 
cm., CA = 4-8 cm., LABC = 56° ; 
and in the triangle A'BG BO = 
5-4 cm., CA' = 4-8 cm. , L A'BC = 
55°. 

If you had another triangle „ 

DEF in which ^JP=5-4cm., Hio. 14. 

FJD = 4*8 cm., E = 55°, could you fit it on to the triangle 

ABC? ^We ^EtoB and F to C, and find that D must be at 

one of the intersections of the circle and straight line, namely, 
at A or A'; but we have no means of knowing whether it wOl 
fall at A or A\ So that the triangle DEF will fit on to one 
of the triangles ABC and A'BCj but we cannot tell which. 

Angles like BA'C that are greater than 90° are called 
obtuse angles ; angles like the other angles of the triangle 
A'BCj and like all the angles of the triangle ABC, that are less 
than 90°, are called acute angles. If we knew whether the 
triangle BEF has any angle obtuse, we could tell on to 
which of the triangles ABC and A'BC it could be fitted. 

16. Can you give any other values of h for which the 

results are the same as when h = 4*8 cm. ? ^As long as & is 

less than 5*4 cm., but great enough to make the circle with 
centre C and radius h cut the line BB, the results are the 
same. As h gradually diminishes, what happens to 

the points A and A' where the circle cuts the line BR ? 

They come closer and closer together till there is only 
one point, and then if h becomes still less the circle no 
longer meets the line. Find by trial the value 

of h for which A and A' run together into one point 

It is about 4*4 cm. Draw the circle with this radius 

4*4 cm. When a straight line and a circle meet in only one 
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point, as in this case^ they are said to touch one another, and 
the line is called a tangent to the circle. The point where 
they touch is called the point of contact. 

17. Draw the triangle ABC (having a = 5'4 and B = 55°) 
for the case in which A and A^ run together so that there 
is only one point A ; and measure the angle BAG. Draw 
other figures with other values for a, and measure the angle 
BAG of each. 

Consider again the case of Pig. 14. If we draw a per- 
pendicular GN from G on BR, how does JVlie with regard to 

A and A' ? ^It lies midway between, since we know (chap. I, 

ai*t. 14) that the perpendicular from the centre of a circle on a 
chord bisects the chord. Verify this by measurement 
If you drew circles with radii 5*2, 5*0, 4*6, 4*48, 4*44, . , . cm., 
all with G for centre, how would N lie with regard to the 
two intersections of any circle and the line ? It lies mid- 
way between. And if a circle with centre C gradually 
diminishes in size till it only touches BE, how do its inter- 
sections with BR lie with regard to -^? ^Always at the 

same distance on opposite sides, so that when they run 
together they must run together at N, 

So that a tangent to a circle is perpendicular to the 
radius to the point of contact. 

Ex. 2. Draw a number of angles of 55**. From any point C on 

one leg BC of each draw a perpen- 
dicular CN to the other leg BN, 
Measure CN and CB on each 

CN 
figure, calculate -^ for each, and 

tabulate your results. 




18. Draw a triangle ABC in 

which a = 5'4 cm., b = 4*4 cm., 

B = 55° (Pig. 15, drawn small) ; 

so that the construction gives 

a line and circle meeting in 

only one point A, If you 

made another triangle DEF 

^^^' ^^' with the same values of a b B, 

could it be fitted on to this triangle? Suppose LE^ 55^, 

EF = 5-4 cm., FD « 4*4 cm. — ^We lay EF along BG and 
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ED along BA. Then D must lie on the line BA and also on 
the circle with centre C and radius 4*4 cm. This line and 
circle have only one point common, namely A ; therefore D 
lies at Af and the triangles fit. 

19. Try to draw a triangle having a » 5*4 cm., b >= 4*0 cm., 
B = 55°. What is the result ? — ^We lay down CB = 5*4 cm., 
make LGBR = 55°, and draw a circle with centre C and 
radius 4*0 cm. But this circle does not meet BB ; in fact 
we have seen that 4*4 cm. is the least radius that will make 
the circle cut BB, What, then, of the triangle you 

were asked to draw ? No triangle with the given values of 

a, by B can be made. 

Summarize the results that have been reached as to 
triangles that have a — 5*4 cm., B » 55°, and b of some 

given length. If b is greater than 5*4 cm. only one shape 

of triangle can be made ; if b lies between 5*4 and 4*4 cm., 
triangles of two different shapes can be made ; if & is less 
than 4*4 cm., no triangle can be made with the given values. 

20. Discuss in the same way what kinds of triangles can 
be made with different values of b when 



1. 
2. 
3. 
4. 
5. 
6. 



-B = 


63° 


B^ 


63° 


J5 = 


63° 


-B- 


18° 



B = llff 
B = 145^ 



a = 6*6 cm., 
a *= 8*0 cm., 
a = 12*1 cm., 
a = 13 cm., 
a = 11*8 cm., 
a = 8*7 cm.. 

In cases 1, 2, 3, 4, the classifica- 
tion is the same as for the case 
discussed, in which a was >= 5*4 
cm., and B « 55°. 

In case 5 we lay down GB^ 
11*8 cm. and LCBB=^ 116° (see the 
sketch in Fig. 16). Then when b 
is greater than 11*8 cm. (say =17 
cm.) the circle with centre C and 
radius b meets BB in one point Ay 
and meets BB produced back 
beyond ^ in a point A\ The triangle ABC has a b B of 
the required values ; but the triangle A'BC has the angle 




Fig. 16. 
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at B equal to 62° instead of 116° ; so that only one triangle 
can be drawn with the given values. When h is less than 
11*8 cm. (say « 11 cm.) the circle with centre G and radius h 
does not meet BB at all, but only BB produced ; so that the 
triangles it would give have the angle at B equal to 62° 
instead of 116° and no triangle can be drawn with the given 
values. 

Case 6 is similar to case 5. 

If you have two triangles in which a =11*8 cm., 
2) » 17 cm., j^»116°, can they be fitted together so as to 
coincide ? In the same way as before it is seen that they can. 

21. Wherein do the data of cases 5 and 6 on the one hand 
and cases 1, 2, 3, 4 on the other differ, to account for these 

different results ? ^In cases 5 and 6 the angle B is obtuse, 

that is, greater than a right angle, while in the others it is 
acute, or less than a right angle. 

If instead oi ah B you were given h c C or h c B or 

a c Ay how far would the residts differ? ^To label the 

two sides and an angle opposite to one of them with the 
letters a h B i& only a convenient shorthand, and any 
other way of giving two sides and an angle opposite one 
of them amounts to the same thing. 

Ex. 3. Take B = 40*^ and a in succession equal to 6, 9, 12, 15, 
18 cm. In each case find the least value of h for which a triangle 
can be drawn. In each case calculate 6 as a fraction of a, and 
compare your results. 

Repeat this, taking £ = 30° instead of equal to 40*. 

21. The results we have 
reached as to making a tri- 
angle when two sides and 
an angle opposite one of 
them are given can now be 
summarized. We continue 
to call these sides and angle 
a b B, Lay down the side 
GB or a and the angle GBB 
or B, and from G let fall 
™„ 1,- ^ GN perpendicular to BB 

J?IO. i7. ^j^^ jyj y^^^ ^^^ ^^^j^ 

B is acute, and h is greater than a, there is one triangle 
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satisfying the conditions ; when h is less than a but greater 
than CNf there are two triangles ; when h is less than CN 
there is no triangle. When the angle B is obtuse, and h is 
greater than a, there is one triangle, but when b is less than 
a there is no triangle. 

The results may be tabulated in the following form, 
the sjrmbol oo denoting as great a number as you can 
imagine: — 

Value of B h lying between Number of triangles 



acute 



obtuse 



I 



with the given vsJues 

and CN 

ON ,, a 2 

a „ 00 1 

and a 

a „ 00 1 



22. We have discussed the making of a triangle from 8 
given sides, and from 2 given sides and 1 given angle. Next 
suppose only 1 side given and consider whether we can 
make up the data with angles. In copying the map (Fig. 1) 
we had such a case. What was it ? — ^We made the triangle 
KWE by means of the length KW and the angles atiT and 
W. Then you can, out of a, h, c. A, By C, give such a 

set of data to make the triangle ABC. The set a, B, C would 

do. Make a triangle having a := 6*9 cm., ^=82°, 

0=60°. If you had a second triangle DEF in which 
EF^ 6-9 cm., JE?= 82°, F^ 60°, can you fit the two triangles 

together to coincide ? Place EF on BC. Then the angle 

E fits the angle JB, and F fits (7; so that ED lies along BA 
and FD along CAy and D lies where BA and CA meet, that 
is at ^ ; so that the two triangles coincide. 

Taking a = 6*9 cm. and £^82°, find by experiment for 
what values of C a triangle is possible. — Cmust be less 
than a certain angle .which is about 98°. When 

a « 6*9, C = 60°, for what values of JB is a triangle possible ? 

B must be less than 120° or so. Experiment 

with a number of other cases and try to state the condition 
in a general form. — The sum of B and C must be less 
than 180° or so. 

28. We have treated the case when the given side lies 
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between the given angles. Take a different case, and try to 
make a triangle having a = 6-5 cm., -4 = 76°, 0=60°. — 
Draw BG equal to 5*5 cm., and make an angle BCK of 60° 

(Fig. 18). Now take 

any point L on CK and 
make an angle CXlf equal 
to 76°. Take Zr in a num- 
ber of positions and for 
each make LCZrJlf=76°. 
Continue to try in this way 
until the line drawn at 76° 
passes through B, Denote 
the point L for this posi- 
tion by Af and we have 
the triangle ABC with the 
given values of a, A, C, 
Draw another figure of BCK with JB(7=5'6cm. and 
\-C= 60°. On a piece of tracing-paper make an angle of 
76°, lay it on your figure so that one leg points towards C 
from some point in EC^ and move it about till the other leg 
passes through B, This gives another way of making the 
triangle. 

Measure the angle B of the triangle. Measure also the 
angles which the line LM in its various positions makes 
withJ5G 

24. Taking a = 6*6 cm., C = 60°, find experimentally for 

what values of A a triangle is possible. A must be less 

than about 130°. Experiment with other values of a 
and C, and try to reach a general statement of the con- 
dition. A + C must be less than about 180°. 

If you have two triangles ABC and BEF in which BC = 
JE;F=6-6cm., LC=LF=60°, L-4«L2)=76°, can they be 

fitted together to coincide ? Suppose that in making ABC 

we used the angle of 76° drawn on tracing-paper, and made 
the point L (Fig. 18) sHde along from C to K, the first leg of 
the angle lying all the time along LC. Then the point M 
where the second leg cuts BC travels all the time from C 
towards B and then beyond B, The point A is the position 
occupied by L at the moment when M reaches J?, and since 
L travels all the time away from G there is only one such 
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point. Now lay EF on BC and the triangle DEF on ABC 
so that the angles F and fit together. If now the tracing- 
paper with the angle of 76^ is moved as before, the position 
of D is found just as A was, and is at the same point. 

26. We have tried to make a triangle from 8 sides, from 
2 sides and an angle, and from 1 side and 2 angles. Can it 
be made from 3 angles? Try with the values J[»20°, 
B = 30^ C » 50"". Make an angle of 20"" and call the legs 
AK and AL (Fig. 19). No length is given for AB, so try 




Fig. 19. 

taking B at random on AK, and make the angle ABM = 30^. 
How will you complete the triangle ? — C must be where 
AL and BM cross, so that the triangle is already com- 
pleted. Is the angle C equal to 50^, as it was to 
be ? — No, it is about 130°. See if you get any better 
result by taking B at other positions on AK, or by beginning 
with another angle than A. 

Try making triangles with other values for the angles : — 

J[ = 50°, -8 = 70°, C=60°; 
^«50°, 5=70°, 0=80°; 
^ = 20°, 5=50°, 0=110°. 

What is the result? Sometimes the third angle has the 

given value, sometimes not, but the third angle is always 
settled when the first two are made. Can you (without 

drawing) predict what C will be when -4 = 30° and J9 = 40° ? 
Experiment with different values of the angles until you 
can predict the third angle from the given values of two. 

26, Tou made several triangles having A «* 20° and 
B « 80°. Call the sides of one of them a h c, and of 
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another a' V cf. Measure all the six sides, calculate as 
decimals the three quantities "f Tf "n ^^^ compare 

the three results. What do you notice ? 

Repeat with a different pair of the triangles that you have 
drawn. 

Eepeat again with two triangles, both of which have 
A = 43° and B == 67°, or any other values. 

Draw any triangle and measure its sides a h c. Make 
another triangle with sides equal to 1*4 a, 1*42), 1*4 c. 
Measure the angles of the two triangles and compare 
them. 

Bepeat, using a different number in place of 1*4. 

These results will be discussed later. 

27. Let us summarize our results. Of the 6 elements of 
a triangle — ^the 3 sides and 3 angles — any 3 that include at 
least one side are enough to know in order to make the 
triangle. In all cases but one the triangle is unique ; that 
is, with the given values only one shape of triangle is 
possible. The one exception is that in which 2 sides and 
the angle opposite one of them are given, the angle is acute, 
and the side opposite this angle is less than the other given 
side ; in this case two shapes are possible. 

When two triangles are such that one could be placed on 
the other so as to fit exactly, the two triangles are called 
congruent triangles. 

28. The Slidet'Orank Fair. — ^In many machines there 
occurs an arrangement of three pieces known as slider, 
crank, and connecting rod. In Figure 20, the slider C may 

A. 




L P 



Fig. 20. 



slide to and fro along the line OP, the crank BA is a rod 
that turns about a fixed point B in the line OP, and the 



CHAP. V, ARTS. 27, 28 79 

connecting rod AC is a, rod connecting the slider C to the 
end A of the crank. 

Take the crank 7 cm. long, and the connecting rod 16 cm. 
long. What more must you know to fix the position of the 
system ? Give the additional condition in as many different 
ways as you can. 

Show what part KL of the line OP the slider C is able to 
traverse. Find the position of the system (1) when G is 
12 cm. from B^ (2) when C is 6 cm. &om its end position K, 
(8) when the crank makes 40° with BPy (4) when crank and 
connecting rod are at right angles, (5) when the connecting 
rod makes 20° with GB, In each case see how many solu- 
tions there are, that is, how many positions satii^ the 
conditions. 

By the help of measurements of the figures you have 
drawn and of other figures, make graphs giving the angles 
A B G oi the triangle ABG as functions of the distance 
KG Also make a graph of J. + £ + C asa function of the 
distance KG. 

Exercises. 

4. If you were told there were 3 towns ABG such that from 
Ato B was 6 miles, B to G was 6 miles, and Gto A was 12 miles, 
what would you say ? 

If you were told that the distance ^C was 6 miles, GA 12 miles, 
and the angle BCA 25 degrees, what would be the distance AB ? 

6. Draw triangles all having a » 6 cm., and b » 8 cm., while the 
angle G has in different triangles various values between 0° and 
180% and measure c in each. 

Draw a graph giving c as a function of G. 

Calculate the area of a square on the side c of each triangle you 
have drawn, and show this area as a function of G, On the same 
graph show the values of the squares on a and 5, namely 36 and 64 
sq. cm. 

6. (1) Construct a triangle PQBy with base PQ « 9 cm. and 
LBPQ = 42°. 

(2) On the same base construct a triangle PQS with PS 
= 7 cm. 

Draw the locus of B in (1^ and of ^ in (2). 

On your drawing mark the vertex T of a triangle PQT, which 
has LrPQ = 42* and PT - 7cm. 

State a set of data sufficient to determine both the shape and 
size of a triangle ; and explain why the 3 angles are insufficient. 
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7. A square reBervoir has been made in a field and ia to be 
covered up. It is, therefore, necessary to take measurements from 
which the positions of its comers may be found again. Supposing 
the field rectangular, give the least number of measurements (in 
addition to the known length of a side of the reservoir) that must 
be made. Give two sets of measurements either of which 
would do. 

8. A triangle ABC is supposed to be cut out of paper and laid 
down on a sheet of paper, the comers ABC being marked on 
the triangle. The triangle is first turned over about the side BC ; 
it is next turned over about the side CA, and finallv it is turned 
over about the side AB. Draw any triangle for the first position, 
And then draw the triangle in its final position. 

9. Construct the quadrilateral ABCD having AB i^ 5*3 cm., 
BC « 7-2, CD -= 9-0, DA = 4*8, \^ABC = 90^ Find by measure- 
ment the distance of D from the diagonal AC and determine the 
area of the figure. 

Now suppose AB and BC to be fixed, CD to revolve about (7, 
and AD to be of variable length. Show the position of CD when 
the area of ABCD is a maximum, and give the maximum area. 

10. Figure 21 shows a piece of ground, divided by hedges into 
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triangles. How many measurements would have to be made in 
order to draw a plaji of the triangle ABC1 And how many for the 
figure ABCD ? And how many for the figure ABCDEl In each 
case give one set of measurements (not more than are needed) and 
tell how you would use them to draw the plan. 

If the figure was made up in the same way of n triangles, how 
many measurements would have to be made ? And how many 
sides would the outer boundary of the piece of ground have ? 
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How many measurements would be necessary for a piece of 
ground whose boundary had m sides? 

11. In Figure 22 ABC and PQR are triangles in which AB = Pft 
BC s= QRy CA s= PR, Prick the figure off on a sheet of paper, and 




Fig. 22. 

draw the locus of points equidistant from A and P, and the locus of 
points equidistant from B and Q, Show that the point where 
these loci meet is equidistant from C and R, 

12. A stone is thrown horizontally from the top of a vertical cliff 
50 metres high with a speed of 11 metres per second. Its hori- 
zontal distance from the top of the cliff increases steadily so that 
after t seconds the distance is 11^ metres. Its vertical depth 
below the top of the cliff increases in such a way that after t seconds 
the depth is 4*9^ metres. Calculate the position of the stone at 
various times, and show its path on a scale of 1 to 300, that is, of 
1 cm. to 3 metres. 

13. The distances and second class railway fares from Paris to 
the under-mentioned stations are as follows, the distances being 
reckoned in miles and the fares in francs and centimes (1 franc ^ 
100 centimes) : — 

Distance in Fare. 
Miles. fr. 



c. 



St. Denis 
Chantilly . 
Creil 
Longueil . 



4 

32^ 
46 



55 

3 10 

3 85 

5 45 



MAIB 



G 
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Distance in 


Fare. 


Mil AS. 


fr. c. 


. 53 


6 36 


. . 67 


8 15 


. 77 


9 35 


. 82 


9 90 


. 96 


11 65 



Compiegne 
Noyon 
Chauny . 
Tergnier . 
St. Quentin 

From these data draw on squared paper a diagram showing the 
relation between the distance travelled &om Paris and the nmway 
fare. Examine whether the railway fare is proportional to the 
distance travelled, assuming distances to be given to the nearest 
half mile, and 5 centimes to be the smallest coin used for payment 
of railway fares. 

N.B. — A diagram is meaningless unless the scale of measure- 
ment is stated and the positions of the lines from which distances 
are measured are indicated. 

14. In a field ABCD AB is 5*63 chains, AC 10*2 chains, AD 
10-9 chains, the angle BAC 27° 15', and the angle CAD 33°. Draw 
a diagram to a scale of 2 chains to the inch, and find the area to the 
nearest rood. 

15. Find the discharge per minute in gallons from a full 
cylindrical pipe of 6 inches diameter, the mean velocity being 
12 inches per second. 
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PUKTHER PB0BLEM8 IN MENSUBATION 

1. A GALLON is 277 cubic inches, and the standard gaUon 
measure is a vessel with a circular bottom and vertical sides, 
the height of the vessel being equal to the diameter of the 
bottom. Suppose we want to make a gallon measure of the 
standard shape, and let us consider how we may determine 
its height and diameter &om these data. 

What do you know of the capacity of a cylindrical vessel ? 

That the capacity is the product of the height h by the 

area A of the base. And when the base is circular 

what do you know of its area ? ^That it is 3*14 p(rxr if r 

is the radius, or 0*785 xdxd if t2 is the diameter. 

What then is the capacity of a cylindrical vessel h inches 

high and (2 inches in diameter? It is 0*785 nd itdxh cubic 

inches. And the capacity of a cylindrical vessel 

whose height and diameter both measure d inches ? ^It is 

0*785 Kdxdxd cubic inches, or more shortly written 
0'7S^ ddd or ivddd. 

Now how will you find out what d must be to make this 

capacity 277 cubic inches ? ^We could try various values 

for d and calculate the corresponding values of 0*785 xdx 
dicd. Do so for a number of integers 1, 2, 3, ... , 

and find the two values of 0'7S^ ddd between which 277 lies. 
They are given by (2 ~ 7 and d » 8. Tou could now calculate 
the capacity for d equal to 7*1, 7*2, . . . 7*9, and thus get still 
nearer to the capacity 277 c. in. ; but few pupils are fond 
enough of arithmetic to make this worth doing. 

2. Oould you use a graph to find the value of d that will 

make O'lS^ddd equal to 277? ^Tes, we could draw the 

graph of 0*786 ddd and read off the value of d for which it is 
equal to 277. As it takes some time to draw a graph, 
perhaps you could use one you have already drawn ; look 
through them and see if any of them will help. ^There is a 

a2 
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graph giving the volume of a cube for various values of the 
edge of the cube, that is, giving ddd for various values of d ; 
and the value of d that makes ddd — 277/0*785 will make 
0*785 ddd = 277 ; so that we simply read off the value of d 
that makes ddd — 353. 

Such a relation as 0*785 ddd » 277 in which two things 
are stated to be equal is called an equation ; a value of d 
which makes the two things equal is called a root of the 
equation ; and the process of finding such a value of d is 
called solving the equation. 

8. Find the height and diameter of a standard litre 
measure, that is, of a cylindrical vessel that holds 1000 cubic 
centimetres and whose height is twice its diameter. 

Thermometers. 

4. Look at a Fahrenheit thermometer. It tells us how 
warm the room is. The mercury (or other liquid) inside 
the tube stands opposite a mark on the scale. These 
marks all have numbers, some of which are shown ; 
there is not room to show all of them. If it stands opposite 
55 we say the temperature is 55 degrees, or more completely 
55 degrees on the Fahrenheit thermometer, which is written 
shortly 55° F. If in the morning the mercury stands lower, 
for instance at 40°, it is too cold, and the room is artificially 
heated till the reading of the thermometer is about 55, that 
is, till the temperature is about 55°. If the temperature is 
70° before the room is heated, it is already warmer than we 
need, and we do without further heating. 

A man called Fahrenheit invented this thermometer and 
called the lowest temperature he could reach by mixing snow 
and salt 0°, while he called the temperature of his body 100°. 
He marked with the point at which the liquid stood when 
the thermometer was plunged in the mixture of snow and 
salt, and with 100 the point at which it stood when at the 
temperature of his body. The interval between these he 
divided into 100 equal parts and marked with numbers from 
to 100. The graduation of the thermometer was carried 
beyond 100 by marking off further divisions equal to those 
from to 100. 

It was found that water £roze at the temperature called 32 
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on this thermometer and boiled at 212. The freezing and 
boiling points are more definite than the temperature of the 
snow-and-salt mixture and the temperature of the body, and 
a Fahrenheit thermometer is now made by fixing these 
freezing and boiling points, calling them 32 and 212, dividing 
the interval between into 180 parts, and continuing these 
graduations at both ends of the interval. It thus happens 
that on the Fahrenheit thermometer the temperature of the 
body is not exactly 100 but somewhat lower. 

5. Look now at a Centigrade thermometer. On it the 
freezing point of water is called 0° and the boiling point 
100^. How many degrees was it on the Fahrenheit ther- 
mometer from the freezing to the boiling point ? ^It was 

180 degrees. And how many Fahrenheit degrees are 

equal to a Centigrade degree? ^^ or 1*8 or f Fahrenheit 

degrees. 

Blood heat or the temperature of the body is 37 degrees 
on the Centigrade scale, or more shortly is 37^ C. On the 
Fahrenheit scale how many degrees above freezing point is 
this temperature which is 87 degrees above on the Centigrade 

scale? ^It is 37x1*8 or 66*6 degrees Fahrenheit above 

freezing point. The Fahrenheit scale beginning 32 

degrees below freezing pointy what is this temperature called 
on that scale? — ^It is called 66*6 + 32 or 98*6 degrees. 

If a temperature iax^C, that is, is a; degrees above freezing 
point on the Centigrade scale, how many degrees is it above 

freezingpoint on the Fahrenheit scale? It is ^^1*8 degrees 

above freezing point on the Fahrenheit scale. And 

what is the temperature on the Fahrenheit scale, that is, 
when the mercury stands at the point marked x on the 
Centigrade scale, what is the mark y at which it stands on the 
Fahrenheit scale? — It is xxVS + 32. So that in 

mathematical shorthand we write 

y = xxVS + 32. 

6. Sea water boils at a temperature of 103*7^ C, turpentine 
at a temperature of 156^ C, mercury at a temperature of 
350^ C. ; lead melts at a temperature of 325° C, and zinc at 
a temperature of 391° C. Give these temperatures on the 
Fahrenheit scale. 
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7. The melting point of tin is 442° F. How will you find the 
temperature Centigrade at which it melts? — ^The tempera- 
ture is 442 — 32 or 410 Fahrenheit degrees above the freeing 

point of water. And each of these degrees is j^ of a degree 

Centigrade, so that it is 410 -r 1*8 or 228 degrees Centigrade 
above the freezing point, that is, the temperature is 228° C. 
Could you have found this result from the relation 

y=l-8aj+82 

by putting 442 for y and then trying to find a value of x 
that will make the relation true ? That is, can you find a 
value of X that will make 442 ^ VSx + 82 ? — ^The value of x 
that does this will make 442—82 or 410 equal to 1*8:1?, or 
will make 410 -r 1*8 or 228 equal to x. Wherein 

does this differ from the previous method of finding the 

melting point of tin on the Centigrade scale ? It differs 

only in treating all the quantities as mere numbers, without 
reference to their physical meaning. 

8. The process of finding a value of x that will make 
442 «« l*8a;+82 is called solving the equation 

442 = l-8;r + 82, 

and the value 228 is called the root of the equation. Can 
you solve the equation y=^ l'8x+32 as an equation in x^ 
that is, can you put the relation in such a form as to show 
at once the operations to be performed to give x as soon as 
we know what y is ? In other words, can you express the 
Centigrade temperature x in terms of the Fahrenheit 

temperature y ? ^The relation y = 1 'Sx + 32 will be true if 

y— 32 is equal to l*8a;. And these are equal if (y— 32)-t- 1*8 
is equal to x. The relation is now in the required form 
a? = ^— 32)-rl*8, which directs us to subtract 32 from y 
and then divide by 1*8. 

9. Reason out this expression for the Centigrade tempera- 
ture in terms of the Fahrenheit temperature from the way 
the thermometers are made and without reference to equa- 
tions. 

10. On both thermometers low temperatures are shown 
by continuing the uniform divisions of the scales below the 
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murk Oy and numbering them 0^ —1, —2, —3, and so on. 
What IB the temperature Centigrade of the mixture of snow 

and salt which is marked on the Fahrenheit scale ? ^It is 

82 degrees Fahrenheit below the freezing point. And 32 
degrees Fahrenheit are 32 -r 1*8 or 17*8 degrees Centi- 
grade, so that it is 17*8 degrees Centigrade below O^C, 
that is, the temperature is — 17*8°C. 

11. Could you haye used to find this temperature either 
of the relations ^»l*8a;+32 and x— (^—32)-- 1*8, which 
were found for positive readings, that is, for temperatures 

above on the two scales ? In the present case ^ is 0, 

so that the relations are ^ 1*8:1?+ 32 and X'= (—32) 
-^ 1*8. Now we have not hitherto met with any 

operation requiring the division of a quantity such as 
•~32, and it has at present no meaning. Can you assign 

it a meaning that will give x its proper value —17*8? 

If we suppose (— 32) -r- 1*8 to have .the same meaning as 
-(32+1*8), that is, if we take (-32) + 1*8 to mean that 
82 is to be divided by 1*8 and then to have the minus 
sign — put before it, this supposition will give x its proper 
value —(32-5-1*8) or -17*8. 

Again look at the thermometers. We may take —32 to 
mean that from the freezing point we must, on the Fahrenheit 
scale, go 32 degrees down to get to the point in question, and 
( — 32) -T- 1*8 to mean that we must go 32 -r 1*8 degrees 
down on the Centigrade scale. Which agrees with making 
( — 32) -r 1*8 mean the same as - (32 -r 1*8). 

12. On the Centigrade scale the freezing point of mercury 

is -39-5^ Find it on the Fahrenheit scale. It is 39*5 

degrees Centigrade below the freezing point of water ; which 
is 39*5 X 1*8 or 71*1 degrees Fahrenheit below. And the 
Fahrenheit zero is 32 degrees below, so that the point 
required is 71*1—32 or 39*1 degrees below the Fahrenheit 
zero. That is, the freezing point of mercury is —39*1° F. 

Trywhether the relation ^=l*8a?+32 gives this result. 

Here x - -39*5, so that y = 1*8 x (-89*5) + 32. Here 

again you have a new form 1*8 x ( — 39*5). Let us take — 39*5 
as a direction to go 39*5 degrees down the Centigrade scale 
from the freezing poini This means going 39*5x1*8 or 71*1 
degrees down the Fahrenheit scale, so we may appropriately 
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make l-8x(-39*5) mean -(l-8x39'5) or -71-1. Then 
+ 32 means go 32 degrees up again, so that we arrive at the 
point 71*1— 82 or 39'1 degrees below the freezing point, or 
at the point called - 71-1 + 32 or -39-1. 

13. If the same temperature is p degrees below zero on 
the Fahrenheit scale and $ degrees below zero on the Centi- 
grade scale, find the relation between p and g, giving it in 
the two forms, one suited for the calculation of p when q is 
known and the other for the calculation of $ whenj? is known. 
As a particular case consider the freezing point of mercury, 
for which p « 39*1. 

14. The freezing point of mercury has p = 39*1 and 
q = 39'5, so that for this case p and q are nearly equal. 
What temperature has p and q exactly equal? Use the 
relation you have found, namely, j = (p + 32) -=- 1*8 or 

p = l'8g— 32. Let us suppose p and q to belong to the 

temperature we are in search of. We separate ti^e term 
1*8 X. g into two parts 1*0 x $ and 0*8 x q. The former is 
equal top] leaving 0*8 x g to be made equal to 32, in order 
to make i)- l-8g' - 32. And 0*8 x q will be - 32 if 3 is 
«= 32 H- 0*8 or 40. Reasoning back again we have 0*8 x 40 

- 32 = and 40 + 0*8 x 40 - 32 = 40, that is, 1*8 x 40 

- 32 = 40. So that -40° F. and -40° 0. mean the same 
temperature. 

Or we could proceed more formally to solve the equation 
1*831—32 a= p when p '^ q. We have to find a value of p 
that will make l*8j?— 32=j?. The two quantities l*8j?— 32 
and p being equal will still be equal if we subtract p from 
each of them. They then are 0'8j>— 32 and 0, so that we 
want to make 0*8 j)— 32 equal to 0, or to make O'Sp equal 
to 32, and these last are equal if p = 32 -r 0*8 or 40. 

15. We had the relation ^=l*8a;+32 between the 
Fahrenheit reading y and the corresponding Centigrade 
reading x. When these readings x and y are the same 
what is their value? That is^ what value of x makes 
a?- l'8aj+32? 

Let us subtract x from each of the two equal quantities 
X and 1*8^+32. They became and P*8a;+ 32. Now 
0*8:r+32 is positive for all positive values of x and even 
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when X is zero, so that no positive value of x can make 
0*8^ + B2 equal to 0. But let us allow negative values 
and treat them as before. Since 0*8 x 40 = 32 we have 
0*8 X (—40) equal by our agreement to —(0-8 x 40) or —32. 
So that X ^ —40 makes 0'8a;+32 »= 40, and makes 

ir-l-8a:+32. 

16. Negative numbers. — A boy has 20 shillings and spends 
15. How many has he left ?— 20 — 15 or 5. And if 

he now buys 7 shillings' worth of things ? His problem is 

to pay 7 shillings out of 5, or to find the value of 5 - 7 ; he 
has to subtract 2 from 0. He is 2 shillings in debt. 

If now some one gives him 10 shillings? He pays his 

debt and has 8 shillings left. 

In the case of the thermometer, distances above the zero 
were marked with ordinary or positive numbers, distances 
below with negative numbers. Let us in the present case, 
instead of saying the boy is 2 shillings in debt, say ' he has 
—2 shillings '. Then we may say the number of shillings 
he had 

at first was 20, 

after the first transaction 20—15 or 5, 
„ „ second „ 20—15—7 or —2, 

„ „ third „ 20-15-7 + 10 or 8. 

Suppose the boy began with 20 shillings, and spent 
a shillings, then h shillii^ and then was given c shillings. 

How many had he after each transaction ? The numbers 

of shillings he has at the various stages are 

20, 

20 -a, 

20-a-&, 

20-a-6+c 

As long as we confined ourselves to ordinary numbers any 
of these expressions that were not positive were meaningless, 
but as soon as we make negative nxmibers mean debt these 
expressions have meaning whatever the values of a and h. 
Thus if a is 25, so that 20— a— —5, we find that after the 
first transaction the boy 'has— 5 shillings', which we 
understand at once to mean he ' is 5 shillings in debt '. 
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iSH^eep enclosure. 

17. A fanner has sheep hurdles of a total length of 
100 yards, which he sets up to enclose a rectangular piece 
of ground. How will the area enclosed vary as the shape of 
the enclosure varies ? And when will the area he greatest ? 

If one side is 10 yards long, what are the lengths of the 

other three, and what is the area? ^The sides are 10, 40, 

40 yards, and the area 400 square yards. Calculate the 

area, supposing in succession that one side has the lengths 
10, 15, 20, . . . 40 yards, and draw a graph showing the 
area as a function of the length of this side. From the 
graph read off the length for which the area is greatest ; 
what are then the lengths of the other three sides? 

If one side is x yai^s long what are the other sides, and 
the area? — ^The otiier sides are x, 50— a?, 50— a; yards and 
the area x x (50— a?) square yards. Sketch the 

enclosure (Pig. 1), and from your sketch give another form 




^ - jp- -► 



Fig. 1. 



for the area. It is SO^x — xxx or bOx—xx square 

yards. Can you draw the graph of 60a;— xx? It 

is done already, it is the graph of the preceding paragraph. 

Can you find a value of x that will make 50a; — xx equal to 
520? ^Prom the graph we see that a; =85 will approxi- 
mately make 50a;— a;a? = 520. By putting x = 35*2 and 
«35*3 show that the value of x lies between these two 
values. What problem connected with our sheep enclosure 
is this that we have solved? — ^We have found the shape 
of the enclosure when its area is 520 square yards. 

What other value for x does the graph give for an area of 
520 square yards, and how is it related to the former, and 
what is the shape of the enclosure for this value ? 

18. When the enclosure is square what is the length of 
each side? — 25 yards. And if one side is y yards 
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more than 25, what is the length of a side next it? — ^It is 
25— y yards. And the area?— <25 + y) x (25—^) 

square yards. Sketch the enclosure (Fig. 2), and giye 

the area in another form. 

The area is 25 x 25 —y x y 
square yards or 625—^ 
square yards. Show 

in a graph the area as a 
function of y. For what 
value of y is the area great- 
est ? For what value of ^ is 
the area 520 square yards ? 

Some time ago we had a •^'®* ^* 

graph for the area of a square in terms of the length of the 
side. Could you use this to find what value of y makes 625 — 
yy = 520 ? — ^Yes, it is the same value that miEtkee yy = 625 
—520, that is, = 105, and from the graph we £^d this 
value to be 10*2. 

19. On the same diagram draw the graphs of xx and 
50a;— 520. Give the distances of a point where the two 
graphs cross from the two axes, that is, from the two lines 
from which all distances are measured. Use these graphs 
to solve the equation fi^x—xx » 520. 

20. By means of any of the methods discussed, can you 
find how the hurdles must be arranged to give an area 
(1) of 100 square yards, (2) of 400 square yards, (8) of 700 
square yards? One of these areas is impossible; in this 
case apply each method and show why it fails to give a 
result. 

21. In discussing enclosures made with 100 yai*ds of 
hurdles we used x for the length (in yards) of a side and y 
for the length by which a side exceeds 25. What is the 
relation between x and ^, when they refer to the same 

enclosure? ^It is a: = 25+y. What other relation 

do you get between x and y by expressing the area of 
the enclosure in terms of x and of ^? — ^We get h^x—xx 
= 625-3^. 

Suppose we have 200 jrards of hurdles and use x and y in 
the same way. What is the meaning of y and what is the 
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relation between x and y? — ^A square made with these 
hurdles has a side of 50 yards, so that y is the excess of a side 
over 50 ; and x = y-^-bO. And what relation between 

X and y do we get from the expressions for the area? — ^We get 

100a; -ara: = 2500-^. 

What are these relations if we have 4 x a yards of hurdles ? 
— ^Theyare a? = a+y and 2ax—xx = aa—yy. 

22. We have seen how to use the graph of yy to find 
a value of x that will make bOx—xx — 520. Can you 
use the same graph to find a yalue of x that will make 
3x—xx =1? 

This will be our old problem if we make the area 1, and 
the distance round the rectangle 2 x 3, in any corresponding 
units, for instance in square yards and yards or in square cm. 
and cm. Then mistaken so that a;>=f+^ or ^=2;— 1*5, and 
the area-relation is Bx — xx = 1*5 x 1*5 — yy. We have then 
to make 1*5x1*5—^ or 2*25—^ equal to 1, or to make ^ 
equal to 1*25. The graph of yy shows that yy has this value 
when^ = 1*12. Then for x we have 

a? = y+l*6 = 1*12 + 1-5 = 2*62. 

Therefore 2*62 is a value of x that makes Sx—xx = 1. 

Verify this result by calculating the value of Sx—xx when 
X = 2*62. 

23. If you try in the same way to find a value of a; that makes 
3a?— a;a;= 4 (that is, to solve the equation 8ar— aja; = 4 ), 
what difficulty do you meet ? 

24. We have seen that approximately 50aj— a?a; = 520 when 
X — 35. Calculate the value of 100a;— 2a;a; when x = 35. 
Can you give a value of x that will approximately 
make 100a;— 2a;a;= 1040? — ^We have it already, namely, 
35. Can you solve the equations : 

150a;- 3a;a; = 1560 
200a;- 4a;a; = 2080 
500a;-10a;a; = 5200 
5a; — a;a;-r 10 = 52; 

that is, can you find for each a value of x that will make the 
relation true ? 
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Again we saw that Sx-^xx » 1 when x » 1-12. Solve 
the equations : 

Sx « xx-{-l ; 
a?aj+l— 8ic = 0; 
80a; = 10a^+10; 
21ir— 7iR»= 7; 
6a?aj « 18a?— 6. 

25. Take now the equation 

iOxSxx « 5 

and try to solve it. How will you proceed ? — ^We could 
draw the graph of iOx-^-^xx and read off a value of x that 
makes it equal to 5. Or we could draw the graphs of Bxx 
and 40a;— 5 on the same diagram; then a value of x for 
which the two graphs cross gives a root, that is a value 
for which Bxx « 40ic— 5. 

Could you solve the equation by means of the graph used 
before, that of ^ ? Could you treat this equation as a pro- 
blem about the diape of a rectangle whose perimeter (that is, 
the sum of the sides) and area are given ? What is there 
about this equation that keeps us from treating it exactly 
as we treated Bx-^xx — 1 ? — The difference lies in having 
dxx instead of xx. 

Can you get rid of this 8 ? — ^We have three areas, 40i», 
Bxx, and 5, and the difference between AOx and Sopx is to be 
equal to 5. If we take a third of each area they will be 
related in the same way, that is, the difference between ^x 
and XX will be equal to f . So we may treat the equation 
^x — ipa; = f instead of iOxSxx = 5. 

26. What, then, is the equation ^a?— rw? = f as a 
problem on a rectangle of given area and perimeter ? — The 
problem is to find the dimensions of a rectangle of peri- 
meter ^ and of area f. In this case x == ^+^ and 

So that ^ must be equal to ^— f « 42*8, and the graph 
gives y equal to 6-5. This gives a? = 6-7 -f 6-5 = 18-2 
for one side of the rectangle, while the other side is 
0*1. Find the value of 40aj-8ira;-5 for x = 18*2 in 

order to see if 18*2 is really a root of the equation. Find 
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the value also for x » 18*21 and so show that the exact 
value of X lies between 18*20 and 18*21. 

27. Of the methods used above to solve equations some 
give two roots, that is, two values of x that make the relation 
true, some only one. In all cases the rectangle (when there 
is a rectangle at all) has two unequal side& In each case 
where only one side of the rectangle is found as root, find 
the length of the other side and see whether it is also a root. 

EZEBCISES. 

1. It is known that a jam tin a inches high and b inches in 
diameter will hold 0*097 xaxbxb pounds of jam. Find whether 
a tin 2*8 inches high and 2*8 inches in diameter will hold a pound 
of jam. 

2. I want to buy about 20 yards of certain iron wire, but I find 
it is sold only by the pound. The wire is 0*14 of an inch in 
diameter, and iron weighs 470 pounds a cubic foot. The area of 
the section of a pece of wire d inches in diameter is 0*786 xdxd 
square inches. How many pounds must I ask for ? 

3. The weight in pounds of a foot of iron piping is given by the 
formula -777 (h + 1) when the thickness is t inches, and the bore is 

144 

b inches > w is the weight in pounds of a cubic foot of the iron. 
With 6 » 3, ^ = f, the weight of a foot is found to be 13*3 lb. ; 
find to. Hence calculate, to the nearest pound, the weight of 
a foot if & « 2}, « » }. 

4. If V and Fare the volumes of a certain quantity of gas, under 
constant pressure at 0"* and f Centigrade, respectively. 



vx 



i^^m)- 



Find, to the nearest tenth of a cubic centimetre, the volume 
occupied at 18** Centigrade by some gas which occupied 100 c.c. at 
0** Centigrade. 

6. If an oak beam L inches long, B inches wide and D inches 
deep is fixed at one end and a weight W cwt. is placed at the other 
end, it will break should W exceed 

IbxBxDxD 
I • 

Find with as little work as possible whether such a beam 10 feet 
8 inches long, 1 foot 10 inches wide, and 4} inches deep will brenJc 
if a weight of 2 tons is placed at the free end. 
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6. The effective horse-power of a oertam kind of water-wheel is 
0*00066 xQxh^ where Q is the supply of water in cubic feet per 
min. and h is the head of water in feet. 

Find the effective horse-power in a case where the head is 5 feet 
and the water is sufficient to make a stream 10 feet wide, 2 feet 
deep and flowing at the rate of 5 feet per second. 

7 . a horses are bought at £x each, h horses at £y each, and e at 
£a each. What is the average cost per horse ? If, when re-sold, 
the gain on each is one-tenth of its cost price, what is the total 
gain and the total selling price ? 

Give results, both for the general case, and for the special case in 
which a »: 7, 6 - 5, c s 8, a; « 20, v = 36, « s 46. 

8. A steam plough ploughs an acre in a minutes. Express, in 
hours, the time it wiU take to plough a field b yards long and 
c yards wide. 

9. If a man walk p miles in ^ hours, find how far he will walk in 
6 hours ; how far he will walk m x hours ; how long he wiU take 
to walk 5 miles ; how long he will take to walk y miles ? 

10. A steamer goes a miles up stream in b hours, and then c miles 
down in d hours. The stream flows e miles an hour and the boat 
could go / miles an hour in still water. Express a and c in terms 
of 6, d, «, /. 

If a = 14, 6 ss 2, c = 14, (2 s f , what are e and /? 

11. In order to find the diameter of a tube of uniform bore 
some mercurir was poured into it and the height of the column 
measured. The weight of the mercury was 25*6 grams, the height 
of the column 16*3 cm. What was 

the diameter of the tube ? A cubic C_ D 

cm. of mercury weighs 13*6 grams. 

12. A pint of water weighs 1*126 
pounds, and a pint of milk between 
J '166 and 1 *166 pounds . A mixture 
of the two weighs 1*148 pounds per 
pint. Between what limits does 
the percentage of milk by volume 
Ue? 

13. A shot-gun, into whose barrel 
will exactly fit a sphere of lead 

weighing ^ th of a pound, is termed 

an *iV-bore' gun. The diameter ^'®- ^' 

of the barrel of a 12-bore gun is 0*729 inch. What is the diameter 

of the barrel of a 20-bore gun ? 

14. ABDC is a square field (see rough sketch Fig. 3), each 
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side being 120 yds. AB runs east, and AC north. A footpath 
runs across the field, and one point of it is 20 yds. distant both 
from AB and from AC. If by following the footoath you find at 
any moment that the distance you have advanced north is f the 
distance you have advanced east, show by a diagram drawn on 
squared paper to a scale of 20 yds. to an inch, the exact position 
of the rootpath, and give the distance from B at wmch the 
footoath leaves the field. 

If OS yards is the distance of any point of the path from AC and 
y yards its distance from AB, what relation between x and y will 
hold true for all points of the path ? 

15. Find in sq. feet the area of the kite shown in Fig. 4 on 
a scale of an inch to a foot. 




Fig. 4. 

Find a formula for the area of a kite of the same shape whose 

breadth is a feet ; and state 
what the area would be of a 
kite of the same shape and 
of breadth 3a feet. 

16. ABCD (Fig. 6) is a phrn 
(on a scale of 1 inch to 2 
chains) of a comer plot of 
building land selling at £2200 
an acre. Find the price of 
the plot. A chain is 66 feet. 

17. The sides of a rect- 
angle are measured as a 
inches and h inches. Write 
down (1) the area of the 
rectangle, (2) the distance 




Fig. 6. 



round the rectangle, (8) the difference between the lengths of the 
sides. 
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Give numerical values in each case taking a as 43 and b as 25. 

If there is a possible error of x inches in each measurement, so 
that one side of the rectangle may have any value between (a + x) 
and (a - x) inches, and the other side any vidue between (b + x) and 
(h^x) inches, what is the greatest possible error in the area? 
Give the numerical value when a = 43, 6 » 25, x s 0*5. 

18. Measure and weigh a round ruler or other cylinder, and 
find, and show in a table, its length, diameter, and volume, and 
the weight per cubic centimetre of the wood it is made of. 

19. An isosceles triangle has the two sides each equal to 5 cm., 
while the vertical angle increases from 0° to 90°. The table below 
gives the length of Uie base for certain positions. Give values to 
fill up the two gaps in the table, and show the changes in the 
length of the base in a graph, taking 1 inch horizontally to repre- 
sent 10**, and 1 inch verticaUy to represent 1 cm. From the graph 
read off to the nearest degree the size of the vertical angle when 
the base is 3*6 cm., and to the nearest millimetre the length of the 
base when the vertical angle is 76°. 



Vertical angle 


10° 


20° 


30° 


40° 


50° 


60° 


70° 


80° 


90* 


Base, in cm. 


0*87 


1*74 


2*59 


3*42 


4*23 




5-74 


6*43 





20. At 12 noon a boy begins to walk along a road at 4 miles an 
hour, and at 2 p.m. a cyclist rides after him at 10 miles an hour. 
Show that at the end of t hours after noon the boy has gone 4( 
miles and the cyclist 10^-20 miles. At what time wiU the cyclist 
overtake the boy ? 

Show in a graph the distances travelled in any time by the boy 
and the cvclut, and use the graph to find when the cyclist over- 
takes the boy. 
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CHAPTEE VII 

ON CRANES : PROBLEMS IN THREE DIMENSIONS 



L This chapter will treat solid geometry from the experi- 
mental and intuitional standpoint in order to bring out and 
add to the subconscious experience on which geometrical 
knowledge rests. Then we shall return to two-dimensional 
questions and so give the threeniimensional ideas time to 
arrange themselves before the logical discussion of them is 
undertaken. 

Special care with regard to the rate of advance is necessary 
here. For the best result with regard both to knowledge 
and to training the method should be mainly that of dis- 
covery by the pupils, and this is possible only with a slow 
advance. If the advance is quicker the teaching can only 
be dogmatic. Still greater speed will make the pupil's mind 
merely a confused blank, and may even be a danger to 
health. 

Wall crane. 

2. A simple form of crane is the wall crane (Fig. 1). BA 

and CA are two rods fixed 
rigidly to a wall at B and 
and to one another at A, The 
load L is raised by means of a 
rope passing over a pulley at 
A. Make a model crane of 
bamboo rods and find experi- 
mentally how the load moves 
as the rope AL is lengthened . 
or shortened. — ^It moves in 
a straight line. 

A waU crane is sometimes 
hinged at B and G so that it 




Fia. 1. 



can turn round till it lies flat against the wall If the 
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length of rope AL is kept constant while the crane turns, 
how does the load move ? To find out arrange the length AL 
so that the load nearly touches the floor, and mark its various 
positions on the floor. And how does the point A move ? 
By experiment both paths appear to be circles. 

3. How does the load move if the crane turns and 
the rope is varied in length at the same time ? How does 
the point A move if the rod AB is removed ? How does A 
move if AB remains while AC \a removed? In each of 
these cases the locus traced out is called a surface. Give a 

few phrases from everyday life in which * surface ' occurs. 

The surface of a pond, the surface of the earth, the surface of 
the body, surface-deep. 

The meaning of surface is not identical throughout these 
phrases, and in some is not very definite. A thing that is 
surface-deep affects to some slight depth the body to which 
the surface belongs ; the surface of the earth may mean the 
top layer of the earth or it may mean where the earth and 
air meet ; the surface of a pond may mean a top layer or 
skin of water, or it may mean where water and air meet. 
In mathematical usage the surface of the earth or of a pond 
means where the earth or the water meets the air. 

In the case of the crane the locus of the load is hardly a 
surface in the mathematical meaning because the load has a 
certain size. When the load is very small the locus is more 
nearly a surfEu^e in the mathematical meaning. If we could 
have a load that did not measure anything in any direction, 
its locus as the crane turns and the rope varies in length 
would be a mathematical surface. 

Is the wall of the room a surface? Is the paper on 
the wall a surface ? What is the surface of the widl ? 

4. What path does the point A trace out as the crane 
turns ? Lower the model crane till C and A are close to the 
floor (keeping BC upright) and see how A moves. — A moves 
in a circle. What property of a circle has the path of 
A ? — A is always at the same distance from C Is 
this enough to show that the path of ^ is a circle ? Bemove 
the rod BA ,* then as CA turns ^ need not stay close to the 
floor. Does it still describe a circle ? How does it differ 
from the circles we had in chapter I? — In chapter I a 

h2 
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circle was the path of a point that was always at the same 
distance from a tree and was always on the ground. In 
the present case A will describe a circle if it stays on the floor. 
Is the ground a surface? Is the floor a surface? — No, 
but when a point moyes on the ground it is moving in a 
surface, namely, in the surface where ground and air meet, it 
moves (in language that is at once general and mathematical) 
* on the surface of the ground '. The floor is not a surface, 
it is about an inch thick ; but * the surface of the floor ', on 
which the point A moves, is a surface. 

6. Try to fit your straight edge against the floor ; also 
against a ball ; and against the side of a standard gallon or 
litre measure. — ^It fits against the floor in any position, it 
will not fit against a baU at all, in some positions it fits 
against a gallon measure and in others it will not. The 

surface of the floor is called a plane because the ruler fits 
in any position ; the other surfaces are not planes. 

Let two pupils stretch a string and try to fit it against the 
ground. On some ground it will fit in any position, and 
that ground (or rather the surface of it) is called plane. 
Other ground may be lumpy so that the string will not fit ; 
such ground is not plane. 

How is the word plain used in geography ? (It is a pity 
such slight differences of meaning of the same word are 
marked by different spellings, plane and plain.) 

6. When the bar BA of the crane is removed, and A 
moved to all possible positions, what locus does it trace out ? 
— ^A surface, all points of which are at the same distance 
from C. Such a surfEu^ is called a sphere and G 
is called its centre. Can you name any objects of the same 
shape ? Cricket ball, association football, the earth. 

When the bar BA is replaced and CA removed, how does 
A move ? And what positions of A lie on this sphere and 
at the same time on the above sphere with centre C? — ^All 
points of the circle on which A moves when the crane is 
complete lie on both these spheres. 

Shear-legs. 

7. The wall-crane is of use to raise bodies from the 
ground to upper stories. The shear-legs (Fig. 2) is used 
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for moying great weights horizontally as well as raising 
or lowering them. It consists of three beams BE, BFy DO 



Fia. 2. 

hinged together at 2). BE and BF are equal in length and 
are hinged to fixtures on the ground at E and F. The end G 
of the piece BG is moyed to and fro along a line &H that 
bisects EF at right angles. The load Q hangs by a chain 
passing over a pulley at By so that the length BQ can be 
varied. 

Make a model with bamboo rods and find by experiment 
how Q moves (1) when the length BQ changes, (2) when the 
length BQ does not change but G slides to and ft'o, (8) how 
B moves as G slides to and fro, (4) what motions should be 
given to the system to move the load from Q to another 
position Q^ at the same height above the ground, (5) what is 
the locus of all points to which the load can be moved by 
combining the two motions. The discussion is helped by 
setting a piece of cardboard on its edge, the edge coinciding 
with the line GH, (1) is of course a straight line ; (2) and (8) 
are circles ; (4) advancing G will advance the load the neces- 
sary distance and lower it at the same time, so that the 
chain must be shortened to raise the load to the old level ; 
(5) is a plane surface. Whether these experimental results 
are mathematically accurate will be discussed later. 

Keeping the length BQ constant slide G to and fro, and in 
various positions measure the height QK of the load above the 
ground and the distance OK by which Q is in front of 0. 
Plot these on a sheet of paper to show the motion of the 
load. 

Find the motion of D in the same way. 

The load on the shear-legs has two motions, one by sliding 
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O to and tro, the other by lengthening or shortening the 
chain ; we say that the load has two degrees of freedom. 
In the case of the wall-crane, when the crane is fixed and 
will not turn fiat against the wall, the load has one motion 
only, it moves only up and down. In this case we say the 
load has one degree of freedom. 

8. Measure the distance DO in several positions. What 
do you find ? Can you prove that the distance DO is always 
the same ? Measure in several positions the angle that DO 
makes with ^J^. Can you prove this angle constant ? — Eand 
JPare fixed points so that the distance EFdoea not change, 
and the lengths DE and DF (the lengths of the beams) of 
course do not change; so that the triangle DEF is 
fixed in form and only changes in position ; and DO, the line 
joining a vertex to the middle point of the opposite side is 
fixed too. So, in our model, we could replace the rods DE 
and DF by a pasteboard triangle DEF, And being 
midway between E and F, OE is equal to OF, while the 
lengths of the beams DE and DFare the same ; so that the 
triangles DEO and DFO are congruent, that is, they would 
fit if folded together ; so that LDOE and LDOF are right, 
and DO is peipendicidar to EF, 

Do you know enough to prove that D moves in a circle ? 
— D is always at the same distance from ; but this is not 
enough, the locus of all points at the same distance from 
is a suiface that is called a sphere. We know further that 
the constant length OD stands out always at right angles to 
EF, It may be that a line of constant length turning about 
another and being always perpendicular to it traces out a circle 
with its extremi^jr ; but it is not yet proved. Notice 

that in the wall-crane the locus of A (Fig. 1) is that of the 
end of a rod CA that turns about BG and is always perpen- 
dicular to it. 

9. If the bar QD is removed, how does D move ? — ^As 
before. If the bar DE also is removed ? — D moves 
on a sphere. If the bai*s DO and DF were removed, 
how would D move ? 

10. Suppose a shear-legs has OD 8*6 metres long, DE and 
DF 5*8 metres long, and the feet E and F set 8*6 metres 
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apart. Find the distance DO by drawing the triangle DEF 
(Fig. 3, which is only a sketch) on a scale of 3^. Now 
(Fig. 4, sketch) use tins distance and the 
known length QD to find where G must 
be when the shear-legs is to pick up a 
load 2 metres in front of 0, and what 
length of chain is wanted to reach down 
to this load. 

If the load is to be set down again 
3 metres in front of 0, how far forward 
must G move ? And if it is to be set 
down on the deck of a ship 3 metres in 
front of and 1 metre below the ground- 
level, how long must the chain then be ? 

Give measurements of the position of 
the load that you could take so as after- 
wards to replace the load in its position. 

^We could give the distance in front of and the distance 

above or below ground-level ; or the angle that OD makes with 





OH and the length of the chain ; or the distance of Q behind 
and the length of the chain ; or other sets of measurements. 

Travdkr crane. 

11. Another form of crane is the traveller crane sometimes 
used in an engineer's yard. Figs. 5 and 6 show two 
sketches of this crane, Fig. 5 after the manner of a picture ; 
Fig. 6 shows it as seen from a greater distance, and is 
technically termed a projection. ABCB is a rectangular 
frame supported on 4 pillars. A beam EF rests on 2 sides 
of the rectangle and travels along them, remaining 
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always parallel to the other 2 sides* The crane G travels 
to and fro along EF and raises or lowers the load H. A bar 
across a box without lid, and carrying the load by a string, 
will serve as model. Or two desks may be placed so that 
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their edges will serve as the sides BC and AD of the frame, 
to carry the bar EF. 

How does the crane move when the beam travels? How 
does the load move when the chain is lengthened, when the 




Fig. 6. 



crane travels, and when the beam travels ? How may the 
load move when any two of these motions take place at the 
same time? How when all three motions take place 
together? — ^The locus for any single motion is (experimen- 
tally) a straight line, for any two motions a plane, and for 
all three motions at the same time a block of space. When 
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the three motions take place at once the load may reach any 
point of space under the rectangular frame. 

12. How would you move the load to a given spot ? — 
Get the beam over the spot, then move the crane along the 
beam till it is over the spoi^ then raise or lower the load to 
the given spot. Or in any other order, for instance, bring 
the load to the right level, then the crane to the right dis- 
tance from an end of the beam, and finally the beam over 
the spot. What measurements would you take of the 

position of the load so as to be able to replace it ? Take 

the distance of the beam from the end AB of the rectangle, 
the distance of the crane from E, and the length QH of the 

chain* How many degrees of freedom has the load? 

Three, which (supposing AB to point northwards) we may 
describe as (1) north-and-south motion, (2) east-and-west 
motion, (3) up-and-down motion. If we take away one 

degree of freedom (or, as it may be expressed, if we impose 
one degree of constraint) by preventing the crane from 

travelling along the beam, what freedom is left? Two 

degrees of freedom are left, the east-and-west motion and the 
up-and-down motion. If we impose a second degree 

of constraint by keeping the length of the chain fixed, what 

freedom is left? One degree only, the east-and-west 

motion. And if we impose a third degree of constraint 

by forbidding the beam to travel? No freedom is left, the 

load cannot move at all. 

13. How does the crane G move when the beam EF 
travels? Befer to the explanation of parallel lines in 

chapter II, article 2. & moves in a straight line parallel to 

BG And at a distance EG from BG. How do you know? 

— ^Because EG has always the same length and is always per- 
pendicular to BC. Is this enough ? Would the path 
of G still be a straight line parallel to BC if the end F of the 
beam did not rest on AD, but EF turned about BG (while 
E travels along BC), so that EF sometimes pointed up, 
sometimes down, and sometimes in other directions ? Find 
by experiment — It is not enough. The path of G is not 
then straight. What further condition is necessary, 
and what further condition was implied in chapter II ? — G 
must remain in the plane ABCB, In chapter II all the 
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points and lines were assumed to lie on the sheet of paper, 
that is, in the same plane. 

You have seen experimentally that when the crane G 
travels the load S moves in a straight line. Can you 

describe the position of this line ? ^It is parallel to EF and 

at the distance GH from it. For the length of HG is the 
same all the time, and (experimentally) HG is always J. to 
EFy and lies all the time in a certain plane. 

14. When the beam and the crane travel at the same time 
how may the crane move? — ^It may move to any point 
in the plane ABCD. And how may the load move, 

the length GH remaining constant? — ^It also moves in 
a plane, and the distance GH between the plane in which H 
moves and the plane in which G moves is the same every- 
where. What angles does GH make with lines in these 
two planes drawn from G and from JT? To measure the 
angles made with lines in the plane ABGD lay a board over 
the model to cover ABEF or EFBC; to measure the angles 
made with the plane Amoves in, take the string GH of such 

a length that H almost touches the bottom of the box. ^The 

angles are all right angles. 

When a numberof lines are drawn in a planethrough a point 
G (Fig. 7) and another line (tH stands so as to be perpendicular 




H 
Fig. 7. 



to all these lines, the line GH is said to be perpendicular 
to the plane. And when a number of lines (such as GH) 
are perpendicular to a plane at different points, and all have 
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the same length, the phme in which the ends of these lines 
lie is said to be parallel to the first plane. So that, in the 
present case, the locus of the load H (when the beam and 
the crane travel) is a plane parallel to the plane of the frame 
ABCD. 

16. Give examples of parallel planes from the school or 

a house. The floor and the ceiling are parallel planes, the 

north and south walls are parallel planes, so are the east and 
west walls. All the floors in the school or house are planes 
parallel to one another. Of course 'floor' means 

here not the boards which may be 2 or 3 cm. thick, but their 
upper surface on which we walk ; ' wall ' does not mean the 
stone or brick mass 30 or 40 cm. thick, but the surface of it 
that we see ; and so with ' ceiling '. 

The line in which the rope or chain of a crane hangs is 
called a plumb line or vertical line. Any rope or chain 
hung by one end hangs plumb or vertical. A plane perpendicu- 
lar to a plumb or vertical line is called a horizontal plane ; 
thus the floor, the ceiling, and the rectangle ABCD of the 
traveller crane are horizontal. A plane against which 
a plumb line will hang (without pressing against it) is called 
a vertical plane ; the walls of a room are vertical planes. 

16. We saw in Article 12 that we can fix the position of 
the load H (Figs. 5, 6) by stating how far the beam FE mmi 
move from the position ABj how far the crane must move 
from Fy and what length of chain must be paid out, to bring 
the load to the position in question. And the order of these 
motions is indifferent. 

In more mathematical language we may say that the 
position of the load is fixed by its distances from three planes, 
namely, the distance AF or BE from the plane ABQFy the 
distance FQ- from the plane ADSFy and the distance QH 
from the plane ABCD. Or, again, we may say that a point 
can travel from ^ to ^ by going suitable distances in the 
direction of (that is, along or parallel to) the three lines, 
ABf ADj and J.P, namely, a distance AF in the direction of 
ADy FQ in the direction of ABj and QH in the direction of 
AF. And the order of these movements is indifferent ; thus 
the route may be along AFGH or AFWH or ATGH or 
ATUH or ATUH or AYWH. 
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17. Arrange your model so that the distances trayelled 
from A by the load are 80 cm. in the direction of AD, 
60 cm. in the direction AB, and 40 cm. in the direction AP. 
Measure how far the crane would have had to travel in a 
straight line to get from J. to its present position, and how far 
the load would have had to travel in a straight line to get from 
A to its position. Can you test these distances by drawing? 

^We lay down (Fig. 8, sketch) the length AFy let us say on 

a scale of f , so that we make AF 16 cm. long ; and draw FQ 
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at right angles to it and 10 cm. long, to represent FQ- on 
the same scale. We then measure AG; it is 18*9 cm. long, 
representing a distance on the model of 94 cm. We now 
lay down AQ- « 18*9 cm, (Fig. 9, also a sketch) and draw 
GH at right angles 8 cm. long to represent 40 cm. We 
then measure AH and find it 20*5 cm., so that the distance 
of the load from A in the model is 102 cm. 

Place the beam, crane, and load at random* Specify the 
position of the load by the distances AF, AT^ A V (Figs. 
5 and 6). Measure the distances of the crane and the load 
from A, and check by drawing as before. 

Scotch crane, 

18. The Scotch crane (Fig. 10) has a movable part 
that consists of the vertical post AB, the jib AG, and the 
tie-rod BG. The post AB is hollow and a pillar or pivot 
fixed to the ground fits into the hollow, so that the crane 
may revolve about this pivot. The load hangs from G by 
a chain that may be varied in length. AD is a platform 
that carries the steam engine and tackle for working the 
crane. 
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What path is described by the load as the chain shortens 
or lengthens? What path by the load and by the point C 
when the crane revolves? Discover by experiment with 

C 




a model in which the post is 40 cm. long, the jib 100 cm., 
and the tie-rod 80 cm. 

From what points on the ground can this crane pick up 
a load? What is the radius of the circle on which these 
points all lie ? Find from measurement of the model, and 
also by drawing ; use for the drawing -^ of the scale of the 
modeL — ^We draw the triangle made up of post, jib, and tie- 
rod, making the post BA perpendicuhur to the ground DA. 
The chain will hang vertically, that is, parallel to the post ; 




so by drawing CP || to BA we find the position P (Fig. 11) 
from which the crane will pick up a load. 

10. Is the distance of P from A the same for all positions 
of the crane ? — ^By experiment with the model it is. By 
drawing the crane for other positions we find always the 
same length AF, namely, 7*6 cm. General reasoning gives 
the same result. For suppose FQH to be another drawing 
of the crane, Q the point where the chain meets the ground 
KFL. The two triangles ABC and FQH have their sides 
equal in pairs, and so will coincide if fitted together. The 
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angles QFL and BAF are both right angles, and so will 
coincide. We thus have FH coinciding with AC and FL 
lying along AP. Further, we know (chap. V, art. 18) that 
two triangles AGP and FHQ having A(X--FH, LCAP = 
LEFQ, and the angles at P and Q, right angles, will coin- 
cide. So that FQ « AP; or the point where the chain 
meets the ground is always at the same distance from the 
pivot. Repeat the reasoning by which you know 

the triangles FHQ and ACP to he congruent. 

Ex. 1. For a crane that has a jib 10 metres long and inclined at 
40° to the post, find, by drawing, the radius of the circle from 
which loads can be picked up. 

How many degrees of freedom has the load ? How many 
haa the jib-head (7? The surface on . which the load may 
move is called a cylinder. 

20. The Scotch crane is sometimes mounted on a truck, 
which runs along rails, and gives a greater choice of posi- 
tions from which loads can be picked up. Suppose a crane, 
whose jib is 9 metres long, and makes an angle of 43° 
with the post, to run on a straight railway track 30 metres 
long. Find, by drawing, the locus of possible positions on 
the ground for the load when the truck is stilL — ^It is 
a circle of radius 6* 1 metres. By considering this locus 

for all possible positions of the truck, find and draw the 
locus of all possible positions of the load on the ground, 
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scale ■^. — It is a straight piece of ground 12*2 metres 
wide ending in two semicircles (Fig. 12). 

21. When the truck is at rest and the jib swings 
round, what is the locus of the jib-head ? — It is a circle of 
radius 6*1 metres, at a height of 6*6 metres above the 
ground. If at the same time the length of chain by 

which the load hangs varies, to what positions can the load 
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be brought? — It can be brought to any point vertically 
below a point on this circle, that is, to any point on the 
part of a yertical cylinder between this circle and an equal 
circle on the ground. 

If at the same time the truck travels on the rails, to what 

positions can the load be brought? It can be brought to 

any point above the area shown in Fig. 12 not more than 
6*6 metres above the ground. Its locus is a block of space 
roughly of the shape of a date-box, bounded by the area 
shown in Fig. 12, by an equal area 6*6 metres above it, and 
by the vertical lines joining these two areas. 

Make a model in clay or plasticine of this block of space. 
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Derrick crane. 

22. The derrick crane has the post AB (Fig. 13) held 
in position by two other 
beams or stays AE and AD 
fixed to the ground at E 
and D. Further, the jib BC 
is supported by a chain AC 
which can be altered in length 
and so change the angle of 
inclination of the jib to the 
vertical. Suppose the crane- 
post AB to be 10 metres long 
and the jib 18 metres. E and D are 10 metres from B 
and the angle EBD is a right angle. 

By drawing the triangle ABD to a suitable scale, say 
having AB = 10 cm., BD « 10cm., LABD = 90°, find how 
long AE and AD must be made. Use this result to make 
a btmiboo modeL 

Use the model to find the locus on the ground of possible 
positions of the load when the chain AC is 13 metres 

long. It is part of a circle of radius 12*7 metres, 4 of the 

circle, because the stays AE and AD keep the jib from 
swinging right round. Check the radius of this 

circle by drawing. 

What is the inclination to the vertical of the jib when the 
chain ilC is 13 metres long ? Find from the model and by 
drawing. 
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28. Find, from the model and by drawing, the locus of 
possible positions of the load on the ground when the jib 
makes an angle of 28^ with the post, and when it makes an 
angle of 80°. What is the len^h of the chain AC in each 
case ? If the angle between the jib and the post may be 
anything between 28° and 80° what positions on the ground 
are possible for a load ? Show the positions on a drawing. 

The positions all lie between two circles with centre B 

and radii 17*7 and 8*5 metres, 
excluding the part bounded 
by the lines BE and BD 
(Fig. 14). 

When the length of AC 
is 13 metres, what positions 
may the load have for differ- 
ent lengths of the chain CL ? 
and for different positions 
as the jib swings round, the 
length CL being imaltered ? 
When the length CL re- 
mains unaltered, and the jib 
does not swing, but tibe 
length AC is altered, how 
does the load move? and how does the jib-head C move? 

How many motions (or degrees of freedom) has the jib- 
head (7? When these 2 motions take place what is the 
locus of the jib-head? — ^A sphere of radius 18 metres and 
centre B, or rather the half of it above ground, excluding 
the part cut off by the stays AD and AE, And if the 

angle between the jib and the post must lie between 28° 
and 80°, what is the locus ? — Part of the half-sphere at the 
top and part at the bottom are then impossible. A certain 
Japanese lamp-shade gives the form if we cut away the 
quarter made inaccessible by the stays AD and AE. 

24. How many degrees of freedom has the load? What 
is the locus of the load for each motion ? — ^When the length 
CL changes the locus is the part of a vertical straight 
line between the jib-head C and the ground. When the jib 
swings round, the locus is f of a circle, the remaining 
quarter being cut off by the stays. When the jib is raised 
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or lowered, the locus is the part of a certain circle lying 
aboye the ground and on one side of the crane-post. 

What are the possible positions for the load when two of 
these motions are allowed at the same time? — ^When the 
jib is raised or lowered and the length of chain CL altered, 
the jib-head describes a quarter of a circle, and the load 
may be anywhere vertically below a point on this quarter* 
circle. Its locus is the part of a vertical plane bounded by 
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this circle, by the crane-post wIjS and a prolongation of it, and 
by the ground (Fig. 15). When the jib swings and the 
length CL changes, the jib-head describes f of a horizontal 
circle, and the load may be anywhere below a point on this 
f -circle. Its locus is the part of a cylindrical suidTace sketched 
in Fig. 16. When the jib swings and is also raised or 
lowei^, the jib-head describes part of a sphere, namely the 




Fig. 17. 

half above ground excluding the part cut off by the stays. 
The load copies this surface, at a distance below equal to 
the lengi^ GL^ so far as the copy is above ground {Fig, 17). 

What are the possible positions of the load when all 
three motions are allowed? The jib-head may be any- 
where on a certain half sphere except the part cut off by 
the stays^ and the load anywheie vertically below the jib- 
head. So that its locus is the block of space shown in 

VAIB I 
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Model this block of space in clay or 



Pig. 18. 
plasticine. 

And if the angle between the jib and the crane-post must 
lie between 28^ and 80^, what is the locus? Por the locus 
we must cut away from Pig. 18 all that lies within the 
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vertical cylinder standing on the circle of radius 8*5 
metres (on our reduced scale), and all that lies outside 
the cylinder that stands on the circle of radius 17*7 metres 
(Fig. 19). Model this block of space. 

25. Suppose the jib to make an angle of 40^ with the 
crane-post, and to lie at first against the stay AJD and then 




Fig. 19. 

to swing round till it is in the same plane as the stay AE. 
Suppose the load L to hang just clear of the groimd all the 
time. Draw a figure of the ground showing the feet B D E 
of the crane-post and the stays, and showing the position 
of the load when \^DBL is equal to SC" (Pig. 20). 

A sort of picture of the crane may be made by setting 
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up a sheet of paper against A£ and AE, and drawing from 
each point of the crane a perpendicular to this plane. The 



B 




foot of the perpendicular represents the point from which it 
is drawn. Draw this picture. — ^The perpendiculars from 
points on the stay AD fall on the crane-post so that one 
line AB (Fig. 21) serves for this stay and the post. L being 




on the ground we can draw the perpendicular i/X^ in Fig. 20, 
and so find the point L^ that represents the load in our 
picture. The line CL will have the same length in the 
picture as in its actual position. By drawing (Fig. 22) 
thej'ib at 40° with the crane-post we find the length of 
OL to be 13*8 metres ; so we draw (Fig. 21) at L^ a line 
L^C ± to EBL^ and showing a length of 13*8 metres on 
the scale we are using. Now by joining il to C we finish 
our ' picture '• Such a picture is cidled a projection. 

Call Q the position of the load when it has swung round 
through 60° from BD, B the position when it has swung 

i2 
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through 90°, and make pictures of these positions. These 
pictures are shown in Fig. 21 by dotted lines. 

Co-ordincdes. 

26. It was seen (Arts. 12 and 16) that the position of 
the load on a traveller crane can be specified by giving 
its distances north, east, and downwards from the comer 
A (Figs. 5, 6). The load can be moved only to points 
in the block of space enclosed by the frame that supports 
the crane ; but if we wish merely to specify a particular 
position and not to move the load to that point, we need 
not restrict ourselves to that block of space. We may state 
the position of any point by giving its distance north or 
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south of Ay its distance east or west of A, and its distance 
above or below A. When the position of a point is given 
in this way these distances are called co-ordinates, the 
lines AB, AD, AP are called co-ordinate axes, and the 
point ui is called the origin of co-ordinates. Of two 
opposite directions, e.g. north and south, it is usual to 
choose one, say north, and to agree that a distance stated 
simplyy without mention of north or south, is to be measured 
north ; while a distance to be measured to the south has 
a minus sign attached. Thus if a point has a co-ordinate 
of 8 metres for the axis AB, the point is 3 metres north 
of A ; another point with a co-ordinate —3 metres is 3 metres 
south of A, 

W. Again, suppose that a derrick crane has a jib {BC 
Rg. 13) that can be shortened or lengthened as much as 
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we like, and suppose the jib may swing right round past 
the stays AD and AEy and that the jib can be raised till 
it points vertically upwards, and lowered till it points 
vertically downwards. This arrangement would enable 
the jib-head C to be brought to any position whatever. It 
would not make a very serviceable crane, but it serves very 
well for stating the position of a point. Suppose the jib-head 
to be at the point to be specified. Then if we measure the 
length of the jib, the angle the jib makes with the crane- 
post BA, and tibe angle through which the crane must swing 
to come against the stay ADy we have measurements enough 
to enable us to put the crane back in this position whenever 
we like ; that is, we have measurements enough to fix the 
position of the point. These three measurements (a length 
and two angles) are another system of co-ordinates. 

The cranes we have discussed suggest various other ways 
of fixing a point, and any system of measurements will do 
for a system of co-ordinatea But the two just mentioned 
are more used than any othera 

28. When we are concerned only with points in one plane 
simpler systems of co-ordinates are possible. Thus the posi- 
tion of the traveller crane may be stoted as so &r north of A 
and so far east of A (Figs. 5, 6). . And any point in the 
plane of the frame ABCB, whether accessible to the crane 
or not, may be specified by its distances north or south and 
east or west of A. 

Again, if our imaginary derrick crane is not allowed to 
swing round, the jib-head may still be brought to any posi- 
tion in a certain vertical plane, and we may specify this 
position by the length of the jib and the angle it makes with 
the crane-post. 

To make a plane sutface. 

20. Tour desk has a plane surface, and so has a book. 
Place the book on the desk. Do the two plane surfaces 
touch all over ? Slide and turn the book about. Does it fit 
against the desk in all positions ? 

If you take two rough pieces of sandstone and place them 
together, do they fit? If you rub them together till the 
irregularities are worn away and they fit, what sort of sur- 
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faces have they? — ^If one is rubbed to and fro on the other 
they may come to fit as the axle of a wheel fits into the 
wheel. But we can prevent that by turning one of them 
about, and rubbing till they fit in all positions. 

Do you know any other 8ur£aces than planes that fit in all 
positions? Do an egg and egg-cup fit in all positions? — 
They fit if we only rotate the egg without trying to turn it 
upside down. We can turn it upside down only by taking it 
out of the cup. So that they do not fit in all positions. 

Do the cup and ball used in the game called ' Oup and Ball ' 
fit in all positions? If a ball is pressed into a heap of 
sand so as to make a hole that it fits, will it fit in all 
positions? — Yes, in both cases. 

So that if two pieces of sandstone are rubbed together till 
they fit in all positions it might happen that one had a surfiice 
like a ball, a spherical surface, while the other had a hollow 
surface to fit it, also a spherical surface. If we took three 
pieces of sandstone and rubbed them till they fitted two and 

two in every position, could their surfaces be spherical? 

No, for when two spherical surfaces fit, one is round like a ball 
and the other hollow, so that these cannot both fit the third 
one. What kind of surfaces will these three pieces of 

sandstone have ? — ^They may have plane surfaces. 

As a matter of fact, when a true plane surface is wanted, 
three of them are made at once in this way. Three plates 
of metal are taken and ground away till iiieir faces fit, two 
and two, in all positions. 

Having three plane surfaces made in this way, how could 
you make a straight line ? — If one of the plates is cut across, 
and then the side ground till a second plate fits on the side 
just as it does on the face, the edge where face and side meet 
is a straight line. 

EXEBCISES. 

2. In a room whose waUs run north and south, and east and 
west, an electric glow lamp is to be placed at a certain point. The 
wire enters the room at the north-east comer of the ceiling, and is 
to run everywhere parallel to an edge of the room. (The line 
where two walls, or a wall and ceiling, or a wall and floor meet is 
an edge.) Show how the wire mi^ht be run actually, and what 
other ways are possible if you need not trouble about supporting 
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the wire or about the convenience of people walking about the 
room. 

What co-ordinates would you use to specify the position of the 
lamp? 

3. How many degrees of freedom has a railway train? How 
many has a steamship ? And an airship ? 

4. A derrick crane has a jib 20 metres long and post 9 metres 
long. When the chain AO (Fig. 13) is 17 me^s long it ^icks up 
a 1(mm1, and then without chanee of the length CL the cham ACib 
shortened to 16 metres. Find ly drawing through what height the 
load IS raised. 

The crane picks up a load from the ground when the jib makes 
an angle of 50"* with the veitical. The jib is then raised till it 
makes 35* with the vertical, then the crane swings round through 20", 
and deposits the load by lengthening the chain CL by 2*6 metres. 
What is the difference in height between the first and last positions 
of the load ? 

6. In building a bridge materials are sometimes brought into 
position by running them along a cable whose two ends are made 
fast to posts on the two banks. Suppose the tops A and B of 
the posts 30 metres apart and the cable 34 metres long, and suppose 
each part of the cable from the load TT to a post to be straight. 
Find by experiment with a model and by drawing, the path the load 
describes as it travels along the cable. 

The load will of course always be between and below the points 
A and B, and in the vertical plane through A and B, But imagine 
it to be able to take aU positions in the vertical plane the sum of 
whose distances from A and B is 34 metres. Draw the locus of all 
points it could then reach. This locus is called an ellipse. 

Again, suppose the load not confined to this vertical plane, but 
able to reach any position in or out of the plane the sum of whose 
distances from A and B is 34 metres. Investigate the form of the 
surface it could describe, and make a model of the surface. This 
surface is called an ellipsoid. If the load is made fast to a point 
of the cable, so that its distances from A and B are always the 
same, what kind of path can it describe ? 

6. A board has cut in it two grooves crossing at right angles. 
A rod AB has on it two knobs at A and B which slide along the 
grooves. Investigate the kind of path any point P of the rod 
describes. For tins purpose draw two straight lines at right angles 
to represent the grooves, and draw on tracing-paper a line with the 
knoDs A and B marked to represent the rod. 

Draw the path described by P for a number of different positions 
of P on the rod, some between A and B and some outside. For 
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what positions of P on the rod are the ovals flatter and for what 
positions are they rounder ? All these ovals are called ellipses. 

7. A shear-legs (Fi^. 2) has a backstay GD 9 metres long, the 
head D moves in a circle of radius 7 metres, and the foot of the 
backstay may not come within 3 metres of (the centre about 
which D turns), nor may it go further from it than 7 metres. Find 
how much of its circle D may describe, and where a load must lie 
for the shear-legs to be able to pick it up. 

8. A plumb-line hangs from a point A on the celling of a room ; 




Fig. 23. 

two knots on the line, respectively 7 '6 feet and 3*2 feet from the floor 
BCy have their shadows thrown by an arc lamp at distances of 
12*36 feet and 1*9 feet from the point where the line meets 
the floor. How high is the lamp above the floor, and how far 
is it from the plumb-line? Find out by drawing on a scale of 
1 cm. to 1 foot. 
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9. Suppose you have a triangle cut out of paper. Suppose it 
bent. Is it stUl a triangle ? Why do you say so ? 

Suppose the triangle placed on your desk, and the upper side 
marked with a cross. By what measurements could you determine 
its position so that if the triangle is removed you could replace 
it exactly in position ? Do not give more measurements than you 
think are necessary, and explain why you consider that those you 
give are sufficient. 

10. The map with contour lines (Fig. 23) is drawn on a scale of an 
inch to a mile, each contour line showing the height above sea level 
of the land through which the line passes. The numbers placed at 
the ends of the lines or at special points denote the height in feet. 
Tou are to draw a curve showing the rise and fall of the land along 
the line AB. Work on squared paper representing the height on 
a scale of 1 inch to 200 feet, and the distance along AB on a scale 
of 1 inch to a mile. 

11. To find the height of a hill-top above a plain two points A 
and B 200 metres apart are taken on the plain and in the same 
vertical plane with C. The angles of elevation of C at ^ and B 
(that is, the angles CAK and CBK, where JST is a point on AB 
produced) are measured and found to be 23^ and 36 . Find the 
height of the hill-top by drawing to a suitable scale. 

12. A pyramid OABCD stands on a horizontal square base 
ABCD 7 cm. in the side. The vertex is 6 cm. vertically above 
the point P, where the q 
diagonals AC and BD of 
the base meet. Find 
the length AFhy drawing 
the base, then find the 
length OA by drawing the 
triimgle O jJP, and so draw 
one of the triangular faces 
of the pyramid. 

Measure the angle be- 
tween AO and ^P, and 
the angle between AO 
and AB. 

13. To find the height ^^^- ^• 

of a mountain C (Fig. 24) above a plain two points A and B are 
taken in the plain IG^ metres apart. The "angles CAB and CBA 
are measured and found to be 62** and 84°. Also, CD being 
vertical and BD horizontal, the angle CBD is measured and found 
to be 12°. By drawing the triangle ABC to a suitable scale find 
the length of BC, and then by drawing the triangle BCD find the 
height CD of the mountain. 
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THE ANGLE-SUM PROPERTY OF A TRIANGLE. 

PARALLELS AND AREAS 

1. In chapter V we saw that when two angles of a triangle 
had been made we had no choice about the size of the third 
angle, we saw that there was some relation among the three 
angles. We will now discuss the nature of this relation. 
A knowledge of this relation may help us to make a triangle 
from such data as a = 6-9 cm., B = 80°, A = 39°. Let the 
pupils use the methods of chapter Y to make this triangle ; 
they will notice that they are clumsier than if we knew 
a, By a 

2. Make a right angle by folding a sheet of paper and 
then folding the crease on itself. Out along the creases, 

and from one of the four 
pieces of paper cut a large 
right-angled triangle ABC 
(^g. 1). Fold the corners 
A and C on to the comer JB, 
B being the right angle. 
How do the angles A and C 
now lie ? Does this experi- 
ment tell you anything about 
the size of the two angles 
^i«- 1- together? 

In this and the following experiments each pupil should 
make his own triangle. The triangles will thus be varied 
in shape, and the evidence of more value than if all used 
triangles of the same shape. 

3. Now let each cut out a paper triangle of any shape. 
You know already that one side of a triangle is often chosen 
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out and called the base. When one side has been chosen 
for base, the angle opposite to it is called the vertex. Choose 
a base in each triangle, in such a way that the obtuse angle 
of triangles that happen to be obtuse-angled is the vertex, 
and call the vertex A. Fold the base BC on itself in such 
a way that the crease passes through A {OA in Fig. 2). 




Fig. 2. 

Now open out the triangle and fold all three corners on to 
0. What do you observe ? Does the experiment tell you 
anything about the sum of the three angles? 

Now cut along the crease OAf and what have you ? — Two 
right-angled triangles, each giving the case of Art. 2 over 
again. 

4. Let each cut out another triangle of any shape. Tear 
off the three comers, and 
place the angles side by 
side as in Fig. 3. What 
do you observe? What 
does it tell about the sum 
of the three angles ? 

All these results are 
subject to the drawbacks 
inherent in experiment, 
one of which is that the 
result may be true for the 

particular triangle dealt with, but not for other triangles. 
This objection is to some extent met by the variety of 
triangles used, so that we know that the result is true for 
a considerable number of particular triangles at least. A 
more serious drawback is the unavoidable error in drawing, 
folding, measuring, and judging the fitting of the angles. 
Even if we could be sure there was no error of a tenth of 
a degree, we should still be in doubt whether there might 
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be errors of a hundredth of a degree. The following dis- 
cussion is less subject to these drawbacks. 

6. Let the whole class now draw triangles, each as he 
likes. Let each measure the three angles of his triangle, 
add them up, and report the result. These results will 
not differ much, except that one or two may differ from 
the rest by ten or twenty degrees or more, and are clearly 
due to blunders. Let these latter be discarded and the 
average of the remainder calculated. 

This average is likely to be nearer the true value than 
any individual result. For some individual results will be 
too great and some too small, and one kind of error is as 
likely as the other, so that when we take the average we 
may expect the errors to cancel one another to some extent. 

6. A pavement is sometimes made up of a number of 
triangular tiles, all of the same size and shape, that is, aU 
congruent to one another. Look at the drawing of such 
a pavement in Fig. 4, in which the angles of one triangle 
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Fig. 4. 



are marked A B C» Mark all the other angles of the pave- 
ment that are equal to Ay all those equal to By and all those 
equal to C. How many of each kind are there at a corner 
where the tiles join? And through what angle do you 
turn if you first face in any direction and then turn till you 
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again face in the same direction ? What then is the sum of 
A, JB, and 0? 

If the pavement is indefinitely extended, will the distance 
between the lines r and 8 Tary, or the distance between the 

lines p and g? ^They do not vary; the distance between 

r and a is the length of the side & of the triangle ABC\ the 
distance between p and g is the height of the triangle when 
a is considered the base. What are such lines called ? 

What difference would there be in the results of this 
article if the tiles were not right-angled ? 

7. Stand up facing north, then turn round till you again 
face north* Through how many degrees have you turned ? 
Stand against the middle of the east wall of the room, 
facing north ; then walk along the walls till you arrive again 
at your starting-point. Through what angle have you 
turned altogether, and through what angle did you turn at 
each comer of the room ? 
' If you start from the point K of the triangle in Fig. 5, 




Fig. 6. 

and walk in the direction of the arrow round the triangle 
and back to JT, through what angle have you turned alto- 
gether, and through what angle did you turn at each comer ? 
What then is the sum of the angles /Sf+ T+ CT? What is the 
sumP+S? Q+r? 5+J7? WhatisthesumP+Q+B? — 
Since 5+ T+ U" = 360° or four right angles, and P+/S+ Q+ 
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T+B-^-U^ 540*" or six right angles ; P+Q+JB is the dif- 
ference, namely 180° or two right angles. 

Any angle, such as S or T or Z7, between one side of 
a triangle and another side produced is called an exterior 
angle of the triangle. What is the relation between S,B,Q? 
Between T,B,F? Between U, P, Q? — S together with 
Pmakes 180°, and ^+ JB together with P make 180°, so that 
fif= Q-^-B. 

The pupils will now be able at once, or with a little 
questioning, to state the results formally : — 

The 3 angles of a triangle together make 180 
degrees or 2 right angles. 

Any exterior angle of a triangle is equal to the 
two interior and opposite angles taken together 
(that is, to the two angles of the triangle that are not beside 
the exterior angle). 

Discuss the results you arrive at by setting out in the 
other direction round the triangle of Fig. 5. — The results 
are as before, except that the angles vertically opposite 
8 T U take the place of 8 T U. Repeat the 

reasoning by which you saw that vertically opposite angles 
are equal (chap. II, art. 13). 

8. [Note for the teacher. The conclusion that in walking 
round a room, or round a triangle, one turns through 36(r 
differs from the preceding experimental conclusions. It is 
not a necessary result of the fact that in turning round on 
one spot one turns through 360° ; in fact, it is possible to 
suppose that the angle turned through in going round 
a room or a triangle differs from 360° and to work out 
a geometry on that supposition. It is only a conclusion 
that is in keeping with all our experience ; it is what we 
may call an intuition. A geomeby worked out on this 
intuition represents our experience very well, while the 
geometries worked out on other suppositions fail in some 
respects to represent our experience. 

This experimental or experiential result may be made the 
foundation of the theory of parallels, in place of the ex- 
perimental result of chap. II, art. 2. To this we now 
proceed. 

These remarks are of course unsuitable for consideration 
by children ; they are for the teacher.] 
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9. Draw a straight line, and at two points A and B 
on it erect perpendiculars AG and BD (Fig. 6). At a 
number of points on BD erect perpendiculars EF, &c,, to 
BD, Measure the angles these perpendiculars EF, &c., make 
with AG and the length of each perpendicular intercepted 
between BD and AG. We have thus the experimental 
result that any perpendicular to BD is also perpendicular to 
ACf and that the perpendicular distance between BD and 
AG is the same all along. 




Q D 



Fig. 6. 

We shall now see that these properties follow from the 
fact that the three angles of a triangle together make two 
right angles, which we will for shortness call the angle- 
sum property of a triangle. 

10. In Fig. 6 draw AQ making an angle of 70^ with AB. 
At 6r, where this line meets BD, draw GH perpendicular to 
BD, meeting AG ia H. Now, without measuring, find the 

value of all the other angles of the figure. Since QAH 

and GAB make 90°, GAH is 20°. The angle-sum property 
applied to the triangle ABG, in which LA = 70° and 
LB = 90°, gives LBGA = 20°. Then since BGA and 
AGE make 90°, AGH is 70°. The angle-sum property of 
the triangle AGH now gives LAHG = 90°. And so 
on. Check these values by measuring all the angles. 

Are there two congruent triangles in the figure, that is, 
two triangles such that if one was cut out it could be fitted 
on to the other? — If J\AGHiB cut out and turned round 
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so that its angle of 70^ comes to A and its angle of 20^ to 
0- (which can be done, since the distance between these 
angles ia AG); then its side p will lie along AB and its 
side q along QBy and the triangles will fit So that the 
distance GH between AG and BD is equal to the distance 
AB between these lines. 

Actually cut out the triangle AHG of your figure and fit 
it on ABG. 

IL Make Fig. 6 over again, but this time draw the line 
AG making any angle with AB, and suppose that this angle 
contains x degrees. Express all the other angles of the 
figure in terms of x, and repeat Art. 10 with the necessary 
changes. We find that in this case also GH is at right 
angles to ^0 and is equal to AB. And in this case the 
point G may lie anywhere on BD, so that we know that 
any line perpendicular to BD is also perpendicular to AG, 
and that the perpendicular distance between AG and BD is 
the same all along. 

GH was drawn perpendicular to BD. Gould you show 
the same results by beginning with a line drawn perpen- 
dicular to AG ? 

The lines AG and BD are said to be parallel Li 
general two lines are called parallel when a perpendicular 
to one is perpendicular also to the other and the distance 
between them measured along the perpendicular is the same 
everywhere. 




Fio. 7. 

12. Draw two parallel lines (by making both perpen- 
dicular to a third), and draw anotiier cutting them in and 
Q (Fig. 7). Measure all the 8 angles of the figure. How 
many different sizes of angles are there ? 
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Bepeat the figure, measure no angles, but name them as 
in Fig. 7, and express all the other angles in terms of 

A. ^We draw OP perpendicular to one of the parallels, 

and therefore perpendicular to the other ; use the angle-sum 
property for /^OPQ ; and find that D E H sue equal to A, 
whUe B G F G are equal to 180—4 degrees. 

When a line falls across two other lines, as in Fig. 7, 
certain names are given to pairs of angles, thus : 

D and E are called alternate angles ; 
CsjidF „ „ „ 

A and ^are ciJled corresponding angles ; 
B^dF „ „ „ 

GandO „ „ „ 

DmdH „ „ „ 

Express your results by means of these names. — ^A line 
falling across two parallel lines makes alternate 
angles equal to one another and makes correspond- 
ing angles equal to one another. 

The fine falling across the others is often called a 
transversal. 

18. If a line falls across two other lines so as to make 
a pair of alternate angles equal, can you tell whether the 
two lines are parallel ? Or if the line falls so as to make a 
pair of corresponding angles equal ? First take a line OQ and 
draw two other lines so that two alternate angles, say D and 
E, have the value 40° ; draw a number of perpendiculars 
from one line to the other, test if they are perpendicular to 
the second line, and if all these perpendiculars are of equal 
length. Do the same making two corresponding angles, 
say B and F, equal. 

Then try to settle the matter by general reasoning. 

Suppose OQ &lls across WX and YZ so as to make D ^ E, 
Draw OP perpendicular to WX (Fig. 7). Then the angle- 
sum property shows that E^-L.POQ+L.OPQ = 180° ; and 
jG7 being equal to 2), J5;+LP0Q is equal to 2)+LP0^, that 
is, to 90° ; so that \~OPQ is equal to 90°. We know then 
that WX and YZ are both at right angles to OP, so that 
any perpendicular to one of them is perpendicular to the 
other, and the perpendicular distance between them is the 
same all along. That is, WX and YZ are parallel. 

MAIB 2 
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The case of OQ falling on WX and YZ so as to make the 
other pair of alternate angles {C and F) equal, and all the 
cases of corresponding angles are left as exercises. 

The conclusion is that if a line falls across two others 
so as to make a pair of alternate angles, or a pair 
of corresponding angles equal, the two lines are 
parallel. In this case, as always, the pupils should be led 
to give the statement of the proposition. 

Constructions forparaUds* 

14. Are any of your resulte of use for drawing parallels 
in a simpler way than by making the two parallels perpen- 
dicular to the same line? — ^We have already (Art. 13) 
drawn parallels by making a pair of alternate angles equal, 
or a pair of corresponding angles equal. Does 

this method enable you te draw through a given point C 
a line parallel to a given line AB (Fig. 8)? Draw any 




line through C to meet AB in B. With 2) as a centre 
draw an arc EF of a circle from BA to BC; and with 
centre C and the same radius draw an arc GJT, Q lying on 
CB. Open your compasses to reach from ^ to i^ and with 
centre Q and this raidius draw an arc cutting GH in K. 
Join CK. The dtemate angles ABC and BCK which the 
transversal CB makes with AB and CK being equal, CK is 
parallel to AB. Repeat the proof that the angles 

ABC and BCK are equal. 

Ex. 1. Draw a parallel te a given Hne, usmg only a piece 
of paper or a piece of tracing-paper te measure angles and te 
carry angles. 

16. Various mechanical means are used to draw parallels. 
In each case the pupils should be provided with the appara- 
tus and left te discover how te use it. 
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One means is a wooden triangle ealled a set-square* 
One edge p of the set-square is placed against the given line 
AB (Fig. 9). A ruler is placed against a second edge q of 




Fig. 9. 

the set-square, and the set-square is slid along the ruler till 
the edge p comes against the point G through which the 
parallel is to be drawn. Show that the line CD ruled along 
the edgei> of the set-square is parallel to AB, — ^The edge of 
the ruler is in this case the transversal, and the two lines 
AB and CD make with it equal corresponding angles, each 
angle being the angle of the set-square. 

Another means is the drawing-board and T-square (Fig. 
10). The T-square is a ruler 
AB with a cross-piece CD 
screwed on below one end, 
so that when the ruler lies 
on the board the cross-piece 
is below the surface of the 
board, and fits against the 
side of the board. Show 
that all the lines ruled with 
CD in contact with the 
same side of the board are 
parallel. 

If a set-square is set on the 
T-square and a line ruled 
against an edge of the set-square, and the T-square slid 
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Fig. 10. 
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along the board while the set-square slides along the 
T-square^ will a second line ruled against the same edge 
of the set-square be parallel to the first line ? 

16. A third means is a pair of parallel rulers (Fig. 11)« 
A and C are two points on one ruler so placed that AC ia 




Fig. 11. 

parallel to the edges, B and D are two points on the other 
such that BD is parallel to its edges, and the distance BD is 
equal to the distance AG. Two equal rods AB and CD are 
hinged to these points. Now hold one ruler still, move the 
other about and rule a number of lines against it. Can you 
show that these are all parallel ? 

Measure ^C7 or BD and one of the rods, and draw the 

our-sided figure (or quadrilateral) ACDB in a number of its 

possible shapes, keeping ^0 in the same position for them 

all. What do you observe about the various positions 

oi BD? 

Fig. 12 being one of the possible positions, and the 
lengths AB and AC being of course known, what further 

measui*ements do you need to 
make to be able to copy the 
figure ? — ^The length BC would 
do, or the angle BAC, or the 
length ADj one measurement 
more in every case. Suppose 
BG measured and the figure 
drawn, including BG Do you 
Fig. 12. see in Fig. 12 any pair of 

congruent triangles, that is, 

any pair of triangles that would fit on to one another? 

The triangles ABC and DBG have AB = CD, AG = BD, 
and BG = BC, so that they are congruent. Repeat 

the proof by which it was shown that the two triangles 
can be made to coincide, and name the equal pairs of 
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angles. — LABO = LBCI), LACB = LGBD, LBAC = 
LBJDC. What follows as to the parallelism of lines 

of the figure ? ^The transversal BG makes equal alternate 

angles with AC and BD^ and also with AB and OD, so 
that AGia parallel to BD and AB to CD. 

The symbol || is used as a contraction for parallel or for 
is parallel to, so that the results may be written 

AC II BD, 
AB II CD. 

17. Can you now justify the use of these parallel rulers ? 
Can you show that two positions of the edge of the ruler 
are parallel ? Sup- 
pose p and r in Fig. 13 
to be two positions of 
BDy and q and s the 
corresponding posi- 
tions of the edge of the 
ruler. Draw any trans- 
versal t Then from 
the way B and D were 
taken on the ruler 
(Fig. 11) p is parallel 
to q, and r to s, so that 
the transversal t makes 
equal corresponding angles P and Q with p and q, and equal 
corresponding angles B and 8 with r and s. Also p and r 
are parallel so that LP = Li?. Thus we have L^ = LP = 
LB » L8, and the corresponding angles Q and 8 being 
equal the lines q and s are parallel 

18. We found that the figure ABDC of the parallel 
rulers had each pair of opposite sides parallel. A 4-sided 
figure with each pair of opposite sides parallel is called a 
parallelogram. That ABCD is a parallelogram was 
a consequence of having AB = CD and J.C7 = BD. State a 
converse proposition, that is, one in which the data and the 
consequence are interchanged ; and see if this new pro- 
position is trua ^A converse is that if each pair of 

opposite sides of a 4-sided figure are parallel, each pair of 
opposite sides are also equfd, or a parallelogram has 
each pair of opposite sides equal. Draw a few 




Fig. 13. 



184 THE ANGLE-SUM PROPERTY OP A TRIANGLE 

parallelograms, and measure the opposite sides. Then 

discuss whether the proposition is true. ^It is true, for if 

BD It AG and BA || CD (Fig. 12), drawing the transversal 
BG gives two triangles ABC and BCD In which 
L.ABC = L.DCB, LAGB « LDBG, and BG = BG, that is, 
two congruent triangles in which AB — GD and 
AG = BD. 

19. See whether a 4-sided figure ABDG, in which BD 
is equal to AG said also parallel to AC, is a parallelogram. 

First, draw a few figures from these data. ^This time 

the 2 triangles (Fig. 12) have BD = AG, BG = BG, 
l~DBG= L.BGA, so that they are congruent and \~ABG=^ 
LBGD ; which shows AB to be parallel to GD. 

See whether a 4-sided figure ABDG in which BD = AG 
and AB || GD is a parallelogram. First, draw a few figures 
from these data. — ^We lay down BD and draw BP and DQ 
parallel to one another. Then we take G anywhere on DQ 
and with G as centre and a radius equal to BD we draw a 




circle cutting BP in A (Fig. 14). This Figure BDGA has 
BD = AG and AB \\ GD. Is the figure a parallelogram, 

that is, is J. parallel to BD ? Two positions are possible 

for A, namely the two intersections of the circle with BP. 
In one of the figures (Fig. a) AG la parallel to BD as nearly 
as we can measure; in the other (Fig. h) AG is obviously 
not parallel to BD, 
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20. Draw DM and CN perpendicular to DO meeting BA 
in Jlf and JV. What more do you know of DM and CW? 

^That DM and CN are both X to AB (X is shorthand 

for 'perpendicular' or 'is perpendicular to'), and that 
DM » CN^ each being the distance between the parallels. 
Are there any congruent triangles in the figure? Tri- 
angles BDM and CAN are congruent ; for they have the 
angles at M and JV equal, the sides DM and CN equal, and 
the sides DB and CA equal; and the sides opposite the 
equal angles are greater than the other pair of equal 
sidea How do you know that BD is greater than 
2)J!f ? — We saw that, given the lines BD and BP, the least 
radius of a circle with centre D that would meet BP was 
the perpendicular from D on BP, Repeat the proof 
that two triangles can be fitted on to one another if they have 
two pairs of sides equal and the pair of angles opposite the 
greater sides also equal (chap. Y). 

Can you now tell whether either of the cases of Fig. 14 

is a parallelogram ? From the congruence of DBM and 

CAN we know that the angles DBM and CAN are equal, 
or, in other words, BD and CA are equally inclined to BA. 
In the case in which the equal angles are corresponding 
angles made by the transversal AB with the lines BD and 
AG (Fig. 14a) the figure BDCA is a parallelogram. In 
Fig. 145 the equal angles are not corresponding angles, and 
the figure BDCA is not a parallelogram. 

Show that in Fig. 145 BD and AC are equally inclined 
to CD also. 

21. Let us now summarize our results. One small point 
not explicitly proved is left as an exercise. 

Th« diagonal of a parallelogram (that is, the line 
joining two opposite comers) divides the parallelo- 
gram into two congruent triangles; each pair of 
opposite sides are equal ; each pair of opposite 
angles are equal. 

Also a four-sided figure is a parallelogram and 
has these properties, provided each pair of opposite 
sides are equal ; or provided one pair of opposite 
sides are both equal and parallel. 

If a four-sided figure has one pair of opposite 
sides equal and the other pair parallel, the equal 




186 THE ANOLE-SUM PROPERTY OF A TRIANGLE 

pair are equally inclined to the parallel pair,. but 
two kinds of figure are possible, only one of which 
is a parallelogram. 

Ex. 2. A four-sided figure or quadrilateral having the four sides 
a b c d^ and the four angles P Q B S^ m in Fig. 15 ; find 
whether it is a parallelogram : — 

if a II c and P + Q = 180% 

if a II c and P+8 = 180% 

if a II c and P=U, 

if a = c and P+Q = 1S0% 

if a « c and P+8 = 180% 

if a « c and P =i B, 

a P^B and 8 ^ Q, 

it P^B and P+i8f=180'. 

22. Draw two lines AB and AD at right angles. Through 
B draw a line parallel to AD and through D a line parallel 
to ABf these lines meeting in G. What can you tell of the 
angles of this figure by general reasoning? And if a 
number of lines perpendicular to AB and CD and ending on 
these lines were drawn ? Such a parallelogram, with its 
angles all right angles, is called a rectangle. We saw a 
good deal of rectangles in our discussion of area, and we 
used the terms length and breadth without inquiry into 
their exact meaning. We now see that the length is the 
perpendicular distance between one pair of parallel sides, 
which distance is the same all along, and the breadth the 
distance between the other two sides. 

What name do you give the rectangle when its sides are 
all equal in length? It is a square. 

Name a set of data that will determine a rectangle ? 

The length and breadth will do. Name a set that will 

determine a square. ^The length of the side is enough. 

23. Areas. — In chapter III we found experimentally that 
the diagonal of a rectangle divides it into two parts of 

equal area. Can you now give a formal proof? ^It has 

been proved for a parallelogram, and a rectangle is a particular 
kind of parallelogram. Repeat the proof for the case 

of the rectangle. 

We found further, experimentally (chap. Ill, art. 8), that 
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if the acute angles of a light-angled triangle are folded 
against the right angle, the result is a rectangle exactly 
covered by two triangles. Can you justify this result? 




Fig. 16. 

First suppose B folded against A (Fig. 16), and mark all 
the angles of the figure that you know, or can express in 
terms of JS* 

LEDB = 90°. 

LEDA = 90^ 

LEAD = LjB, since they fit together. 

LEAC = 90°-LJSLi2> = 90°~-B. 

LECA = 90°-5, since L» A B C together make 180** 
and ^ = 90° 

What can you conclude as to the lengths EB, EA, EG ? 

They are all equal; LEBA = LEAB and LECA = LEAC, 
so that we have two isosceles triangles. And if we 

fold ConA ? ^The crease bisects GA at right angles (say at 

F) and (since E is equidistant from C and A) passes through 

E. What is the size of the angle DEF? It is 90°, 

since the other angles of the quadrilateral ADEF are right 
angles. Thus it is proved that folding B and C 

against A gives a rectangle JLDJB/i^ exactly covered. 

Ex. 3. Show that a circle with centre at the middle of the 
hypotenuse of a right-angled triangle can be drawn to pass through 
the 8 vertices ; and that if a circle is drawn, and B and C are at 
the two ends of a diameter, and A anywhere on the circumference, 
the angle BAG is a right angle. 

Use this property to give a construction for a right angle. 

Ex. 4. In article 8 of the present chapter a triangle of any 
shape was folded experimentally into a rectangle of two thicknesses 
of paper. Prove this result by general reasonings 
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Ex. 6. In ohap. Ill, art. 12, a triangle was made from a 
rectangle by cutting off two comers, and these comers were ex- 
perimentally fitted to the triangle to exactly cover it. Prove 
this result by general reasoning, and thus justify the expression 
found for the area of a triangle, half the product of the oase by 
the height. 

24. Cut out a paper parallelogram ABCB (Fig. 17) and 

see if you can cut it 
in two and fit it together 

into a rectangle. Cut 

it along a line ^Fperpen- 
dicular to two opposite 
sides, and then fit ^Oand 
AD together. You 

thus have the experimental result. Can you prove it to be 
more than experimental, to be more accurate than errors of 
execution and observation make it possible for a mere 

experiment to show ? Produce DC to G and AB to H. 

AD and EG are equal and so can be fitted together. The 
corresponding angles ADE and BCQ are equal, so that DE 
will lie along CO-. The angle DAF is equal to the corre- 
sponding angle CBH, so that AF will lie idong BH. Thus 
ADEFvnXL lie as BCKLy and the angles made by KL with 
CK and BL are the angles DEF and AFE, that is, right 
anglea Therefore the fitting together makes a rectangle 
EFLK. 

Give an expression for the area of the parallelogram. It 

is the same as of the rectangle, namely FL x EF^ or, since 

FL is simply the length J.J5, 
it is ^5 X EF, the product of 
a side by the distance be- 
tween it and the parallel side. 
Or, using the usual terms, it 
is the product of the base by 
the height. 

Does it matter which side 

you choose for base ? If in 

YiQ, 18. ^^^ <5ase of Fig. 17 we chose 

AD for base, we could not 
draw a perpendicular to AD that would meet BC. DM 
(Fig. 18) is the best we could do. Make the parallelo- 
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gram in paper, out off the piece ADM and fit it in the 
position DNO. What will you tiien do to make the figure 
a rectangle ? — Cut off the piece OCP and fit it in the 
position MBQ. Prove that this gives a rectangle, 

and therefore, in this case also, the area is the product of 
the base and the height. 

Ex. 6. Cat out a long thin parallelogram that will have to be cut 
into several pieces to fit again mto a rec^ngle, and show how to do it. 

Ex. 7. Cut out a piece of paper of the form called a trapezium 
(Fig. 19), that is, a four-sided figure with one pair of opposite sides 





B 



Fig. 19. 



parallel, and show how to cut it up and make it into a rectangle. 
(Take B and* JPthe middle points of AD and BG^ and cut along 
±B from these points to AB,) 

Also give an expression for the area of a trapezium in terms of 
the lengths of the parallel sides and the distance between them. 
Calculate the area of Fig. 19 from measurements. 




H 



Fio. 20. 



26. Draw any quadrilateral ABCDf and find its area. 
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We join BD, draw perpendiculars from C and A on BD, and 
use for each triangle the expression 'half the base by the 
height '. Draw a number of triangles on BD as base 

and equal to CBD in area, as EBD, FDB, &c (Fig. 20). 
What do you notice about these triangles, or what property 

did you use to draw them? They all have the same 

height, so that EFC&H is a straight line parallel to 
BD. Can you make a single triangle equal to the 

quadrilateral A BCD ? If BH is in line with AB, the two 

triangles ABD and HBD form a single triangle AHD, 
To make DF in line with AD would also do. State 
formally how to make a triangle equal in area to a quad- 
rilateral ABGD. ^Through C draw a parallel to BD to 

meet AB produced in H. Then ADH is a triangle equal to 
ABCD. 

26. In the same way make a quadrilateral equal in area 
to a given five-sided figure. Show how to make a triangle 
equal to any polygon, that is, to any area bounded by straight 
lines. 

27. Draw a triangle with sides of 14, 11, 7 cm., and try 
to make a square equal to it. If the side of the square is 

X cm., what do you know of a?? ^We measure the height 

of the triangle and so find the area to be 37*9 sq. cm. Then 
XXX = 37*9, and our graph oi xxx (chap. Ill, art. 17) gives 
us rt; = 6*2, and we draw the square. 

This method is a trifle tedious and not very exact ; we 
may find a better method later. 

Show how to make a square equal to any polygon. 

EXEBGISES. 

8. Bisect the angles of a rectangular sheet of paper by fold- 
ing adjacent sides together, thus obtaining four crease lines 
running across the paper from comers to sides. At the middle of 
the paper a quadrilateral is thus formed by the creases. Determine 
its shape in any way you Uke, and justify your statement by a 
geometrical proof. 

9. Use the angle-sum property to make a triangle having 
a- 11 cm., A SB 58% G » 65*", by calculating B and then using the 
values of a, B, C. 

Draw any two acute angles and mark them A and G, Without 
measuring A and 0, make a triangle having a«ll cm. and A and G 
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equal to the angles you have drawn. (Find B by laying down an 
angle of 180*" and cutting from it the angles A and C) 

10. Draw a figure ABODE having five equal sides and five equal 
angles. First calculate the value in degrees of an angle. 

n the sides of the figure were freely jointed at A, B, C, D, E^ 
and if BG and AE were turned about B and A respectively until 
each was at risht angles to AB, what would then be the values of 
the angles at u, D, and E ? 

11. ABO (Fig. 21) represents a triangle drawn on tracing 
paper, which is placed over a 
fixed triangle DMF so that AO 
is parallel to J^i^. Sketch a large 
figure (which need not be to 
s^e), calculate the angles K, 
L, Mf N, and write in each its 
value in degrees. The method 
of obtaining the results should 
be briefly indicated, and an 
angle referred to by one letter 
only. 

If a pin were pushed in at C 
and the tracing-paper revolved, 
as shown by the arrow, through 
an angle of 10°, what would 
then be the values of the angles K, L^ M, Nl 

12. Make three triangles, calling each ABO, In each bisect 
the angle ^ by a line AM, and from B draw BM perpen- 
dicular to ^ilf. In each figure measure LB, LC, LMBC, Make 
a table like that below, and fill it up. 




Fig. 21. 





LB 


LC 


Difference of 
L^andLC 


LMBC 


Fig. 1 
Fig. 2 
Fig. 3 











What inference can you draw from a comparison of the last two 
columns ? See if you can justify your inference by geometrical 
reasoning. 

13. ABOD is a quadrilateral figure in which AB is parallel 
to OD but not equal to it. Draw a figure of this kind, making 
^lB=10in., JB0=4 in., GD=5-2 in., BD^7'1 in., and fold the 
page so that AB and OD fall together. Measure the part of the 
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crease between AD and BC and compare it with half the sum of 
AB and OD. 

Now draw perpendiculars from and D to AB and from A and 
B to the line of the crease produced, and give a geometrical 
proof of the relation between the lengths of AB, OD, and the 
crease. 

14. From a comer ^ of a rectangular sheet of paper measure 
off AB along one edge « 24 cm., and AO along the other •« 19 
cm. Join BG and cut along this line. Fold the triangle to 
make a crease AO through A and at right angles to BO, meeting 
BO in 0. Open the triangle out and fold the comers A, B, 
over to meet at 0. Open the triangle out again and, in any way 
you please, make a full-size drawing of it, showing the creases by 
dotted lines. Then answer either {a) or (8). 

(a) State whether the three comers meet so that the part 
folded down just covers up the rest of the triangle, giving reasons 
why this should or should not be the case. 

(h) What conclusion may be drawn about the sum of the angles 
of tne triangle, and about the area of the triangle ? Give an 
independent proof of one of these conclusions. 

15. Imagine a triangle cut out and placed on the desk be- 
fore you in any definite position. State precisely in each case 
the measurements you would take (a) to draw a figure of the 
same shape ; (h) to draw a figure of the same size and shape ; (c) 
to enable you to make a drawing of the ^gare in exactly the same 
position if the original were removed. You are to give the mini- 
mum number of measurements necessary in each case. 

16. The four bars of a bicycle frame taken in order have lengths 
23, 68, 62, 66 cm. Take four strips of cardboard and join 
them by eyelets or paper fasteners into such a frame, making each 
side }th of its true length ; the joints to be loose. 

Is the form of the frame settled by the given lengths ? How 
would you add another bar to fix the form ? 

An actual bicycle frame is fixed in shape with no such additional 
bar. How is that ? 

17. A four-sided field has two sides parallel and of lengths 
260 and 200 yards, a third side X to them and 220 yards long. 
The fourth side is bounded by a footpath which is to be moved so 
as to make the field rectangular without loss or gain of area. 
Draw the field, using 1 cm. to represent 20 yards, and show how 
the fourth side must be altered. 

What is the area of the field (in acres) ? 

18. ABOD is a rectilinear figure having AD parallel and 
unequal to BO. Show, with proof, how to nu^e a rectangle equal 
to ABOD. 
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AA, BB, CO, Diy, EW are parallel straight lines. The 
distance between each and the next being h ft., and their lengths 
a, 6, c, dy t ft. respectively, find an expression for the area of the 
figure A'BCUWEDOBA. When a « 2-7, 6-7-3, c = 82, 
d = 6*3, e = 2*4, /i s 3*1, draw the figure to scale, calculate 
the area, and mark it on the figure. Is the figure completely 
specified? 

19. A 20-lb. steel plate originally measures 10 ft., by 4 ft. 6 in. 
at one end and 4 ft. 9 in. at the other, the width measurements 
being square to the 10 ft. edge. It is first sheared parallel as far 
as possible to a width of 4 ft. 7 in., next one square comer 
measuring 3 fb. x 2 ft. is cut off, next a circular hole 12 in. in 
diameter is cut in it, and, finally, a rectangular manhole measur- 
ing23 in. bv 15 in. is cut in it. 

What is the weight in lb. of the remaining piece of the original 
plate? 

20. Write down the values of l-fx for the following values of 
x: 001, 01, 0-5, 1, 2, 5, 10. Show by a graph how l-rx 
varies as x increases from 0*1 to 10, taking one inch as unit. 

From the graph read off the value of 1 -r 2*7. Why is the graph 
not very useful for reading off the value of l-rO'27 ? 

21. Water has to be diverted from a river through a six- 
inch diameter pipe running full bore at a velocity of one foot per 
second to irrigate a field of 20 acres. How long will it take to 
deliver an inch of water over the whole area ? 

22. Suppose you are asked to make a copv of a four-sided 
figure ABCD in which AB and CD are parallel, the figure being 
drawn on a sheet of paper of the size that you are using. How 
many measurements would you have to make to reproduce the 
figure (1) when your copy is to have the same position on your 
sheet that the given figure has on its sheet ; (2) when the position 
on the sheet does not matter? Give, in each case, one set of 
measurements which would be just enough, and state briefly how 
you would use these to draw the figure. 

23. A pint of milk weighs a pounds, a pint of water weighs 
h pounds, and a pint of a mixture of the two weighs c pounds. 
What fraction (by volume) of the mixture is milk ? 

If 6 = 1-126, a = 1128, and c = 1127, what fraction is milk ? 



CHAPTER IX 

ON DRAWING TO SCALE 

. 1. Ik the course of our discussions we have frequently 
used figures showing objects not full size, but drawn to 
some smaller scale. For instance, in chapter V we had a 
map of a piece of country, and in chapter VII we had 
models of cranes smaller than the real cranes, and drawings 
of cranes still smaller. What was the relation between 
lengths on the map, or the model, or the drawing, and the 
corresponding lengths on the original object? — In each 
case aU the lengths on the copy were the same fraction of the 
original lengths. And what was the relation between 

the angles of the copy and the angles of the original? 

Each angle of a copy was equal to the corresponding angle 
of the original object. This was assumed to be so, 

without any special statement. We will now discuss the 
truth of the assumption. 

2. By the help of a measuring-tape only make a plan of 
the playground or of a field, making every length on the 
plan j^ of the actual length, that is^ using a scale on 




which 2 mm. represent a metre. — ^We begin with (say) 
a straight piece of fence AB, measure it and ky down the 
corresponding length. [Figure 1 and the following figures 
in the text are mere sketches, and not drawn to any 
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particular scale.] Then we measure the distances of the 
tree T from A and B. Each distance gives a circle on 
which T lies, and their intersection gives T. 

If your tape will not reach from A to T, how do you make 

sure of measuring in a straight line from A to T? One 

hoy stands at A with one end of the tape and looks towards 
the tree. A second boy carries the other end towards. the 
tree, keeping in the first bojr's line of sight, and so in a 
straight line to the tree. When the tape is stretched, the first 
boy comes up, and the second goes on as before towards the 
tree. Tou rule AT on your plan with a ruler. How 

could you test whether the edge of the ruler is straight? 

By looking along it. Or by ruling a line with it, and 
laying it in all possible ways against the line to see if 
it fits. 

8. Draw another plan on a scale of 1 mm. to 1 metre 
(Pig. 2, sketch). How do the lengths A'B", A'T, VT' of this 
figure compare with the corre- 
sponding lengths of Fig. 1? 
Compare the angles by mea- 
suring. 

In your Fig. 1 bisect ABin 
Cand draw (XDand CjE7 parallel 
toJ^Tand^T. Whatequali- Fio. 2. 

ties of lengths, angles, and 
areas can you now show about Fig. 1 by general reasoning ? 
— Since DG and BT are parallel, LDCA = l^EBC; since 
AT and CE are parallel, \.DAC = LECB; and we made 
^C = CB. So that the triangles ADC and CEB are con- 
gruent, that is, will fit exactly if placed one on the other 
(chapter V). Since DTEC is a parallelogram, DT = CE 
and CD == ET (chapter VIII). From the congruence of As 
ACD and CBE we know that CE « AD and CD = EB. 
So that AD = DT, and each is half of AT; and BE = J&T, 
and each is half of BT. 

Can you show A'B!T' congruent to any triangle in 
Fig. 1 ? — AB is 1/500 of the length of the fence and A'B^ 
is 1/1000 of the same length ; AT is 1/500 and A'T' 
1/1000 of the distance of the tree from the point A of the 
fence ; BT is 1/500 and B!T' 1/1000 of the distance of 
the tree from B. So that A'B\ A'T\ and B!T' are the 
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halves of AB, AT^ and BT\ that is, they are equal to ACf 
AD, and CD, and also equal to CB, CE, and EB. We 
know, therefore, that t^AT'Bf is congruent to bADG and 
to ACEB (chapter V) ; and this gives what we wanted to 
know, that the angles at A and A' are equal, that the 
angles at B and B' are equal, and that the angles at T and 
P are equal since each is equal to the angle ADC* 

4. Ex. 1. How does your proof tell you that the angle at A* 
is equal to that at A, and not to the angle ADG or the angle 
AGDl 

Ex. 2. Certain reasoning was quoted to show CE ^ DT, to show 
As AGD and CBE congruent, and to show As A'ffT and AOD 
congruent. Give the reasoning in full. 

Ex. 3. Show that ^ATB can be cut up into four triangles, 
each of which will exactly fit t^ATB, 

6. Now make a plan of the fence and tree on a scale of 
3 mm. to 1 metre. Call the ends of the fence on the plan 
Z and r, and the tree Z (Fig. 3). Divide XY into three 




equal parts by cutting off XP and PQ equal to A'BT. Through 
P and C draw paraUels to XZ and YZ, and by the same 
kind of reasoning as before show the three angles of bXYZ 
to be equal to the three angles of bJJB^T and to the 
three angles of LABT. 

J^i< i??V*' J?^"^P*" ^^® areas of the triangles ABT, A'BT, 
i^r ^ *^® ^^"^ ends ^ and B of the actSal 

lin^PO fW*^ ^!,.f?P.o^« method of trisecting a straight 
on ^^, AB, BO of this length along PX. Join C to g and 
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through A and B draw parallels to CQ. These parallels trisect 

PQ- 

Ex. 6. Give some other way of trisecting the line PQ, — 
Measure PQ, divide the length by 3 arithmetically, and measure 
this distance off along PQ, 

7. Show that the angles of AATB are equal to those of 
the triangle formed in the playground by the tree and the 

two ends of the fence. Suppose the length AB laid o£f 

along the fence as often as possible. Laid o£f 500 times it 
will just cover the fence. From all the points of division 
suppose parallels drawn, just as in Fig. 3. Then we shall 
have 500 triangles all congruent to KATB, and a great 
many parallelograms, and the proof runs as before. 

Show that the angles of A'T'B' and XYZ are equal to 

those of the triangle made by the tree and the fence. The 

proof as to A'T'B^ does not differ from that for ATB. In 
the case of b.'X.YZ if we lay o£f XIT repeatedly along the 
fence, 888 lengths will not cover the fence and 884 are too 
long. Let us divide up AXYZ, as in Fig. 8, and use 
bXFPL XF can be laid o£f an exact number of times 
along the fence and an exact number of times along XT. 
And the former proof holds as between /\XPE and the 
triangle on the playground, and also as between AXPi? 
and AXYZ. 

8. Suppose LMN (Fig. 4) a plan drawn to a scale of 
1*8 mm. to 1 metre, L corresponding to A, M to By and N 
to T. Show that the 
angles of LMN are equal N 

to those of A'B'T. ^We ^ 

want a length that can be 

laid off an exact number 

of times along LM and 

also along A'B'. Such a 

length is A'F, 1/10 ot Fig. 4. 

A^B^f which is equal to 

LKf 1/18 of LM ; for each of these represents the fence on 

a scale of 0-1 mm. to 1 metre. Draw FG \\ to B^T^, and KU 

II to MK Then we show, as before, that A'G is 1/10 of 

A'T', FO is 1/10 of B^r, LU is 1/18 of XJV, and KU is 

1/18 of MN; that As A'FQ and A'ffT' have their angles 

equal, and that As LKU and LMN have their angles equal. 

l2 
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Also each of the As A'FGt and LKTJ represents the fence 
and tree on a scale of 0*1 mm. to 1 metre, so that these 
two triangles have their angles equal. Therefore As LM.N 
and A^'ffT also have their angles equal. 

Ex. 7. How would you divide AB^ into 10 equal parts ? — We 
could measure ABf (we really know this length already ; we used 
it to make Uie plan ABT)^ divide the length by 10 arithmetically, 
Mid lay this distance off repeatedly along A!B, Or we could draw 
any line through A^ lay off any convenient distance along it 10 
times, jom the 10th division to B and draw parallels through 
the other 9 pomts of division. 

How would you divide hM. into 13 equal parts ? 

Ex. 8. To compare the As A'JffT and LMN^ instead of mark- 
ing off 1/10 of A'& and 1/13 of L3f, we could have produced A'ff 
to 13 times its length, and produced LM to 10 times its length. 
Complete the comparison of the triangles in this way. 

9. Now consider another method of making a plan, in 
which we measure only one length, say the fence, and for 
the rest measure angles only, so that the position of the tree 
is fixed by the angles TAB and TBA. In what cases is 
the advantage of this method greatest over the method of 
measuring only lengths by a measuring-tape or a surveyor's 

chain ? The advantage is greatest when the area considered 

is large. Then restriction to the tape or chain would mean 
walking many kilometres. On the present plan all the 
measurements can be taken from a few points. 

10. Let us by this method make plans of the fence and 
tree to the same scales as before, scales on which 1 metre is 
represented by 2, 1, 3, 1*3 mm. in succession. In the first 
case we draw AB 1/500 of the length of the fence, on 
a sheet of paper pinnea to a drawing-board. Then we set up 
our drawing-board (or plane-table) at ^ in a horizontal 
position, and turn it round till the line AB points along 
the fence. We then draw a line from A in the direction 
of the tree ; the point T that represents the tree will lie 
somewhere on this line. Now we transfer our drawing- 
board to the other end of the fence, make BA point along 
the fence, and draw from B a line towards the tree. The 
point T lies where this line crosses the former one (Fig. 1). 

The other cases differ only in having A'B' (Fig. 2) 
1/1000 of the length of the fence, XY (Fig. 3) 3/1000 of 
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the lengih of the fence, and LTHL (Fig. 4) 1*8/1000 of the 
length of the fence. 

11. Having drawn Fig. 1 in this way, can you show that 
AT represents the distance between the end of the fence 
and the tree on the scale adopted ? That is, can you show 
that AT is 1/500 of that distance ? And A'V being half 
of ABy can you show that A'T is also half of AT'i LM 
being 1*3 times as long as A^B^y can you show that LN 
is 1-8 timea A'T'i And LM being 1*8/1000 of the length 
of the fence, can you show that LN is 1*8/1000 of the 
distance of the tree from the end of the fence ? 

These proofe follow closely the lines of the former ones 
for the plans made by the measuring-tape, that is made by 
the method of * chain surveying *. Thus, if in Fig. 1 is 
the middle point of ABy CD \\ to BTy and CE to ATy then 
the triangles ADC and A'TB have ^0 = A'B'y LDAC -= 
LT'A'B'y and LDCA = LT'B'A' (each being equal to 
LTBA). So that the triangles are congruent. And so on. 
The lengths AD, A'T\ CEy DT are all equal, and therefore 
il'rishalfof^T. 

12. Let us now denote by AB the distance between A 
and B in some chosen unit, say in centimetres ; and so with 
every two points, so that LN means the distance apart of 
L and N in centimetres. Let us denote the actual position 
of the tree by t and the actual ends of the fence by a and b. 

Suppose that our former chain surveying gave the distance 
a to & 87*8 metres, distance a to ^ 80*5 metres, distance 
b to t 14*7 metres. [The teacher should not use these 
values, but values resulting from an actual survey by the 
class.] With the above meaning for aby &c., we have 
06 = 8780, at = 8050, bt = 1470. What are the values of 

ihe fractions — jr-, — =-, -^-, — r-? — ^These are other 

ab m iA> ab 

ways of writing the fractions we had before, 1/500, 1/1000, 

8/1000, 1*8/1000, or 0-002, 0*001, 0*008, 0*0018. 

Suppose that measurement gives Lfa6 =» 22^ and 

L^&a a» 52^ By means of the measured length of the fence, 

and these angles, make the four plans of the fence and 

tree. Measure up these plans and calculate as decimals 
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AT A'T XZ LN 



BT 



jffr TZ MN 



Further, 



fU at at' at bt ' ht bt bt 
from theae measurements and the values of AB, A'B', &c, 
which were used to make the plans, calculate as decimals 
AB A'B' XT LM , ^^^^ ., _ ^ .. ^^^ 
'Trpy A'T' ^ Ty* Tv* compare tnem. JJo tne same 

BT B'T YZ MN 



with 



BA' B^A" YX' ML 



The fractions dealt with in this article have a special name 

MN 
ratio : -^7=7: with its full title is * the ratio of MN to ML \ 

18. Draw any two lines intersecting in and across them 
draw a series of parallels, and letter tihie figure as in Fig. 6. 




Fig. 6. 

Measure up the figure and calculate as decimals the ratios 

. .. OA OB 00 OD « ^ ^. «^,^,v^ ¥V^^^ 
or fractions 77—, -^^j -tt 9 -pr^ 9 &C'> and compare tnem. 

Oa Oh Oc Od 

Compare also ^ with ^, ^ with ^, &c. State 

formally your experimental result. Can you prove the result 
by genend reasoning? — -Suppose that we find OA « 3'6 
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and OB *» 2*1, the centimetre being the unit. We mark OP 
along OA equal to 0*1 cm. and draw i^ parallel to Aa and 
Bb to cut Oa in p. Then OA is 36 times OP, and we can, 
as before, compare the triangles OAa and 01^ and show Oa 
to be 36 times Op. Also OB is 21 times OP, and by com- 
paring As OBb and OJP^ we can show 0& to be 21 times Op. 

We had -^r^ =» .rr = 1*7 ; and now we have ttt = j^r = 1'7, 
05 2*1 Ob 21 ' 

since Oa is 86 times Qp and Ob is 21 times Op, 

14. Suppose J. and OB not to be exactly of the lengths 
given, but to be 3*58 and 2*13 when more accurately 
measured. How would you then prove that the fractions 

or ratios tt^ and — are equal ? — ^We should then have 

to make (or to imagine made) OP 0*01 cm. long, so that 
OA would be 358 times OP and OB would be 218 times OP. 
The proof runs as before, and &om our more accurate 
measurements we get a more accurate value for the fractions 
OA/OB and Oa/Ob, namely 358/213 or 1*68. Give 

the proof in detail for this case. 

If by greater refinement in measuring we could measure 
OA and OB to 3 decimal places, or to 4 decimal places, 
how would you proceed with the comparison of these ratios 
or fractions? — We choose OP of "to appropriate length, 
and the proof runs as before. 

Is it possible to measure a length with absolute accuracy, 
or should you expect every increase of refinement to add to 
the number of digits we must use for the expression of the 

length ? The latter seems likelier. Then to what 

extent is your proof of the equality of OA/OB and Oa/Ob 
valid ? — ^It is valid only if it is agreed to pay no attention 
to errors of a certain degree of smallness. 

Horse-dealing. 

16. That it is unsafe to neglect small things is well 
illustrated by an old story. Two men were negotiating the 
sale of a horse, and the seller offered to give the horse 
provided tiie horseshoe nails were bought at the rate of 
1 farthing for the first, 2 farthings for the second, and so 
on, the price doubling with each nail. The buyer jumped 
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at the offer. What was the price of the last nail, there 

being 8 nails in each shoe? The price of the last nail 

was more than £2,000,000. So fast does the small 

sum of one farthing multiply. 

By unaided arithmetic this calculation is rery heavy. 
The price of the last nail in farthings is2x2x2x ... x2, 
there being 31 2's in the product. A short way of writing 
such a product is a considerable help. The product in 
question may be written 2^^. With this notation the prices 
of the 1st, 2nd, 3rd, 4th . . . nails are in farthings 1, 2, 
2^, 2', . . . The number written above and to the right to 
indicate the number of 2's is called the index, and the 
product so expressed is called a power ; thus 2^^ is called 
' the thirty-first power of 2 ', and its index is 31. 

16. Can you suggest any shorter way of calculating 2^^ 
than to begin with 2 and double the necessary number of 
times? — ^We could divide the 31 2*s into two lots of 16 
and 15. If we then multiply together the 15 2's, we can 
get the product of the 16 2's by doubling once more ; and 
these two products multiplied together will give the pro- 
duct of 31 2's. With the index notation this relation may 
be written 2^^ x 2^« = 2^^. Can you shorten the 
calculation any further ? — ^We could divide the 15 2's into 
batches, say into three batches of 5 2's ; we could cal- 
culate the product of 5 2's, and then three such products 
multiplied together give the product of 15 2's. With our 
notation 2* x 2*^ x 2^ = 2*^. You have now a fairly 
quick way of calculating 2^^ Use it to calculate this 
quantity roughly, say by stopping in each product of the 
process at two significant figures. 

2« = 2x2x2x2x2 = 82; 

21S = 32 X 32 X 32 = 33,000 approximately ; 

218 ^ 33^000 X 2 = 66,000 ; 

231 ^ 33^000 X 66,000 = 2,200,000,000. 

And this being the number of farthings, the price of the 
last horseshoe nail is £2,300,000. The second figure is 
unreliable, so the price may be given roughly as £2,000,000. 

17. Perhaps the quickest way is to calculate first 2^^. 
We can divide the 32 2's into two batches of 16 each, 
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then each of these into batches of 8 each, and again each of 
these into batches of 4 each. Now 

2* or 2x2x2x2 « 16; 

so that a batch of 8 2's or 2^ 

= 16x16 = 260; 

a batch of 16 2's or 2i« 

= 260 X 260 = 68,000 ; 

and the batch of 32 2's or 2^^ 

= 68,000x68,000 « 4,600,000,000, 

and as this contains a 2 too many, we divide by 2 
and get 

231 = 2,300,000,000, 

the difference in the second pkce between this and the 
former result being due to the figures discarded. 

18. From the way the price of horseshoe nails mounts up 
the possibility is suggested that^ by neglecting a small 
quantity by which OA/OB (Pig. 6) differs from the value 
we use for it, we may go seriously wrong in the value we 

A 




Fia. 6. 

give Oa/Ob. Let us try to find out how great an error 
there can be in the deduced value of Oa/Ob. 

To take a definite case, let us suppose that OA has the 
length of the circumference of the circle drawn on OB as 
diameter (Fig. 6). We cannot measure the circumference of 
a circle very accurately, but the circumference for a given 
diameter can be calculated to any degree of accuracy. It is 
known that OA is greater than 8*141,592,658 times OB, and 
less than 3*141,592,654 times OB. It is known further that 
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no number of decimal places will expreos the ratio with com- 
plete accuracy. Let U8 for shortness denote 3,141,592,653 

by nt, and 1,000,000,000 by n. Then OA is greater than — 

w+1 ** 

times OBf and less than times OB, On OB A cut off 

OP equal to — times OBy and OQ equal to times 

OB, Thus A lies between P and Q. And Aa, Bh, Pp, 
and Qg being all drawn parallel (Fig. 6), the point a lies 
between i) and q, 

19. If now we suppose OB divided into n equal parts, the 
nth part of OB can be laid off an exact number of times 
along OP^ namely m times ; and also an exact number of 
times along OQ, namely m+1 timea Our former reasoning 

therefore applies and shows that Qp is — times 05, and 

«i+ 1 ^ 

Oq i& times Oh. Hence Oa, which is intermediate 

w ^ m+1 
in length between OP and 00, lies between — and 

times Oh, that is, between 3*141,592,653 and 3-141,592,654 
times Oh, In this case then the smaU error has not 
multiplied. 

Further, we could have begun with a value giving OA/OB 
to a hundred decimal places, and the form of reasoning 
would need no change. So that whatever degree of accuracy 
we consider necessary for OA/OB, we know that to that 
degree of accuracy Oa/Oh has the same value. 

Eemembering that OA, OB, Oa, Oh are mere numbers, 
namely, the numbers of centimetres in the lengths of the 
lines, we can state the result approximately in any of the 
forms 

OA^Oa 

OB" Oh' 

OAxOh^ OBxOa, 

OA^OB 

Oa Oh ' 

91^9^, Sec. 
OA OB 
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20. * In the preceding article we found that approximately 
OA/OB « OajOb. Now we cannot by means of decimals 
express the lengths OAy &c., accurately; for these as well 
as for the ratios we must use approximations. Do all 
these small errors mount up so that the other forms, 
OAxOb ^ Oax OB J &c., which we deduce from OAJOB = 
Oa/Oh, contain serious errors, or are the errors in these 
forms also small ? Suppose the lengths of all these lines 
taken in centimetres, to a millionth of a centimetre, so that 
OA = p approximately if not accurately, and that if p is 
not the accurate value it is within a millionth of it. Thus 
OA is greater than p - 0-000,001 and less than p + 0-000,001 ; 
or, if for shortness we write k for 0*000,001, and use the 
symbol > to mean 'is greater than', and < to mean 'is 
less than', 

p— J < OA <p+h. 

Suppose q, r, s the lengths of the other lines to the same 
approximation, so that 

q—k< OB < q+k, 
rr^k < Oa < r+ky 
8—k < Oh < 8-Vk, 

p OA T 

Let us try to find by how much —can differ from jr:^* - 

. Oa p^ r ^ 2 ^ <>-B « 

from 7rr> -from-> pxs from qxr, &c. 
Oh q 8 

OA 

21. The greatest possible value of the fraction -tt^ will 

be found by giving OA its greatest value p+k, and OB its 

* This discussion (articles 20-24, 26, 27, 29) is too difficult for the 
present sta^e. Let the pupils assume that the neglect of a small 
quantily will only cause a small error, in the result. Let them 
proceed on this assumption to discuss the statements at the end 
of art. 24 and to work through arts. 26 and 28, and then let 
them go on to art. 30. At the end of the course contained in 
this book the pupils could with profit return to the discussion 
given here. 
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least value g— fc ; it is - — z • To find how much this differs 

p . «~* 

from -^ 9 we bring the two fractions to the same denominator 

qx{q^h) in. the usual arithmetical way. The two numera- 
tors are then qx{p+k) and (q—k) xp^ or qp + qh and qp—kp, 
and their difference is qk+pk or kx{q+p). The difference 

between the fractions is therefore — ~ — ^t that is, it is 

•11- *y. f P+i 9X(«-*) 

one muhonth of -^ — ~. 

q{q-k) 
In the same way show that the least possible value of the 

fraction 7^=7 differs from - by one millionth of . . -c • 
OB q ^ «(«+*) 

Since g+A? is greater than q—k. the fraction . . ,v is less 

than the fraction t\^ » so that 77= and ^ do not differ by 

g(g— A) (/ij q 

more than a millionth of -7 — ^) or, in the shorter form 

Oa T 
In the same way show that -prr and - do not differ by more 

,, k(r+s) ' Ob s 

than -7 — —• 
s(s— A;) 

22. Knowing that ^ and ^ are equal, what can you 

t^ about the pngaihl^ diffiftivffl<» lieiw uu n tiie appnixima te 

values — and - ? — Since — does not differ from these equal 

'^ and ~ cannot differ by dwkb then 
q a 

g(g— *) s(5— fc)* 
that i% than one millionth of 

+ 



qiq—k) sis—k) 
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This last quantity is calculated from ordinary lengths 
P-^Qf 0.9 O^h ^+^> ^j S"-^ &^<1 SO is of an ordinary size. 

P T 

Let us denote it by "N for shortness : so that - and - 
do not differ by more than kN, that is, a millionth of N. 
28. By how much can the quantities |>^ and qr differ ? — 

P T 

p$ is as times =-> and or is g^ times -; so that the difference 

between pa and qr is q$ times the difference between — and 

r ^ 

-9 which is not more than kN. So that ps and qr do not 

differ by more than qsxkNy that is, a millionth of qsN. 
That is, when we use the approximate values p, &c., for 
OA, &c., the relation OAxOh — OB X Oa is true to a pretty 
close approximation. 

What is the greatest value - — ±- can have ? - — - is 

Q /P r>, ^ ^ . ^ ^ 

^x(— — )f BO that the greatest value of the difference is 

- X kNf or one millionth of — • That is, with the ap- 
r r 

proximate values of OA, &c., -jr- is equal to -^ to a 

pretty close approximation. 

In the same way show that ^ « ^ pretiy closely, with 

the approximate values for OAy &c. 

24. Further, we could use closer arithmetical values for 
OAy &c., and find correspondingly smaller possible differences 
between OAxOb and OBxOa, between OA/Oa and 
OB/Ohf &c. We can make these differences as small 
as we please by taking close enough approximations for 
OAy &c 

Again, the reasoning has not depended on the special 
relation between OA and OB (that OA is ir times OB), so 
that the general result may be stated in any of the following 
forms: — 

A parallel to the base of a triangle divides the 
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two sides in the same ratio. For example, in Fig. 7 
AD/AB « AE/AC. 




If two triangles have the three angles of the 
one equal to the three angles of the other, cort;e- 
spending sides of the two triangles have the same 

D 





ratio. For example, in Fig. 8, in which LJ. » L2>, LJ3 » 
LEj and LC » LJP, we know that 

a h c 

J " 1 " 7 
or, otherwise stated, 

a d h e c J 

a '^ d' 




Fig. 9. 
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Three parallel lines falling across two other 

lines divide them in the same ratio. For example^ 
in Fig. 9 

AC BD 

CE " BF' 

Ex. 9. The third form of statement just given has not been com- 
pletely proved. Supply the missing pomt; for instance, by drawing 
through A a parallel to BF, 

26. Ex. 10. As a test of the statements of the preceding article 
calculate all the ratios mentioned as decimals from measurements 
of the figures. 

Ex. 11. Fig. 10 shows a sextant, an instrument for measuring 
angles. The frame ABG carries 
an arm AD pivoted at A, This 
arm carries at the end A a mirror 
E set at right angles to the frame. 

F is another mirror perpendicular 0^' q 

to the frame and parallel to AB. " 

To measure the angle between 
two lines running m>m the ob- 
server's position to two objects P 
and Q at the same level as the J-g- 
observer (in other words, the angle 
subtended by P and Q at the '^^' ^^• 

observer's position), the observer 

holds the sextant up horizontally so that, with his eye at the point 
G marked on the bar ABy he sees P over the mirror F, He then 
turns the arm AD until he sees Q in the mirror F^ the ray of 
light from Q coming to his eye by reflection at E and then at F, 
It is known that when a ray of light falls on a mirror and is 
reflected, the ray falling on the mirror and the reflected ray are 
in the same plane with the perpendicular to the mirror and make 
equal angles with it. The point G is taken so that when the arm 
AD lies along AB and the observer looks at P over the mirror 
P, he sees P also in the mirror by reflection at E and P. 

Show how the point G may be fixed on the bar AB. And show 
that the^ angle subtended by P and Q is twice the angle BAD. 
Each object is so far away that all lines from the frame to it 
may be considered parallel. 

Ex. 12. Use a sextant to measure the angles for the purpose of 
drawing the plan of the playground. 

26. Let us now return to the plans of the playground 
made by a measuring-tape or a surveyor's chain only. We 
found corresponding angles of all the plans to be equal 
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But our proof depended on the commensurability of the 
lengths inyolved, that is on the fact that a unit could be 
chosen in terms of which the lengths could be expressed 
accurately. 

Suppose we have to do with two triangles ABC and DEF 
(Fig. 11), in which the lengths of the sides are incommen- 
surable, that is, such that no unit can be chosen in terms 





of which the lengths can be expressed. Suppose that, in 
whatever units and to whatever degree of approximation the 
lengths a, by Cf d, Cjf of the sides are taken, the fractions or 

ratios - and 4 are equal, and - and ^ are equal. Can we 

prove corresponding angles of these triangles to be equal ? 

Let us imagine BC divided into a great number n of equal 

parts, for instance a million, and imagine J^JPalso divided into 

n equal parts. Let us imagine that BA contains more than 

m and less than m+ 1 of these small parts of BC; from the 

c f 
equality of the fractions - and ^ we know that ED contains 

more than m and less than m+ 1 of the small parts of EF. 
Imagine further that A C contains more than p and less than 
p + 1 of the small parts of BC, and consequently BF con- 
tains more than p and lees than p+1 of the small parts 
ofJE?JP. 
Let us imagine made on BC and EF triangles KBC and 

REF {or which - and 4 are equal to — » and - and -= equal 
p a d ^^ n o, <* 

to -• Their sides being commensurable we know how to 

1% ^ 

prove their cori*esponding angles equal. And these triangles 
do not differ much from the triangles ABC and BEF. 
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27. If we had taken the values and instead of 

n n 

— and - > or if we had taken and - > or — and - — » 

n n n n n n 

we should have found other triangles differing little from 

ABO and DEF, and having corresponding angles equal. 

And by taking a great enough value for n we can make 
these triangles with corresponding angles equal differ by as 
little as we please from the triangles ABC and DEF. We 
can thus make two triangles KBC and BEF which have 
Ls KBC and BEF equal, Ls KBC and ABC differing by 
as little as we please, and Ls BEF and DEF differing by 
as little as we please. This shows that Ls ABC and DEF 
differ by less than a quantity that we can make as small as 
we please. So that to whatever approximation we go, 
LABC =^ LDEFy and similarly, LBGA = LDFE, and 
LBAC = LEBF. 

The equality of the ratios of the sides of the triangles was 

C f f) 6 

used in the form - = ~ > ~ = -;• What if the equality 

a d a d ^ j 

/a. Ji A 

had been given in the form j » - — ^ ? — ^We know that 
** d e f 

from this form it follows that, to any approximation we 

please, 1=.^ and ^-=-S. 
*^ ' a da d 

28. The triangles ABC and DEF are called similar 
when the corresponding sides have the same ratio and the 
corresponding angles are equal, that is, when LA = LD, 

LJ5 = LE, LC -^LFy 5 = 7 = 7' Further, any two 

figures (whether triangles or not) are called similar when 
corresponding lines on them have the same ratio and corre- 
sponding angles are equal. 
In what circumstiUQces have you already proved two 

triangles similar ? It has been proved when two pairs of 

angles are equal, e.g. LB^LE and L(7=LjP; and 
when there are two pairs of equal ratios among the cor< 

responding sides, e. g. when ? - / and ^ = £• 

7 « (j^ cl ad 
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Can you suggest any other circumstances that are enough 

to prove the tnangles similar ; or, in other words, can you 

give any other set of data that are enough to fix the shape 

of a triangle? — ^Possibly the triangle would be fixed in 

shape by one angle and the ratio of one pair of sides. 

Possibly two triangles, with a pair of corresponding angles 

equal, and one equal ratio among corresponding sides, might 

be similar. Discuss all the possible forms of these 

conditions ; first draw as many as you can of the triangles 

determined in shape by the angle B and one ratio, giving B 

in all cases the value 85^, and taking as the ratio each of 

c ct 

the following in succession : - = 0*7, 1'4:, 4 ; - = 1*3, 

0-6, 3 ; ? = 1-6, 2-0, 0*4 ; - « 0-6, 0-4, 1-6 ; - = 0*8, 
a c 

0'6, 2 ; - = 1*2, 2*1, 0*9. ^Drawing gives the following 

experimental results. There is one shape of triangle possible 

when B and - Tor -^ are given. There is one shape 

when B and the ratio of h to another side are given if this 
given ratio is greater than 1. There are two idiapes or no 
shape when B and the ratio of h to another side are given 
if the ratio is less than 1. 

29. Show that if two triangles ABO and DEF (Pig. 12) 





have the angles J9 and JE7 equal and the ratios - and ^ 

ad 
equal, they have also the other corresponding angles equal 
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and so are similar. Assume the ratios - and "^ to lie 

a a 

between — and ; along BA mark ofif BK = — times 

WW w 

BC, and BL = ^^ times BC\ and so for LBEF. Then 

proceed as before. 

Show that if two triangles ABC and DEF have B -^ E 

h e 
and - » 7> each ratio being greater than 1, the two tri- 

c J 
angles are similar. Where does this proof depend on the 

& e 

condition that the ratios - and -% are greater than 1 ? — -In 

c / 

the course of the proof we cut off small equal lengths BW 

from BA and EY from EB (Fig. 13), and draw TFZ 





parallel to AC^ and YZ parallel to 2>Jl The condition that 

- and -^ are greater than 1, shows that WK > WB and 

YZ > YEy and in consequence that the triangles BWX 
and EYZ are congruent. 

80. Now state generally what conditions fix the shape of 
a triangle : — 

A triangle is fixed as to shape 

(1) by a knowledge of two angles, or 

(2) by a knowledge of two ratios of its sides, or 

(3) by a knowledge of one angle and of the ratio 
of the two sides that form this angle, or 

(4) by a knowledge of one angle and of the ratio 
the opposite side bears to another side provided 
this ratio is greater than unity. 

h2 
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Or, in other words, two triangles are similar 

(1) if they have two pairs of corresponding 
angles equal; or 

(2) if they have the ratios of two sides to the 
third in one triangle equal to the corresponding 
ratios in the other; or 

(8) if they have a pair of corresponding angles 
equaly and the ratios of the sides forming these 
angles also equal ; or 

(4) if they have a pair of corresponding angles 
equal and the ratio of the side opposite this angle 
of one triangle to a second side equal to the 
corresponding ratio in the other triangle, pro- 
vided these ratios are greater than !• 

31. When a triangle is to be made from B ^ 35° and a 

c c 

value of T9 for what values of ^ are there two shapes, for 

what values one, and for what values none? — ^We lay down 
the angle B and put down the point A anywhere on 
one arm (Fig. 14). We then calculate the value of 5, 




Fig. 14. 

and with this as radius draw a circle which cuts the 

other arm BX in C If =- is less than 1, this circle cuts 

BX in only one pointy and there is only one shape. If -r 

is greater than 1, the circle (if great enough to meet BX 
at all) cuts it in two points and gives two shapes. Let 
£all the perpendicular AD or p from A on BX. If the 

given ratio - is equal to s the circle cuts BX in only one 
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point ; if it is less, in none ; if it is greater than ~ but less 

c 

than 1, in two points. 

Does this ratio ^ depend on the particular point at which 

A was put down on the arm of the angle J9? — ^No, for 
the triangle ABB is fixed in shape by the angles B and 
2>, namely B » 85"" and D » 90^ Two triangles fixed 
by these angles are similar and so have the same value 

for the ratio -• Draw a number of such triangles 

ABBj measure p and c in each and so find the value — as 

accurately as you can. The value is about 0*57. 

Tabulate the results as to the possible shapes of a triangle 

h 

with an angle B of 35°, and various values of - • 

c 

If — > 1, there is one shape, 

if 1 > - > 0*57, there are two shapes, 

if - < 0'57, there is no shape. 

c 

Ex. 13. Find and tabulate the corresponding results for LB » 
26', 30% 40', 45'. 

32. It is convenient to have a name for this ratio - 

c 

(Fig. 14) which depends only on the angle B. It is 

called the 'sine of the angle B' and written shortly 

'sin^'. Thus we have found that sin 85° = 0*57 as 

nearly as our drawing will give it. A book of mathe- 

maticisd tables gives the result more accurately as the result 

of calculation ; the value of sin 85° taken to 7 decimal 

places is 0*5785764. 

Ex. 14. From the results of Ex. 13 write down the sines of 26', 
30", 40', 46', and beside them show more accurate values from 
a book of tables. 

Ex. 16. Draw four right-angled triangles in which one side is 
0*2, 0*4, 0*6, 0*8 times the hypotenuse. From these find the 
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angles whose sines are 0*2, 0*4, 0*6, 0*8, and verify your results 
by reference to the book of tables. 

SB. Areas of similar figures. Consider again Figs. 1-4, 
which we now know to be similar. What is the ratio 

-jPff y ftnd what is the ratio of the area ABT to the area 

A^B^Ti that is, how many times does the area J. JBT contain 

the area A'^fT^i Pair the four figures in all possible 

ways, and for each pair give the ratio of the bases and the 

ratio of the areas. 

If two similar triangles have a pair of corresponding 

sides in the ratio A;, find the ratio of their areas. Suppose 

BQ 
the similar triangles of Fig. 15 to have -=^ « K Draw the 
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perpendiculars AM and D'N. The areas of the triangles 
are \xAMy.BC and ^xDNxEF, BG^hxEF, and 
AM-^hxDN. Sothatthefirstareais4xA;xi>JVxA;xJE7J'; 
or A;xA; times ^xD^x^JF^. The ratio of the areas is kxh, 
or with the index notation it is k^» Prove that 

AM^kxBN, that is, that ^=S 

' ' BN EF 

84. If two plans of the playground are made by chain 
surveying, are they similar? — Yes, because each plan is 
made triangle by triangle, and taking pairs of correspond- 
ing triangles in succession we prove their angles equal. 
Thus the whole figure conforms to our definition of simi- 
larity. And if the two plans were made by the 
measurement of angles only in addition to one base line? 
The proof that they are similar is much the same. 

If the two base lines of the plans, made by dther 
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method, have the ratio Jcy what is the ratio of the two areas 
that represent the playground? — Each triangle of one plan 
is as to area kxh times the corresponding triangle. So that 
the whole area of the first is A;xX; times the area of the 
second* Is the result affected if the playground has 

a curved boundary ? — ^By taking triangles enough we can 
reduce as much as we like the area along the curved 
boundary with which we cannot deal. So that we can 
prove the result true to any approximation we like. 

85. Volumes of similar solids. If a schoolroom is p cm. 
^ong, q cm. broad and r emu high, what is its volume ? — It 
iBpxqxr cubic centimetres. And if a model of the 
schoolroom is made, each dimension being k times the 
original dimension, so that its length, breadth, and height 
are in centimetres A; Xi^, kxq, and kxr, what is the volume 
of the model? — ^Itis kxpxhxqxkxr c. cm., or (omitting 
the signs of multiplication) kpkqkr or kkkpqr, or (with 
the index notation) Tfipqr. What ratio does the 
model bear to the room as to volume? — The ratio is Tfi. 

The original room and the model are said to be similar, 
and in general two solid figures in which corresponding 
angles are equal and corresponding lines in the same ratio 
are said to be similar. If this ratio is k, what is the ratio of 
the volumes ? For instance, suppose a model of a mountain 
to be made, every distance on the model being k times the 

original distance, and the two being assumed similar. 

Suppose the mountain cut up into rectangular blocks and 
the model into corresponding blocks. Then each block of 
the model is kkk times the corresponding block of the 
mountain. So that, apart from small pieces left over that 
do not make rectangular blocks, the ratio is kkk. And 
by cutting out smaller blocks we can make the piece left 
over as small as we like, so that the ratio of the whole 
model to the whole mountain is kkk or %^, to as close an 
approximation as we please. 

86. How many conditions fix the shape of a triangle ? 

Two, as we saw in Art. 30. How many conditions fix 

the triangle as to size and shape ? — One length is needed 
in addition, for instance the length of a side. Or con- 
sidering size and shape together, we saw earlier (chap. Y, 
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art. 27) that three conditions fix the triangla How 

many oonditioiis^ iha tauigie in ritspe, Bne, «ad pflrition 

im B Bheet of paper ? ^This brings us back to the problem 

of fixing a chair on the floor (chap. II). To fix the position 
takes three conditions, so that shape, size, and position take 
six conditions. Or we can consider shape, size, and 
position all at once. For instance, these are all fixed by 
giving the distances of each comer from two adjacent 
edges of the sheet of paper, in all six conditions. Sug- 

gest other ways of fixing the triangle in shape, size, and 
position, and see if the number of conditions is six in all 
cases. 

EXEBCISES. 

16. Draw a line AB 3*8 inches long, and ACoi indefinite length 
making with it an angle of W*. On ^Cmark oSAK, KLj 2/3f each 
of length 1'6 inches. Join MB and draw KX and LY || to MB, 
catting AB in X and F. 

Show by measurement that by this construction AB is divided 
into three equal parts. 

Give also a general proof, showing that the construction would 
hold ii AC were drawn at some other angle to AB, and some other 
length taken instead of 1*5 inches. For the general proof you may 
find it convenient to draw lines through X and F parallel to AC, 

17. Make a triangle, ABC, having LA » QO"" and LB » 18^ and 
AB 14 cm. long, and let fall AM perpendicular to BC. Measure 

CA, CB, AM, CM, and calculate the ratios :^, 4^, ^ to 

CB AB CA 

three significant figures. 

It is Known that, if the figure could be perfectly drawn and 

measurements taken with absolute accuracy, each of these ratios 

a/5*- 1 
would have the value —P- — • By means of a table of squares 

evaluate this to three figures, and compare it with the average of 
the values already found. 

Show briefly, that if a number of triangles ABC are made, in all 
of which A and B have the same given values, then the ratio 
CA/CB is the same in all these triangles. State, with reasons, 
whether the ratio of the angle B to the angle A is the same as 
the ratio CAICB, 

18. An enlarged photograph of Fig. 16 is to be made, he being 
represented by a line BC 15 centimetres long. Copy Fig. 16, and 
then draw the enlargement, denoting the points corresponding to 
a h c &c., hy A B C &c. 
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Find, from measurement, the area of the rectangle ((^ in sq. cm., 
also of DFy and give de/DE, df/DF as decimals. 




7 In, 



Fig. 16. 



Tin. 

Fig. 17 



19. A semicircular arch is built of stones cut to the shape shown 
in Fig. 17. What is the internal diameter of the arch, and how 
many stones are required to complete it ? 

20. Draw any circle and estimate its area. Then test your 
estimate by measurement and calculation, taking the area as 
3*14 X (radius)', and also by pricking through on to squared paper 
and counting squares. 

21. I live a mile from my railway station and take 16 minutes to 
walk the distance. I am accustomed to meet at a certain point 
some children going in the opposite direction to school. The chil- 
dren take 25 minutes to the mile. One day when I am at my usual 
time I meet them 200 yards further on. How much later are the 
children than on ordinary days ? Draw a graph to show the posi- 
tion of the children and myself at any time on ordinary days and 
on the special day mentioned. 

22. A hay-shed (Fig. 18) consists of a rectangular space 30 feet 
long, 15 feet high and 18 feet wide, 
with a semicircular roof above it. 
Calculate how many tons of hay 
can be stored in it if a ton of hay 
occupies 300 cubic feet. 

23. Draw two congruent triangles 
ABC and XYZ^ such that the 
points A, B, C and the points 
JT, F, Z are in the same direction 
round. Find a point 8 such that 
SB'^ST and SC^SZ. Prove 
that the angle 8CB » angle SZY 
and SA « 8X. 

Suppose a piece of tracing-paper is laid on the figure and fastened 
by one drawing pin so that it can revolve round this drawing pin 
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while remaining in contact with the paper ; suppose also that when 
the tradnff-paper is in its first position a tracing is made of the 
trianffle ABC. Where must the drawing pin be placed if it is 
found that as the tracing-paper revolves, the triMcing of ABC 
presently coincides with XYiSl 

24t, Compute to two si^^nificant figures, the diameter and cross 
sectional area of a specmien of copper wire, one mile of which 
weighs 4 lb. One cubic inch of copper weighs 0*32 lb. 

25. Two quantities x and y are so related that the value of y for 
a given value of x may be found as follows : — Along OX (Fig. 19) 




Fig. 19. 

measure OP (in centimetres^ equal to Xy and draw PQ perpendicular 
to OX to meet LM in Q ; tnen PQ » y. Copy the figure and find 
the values of y when a; -s 2, 3, 4 and 6. 

Measure OL, and in each case calculate — ^-r=- to one decimal 

X" OL 

place. State the relation between x and y algebraically. 



CHAPTER X 

ON ISiaj^ALLING 

1. Ik the Morse Code, whi^ld is a good deal used in postal 
telegraphy and other metho<]lff of signalling, there are two 
signs, the dot and the dash. Each letter of the alphabet is 
represented by some arrangement of dots and dashes. How 
many arrangements can be made that contain three signs or 
less? — ^We set out the arrangements, 1 sign at a time, 
2 at a time, and 3 at a time, and count them up :— 



With one sign at a time there are 2 arrangements, with 
2 signs 4, with 8 signs 8 ; in all 14. 

2. How many arrangements are there with 4 signs? 
Haphazard counting soon becomes tedious and even inac- 
curate, and for expeditious and accurate counting some system 
is necessary. How would you convert a 3-arrangement 
into a 4-arrangement, or a 2-arrangement into a 3-arrange- 
ment? Does it matter (for the purpose of counting the 
4-arrangements) whether you add tixe sign at the beginning, 
at the end, or somewhere in the middle? — By taking a 
3-arrangement and inserting a dot we get different 4-arrange- 
ments according to the position of the inserted dot, but 
if we treat all 3-arrangement8 in this way the same 
4-arrangement turns up in more than one way. For in- 
stance, • — • with a dot inserted at the beginning is the 
same as • • — with a dot inserted at the end. But if we 
always add the dot at the end each 3-arrangement gives one 
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4-arrangement, and there is no repetition. By adding a dash 
at the end instead of a dot we get another 4-arrangement 
from each 8-arrangement. So that there are twice as many 
arrangements of 4 signs as of 8 signs. 

3. In this way tabulate the number of arrangements of 
1, 2, 8, 4 signs. — 

The number of 1-arrangements is 2. 

„ „ 2 „ „ 2x2 or 4. 

„ „ 8 „ „ 2x2x2 or 8. 

„ 4 „ „ 2x2x2x2 or 16. 

How many 10-arrangements are there? — The number is 
ten 2'8 multiplied together (which is also written 2^^), and 
is 1024. How many n-arrangements ? — The number 

is n 2's multiplied together, which we write shortly as 2^. 

How many signs are there in the longest arrangements of 
a code that represent letters of the alphabet, the code being 
made with as short arrangements as possible ? — ^To stop at 
8-arrangements would give only 14 letters. To go to 
4-arrangements gives us the 26 letters of the alphabet and 
4 arrangements to spare. 

4. Consider again the building up of an arrangement of 
4 signs. What ehoice have you for the first sign ? And 
the first sign being chosen, what choice have you for the 
second ? In how many ways then can the first two signs 
be chosen? Continuing in this way discuss the possible 
number of arrangements of 4 signs, of 10 signs, and of n signs. 

5. How many arrangements can be made without going 
beyond 10 signs for any one arrangement ? — We must add 
the numbers for 10 signs, 9 signs, &c. It is 1024+512 + 
256 + 128 + 64+82+16+8 + 4 + 2 or 2046. Forar- 
rangements of more signs than 10, this method would be very 
heavy. Let us denote by N the number of arrangements 
that can be made without going beyond 10 signs. Now write 
down twice the number of 10-arrangements, twice the num« 
ber of 9-arrangments, and so on, whose sum is 2j^. — These 
numbers are 2048 + 1024 + 512 + 256 +128+64 + 82 + 16+8 
+ 4. Can you subtract the expression found for N 
from the one now found for 2 N, without adding up either of 
them? What is the result? — It is 22V'-JN'= 2048-8, 
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since every number but 2048 and 2 occurs in both expressions. 
This gives N = 2046. 

6. 2048 being the product of 11 2's we can write the value 
of N aa 2^^ —2. Can you prove the correctness of this 

expression without multiplying out 2^*, 2^^ &c. ? The 

number of 10-arrangements is the product of 10 2*s or 2^^, 
and so with each other set of arrangements, so that 

JV^= 2io+2« + 28 + 2'^ + 2«+2« + 2* + 2» + 22+2. 

Twice 2^^ is the product of 10 2's multiplied by 2, that is, 
the product of 11 2's or 2^^, and so on. So that 

2N-' 2" + 2io+29+ . . . +2*+23 + 22, 

and subtracting the expression for N from that for 2JV, we 
have jy^= 211-2. 

7. Find a corresponding expression for the number N of 
arrangements possible without going beyond arrangements of 
n sign& We have to add up 

the number of arrangements of n signs, 
„ „ n— 1 signs, 

»« «« w — 2 ,, 
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. + 28+22 + 2. 

Twice 2** is twice the pro- 



and so the number N is 

2«+2»-'i + 2»-2 4. . 

We now double each number. 

duct of n 2's, or is the product of w+1 2's or is 2»*"**i. 
Twice 2»»""i is twice the pn>duct of «— 1 2's or is the pro- 
duct of n 2's or is 2^, and so on. So that 2N is 

2«+i + 2»+2»-i+ . . . +2*+23 + 22. 
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In these two expressions 2**"*"* and 2 occur once ; but every 
other number (2*», 2*^"^, and so on to 2^) occurs twice. So 
that by subtracting we get 

JV^=2*»+i-2. 

8. Semaphore. Let us us^ for signalling an arm hinged to 
the top of a post so that it can be s^t in any of the seven 




Fio. 1. 



positions of Fig. 1, so that we have 7 distinct signs. By 
using two signs in succession how many signals can be 
made ? — ^They are 

AA, AB, ACj AD, AE, AF, AG, 
BA,BB 



GA, GB,GC GGy 

49 in all. With 3 signs in succession, how many 

signals ? 7 x 7 x 7. With 10 signs and with n signs? 

The number with 10 signs is the product of 10 7's, or 

written shortly 7^^, or multiplied out about 280 million, the 
number with n signs is the product of n 7's or 7**, 

How many signals can be made without going beyond 
3 signs for each ? Without going beyond 10 ? ^When 10 
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signs are allowed, we may use 10 oc 9 or ... or 1, and so 

get 7io + 7» + 7« + 7^ + 7« + 7« + 7*+73 + 72 + 7 signals, say N 

signals. Then we calculate 7 times N. 7 times 7^^ is the 

product of II 7's or is 7^\ and so on, so that 7N is 7^1 + T^^ + 

. . . +73 + 72. Subtracting, we have 7JV-JV= 7"-7, or 

711—7 

N = — 5 — = about 380 million. This calculation 

o 

is tedious. Later, we must try to find a shorter method. 

Flag signalUng, 

9. A ship has a variety of flags and makes signals 
by arranging flags in order down a rope. With two 
flags A and B, how many signals are possible, both flags 

being used? ^Two, with A above or with B above. 

And with 3 flags A^ B, C, how many signals, using all 
3 flags ? — ^By aictual trial there are 6 signals. 

How would you make a 3-flag signal from a 2-flag one, 

A 
say from ^ in which A is above? — ^We could put C 

above A, between A and £, or below B, In the same 

B 

way we can make three 8-flag signals from ^ ; so that 

there are 6 in alL Using a fourth flag 2) in addi- 

tion, how many 4-flag signals are possible? — Beginning 
with any 8-flag signfd we can insert D in the 1st, 2nd, 
8rd, or 4th place, so that each 3-flag signal gives 4 4-flag 
signals, and the 6 3-flag signals give 24 4-fli^ signals. 

10. Tabulate these results and extend them. — 

A single flag gives 1 signal 

2 flags give 2 2-flag signals. 

8 „ 2x3 3-flag 

4 „ 2x8x4 4flag 

5 „ 2x3x4x5 5-flag 






10 „ 2x3x4x . . . xlO 10-flag 

n y, 2x3x4x . . . xn n-flag 

Roughly multiply out the number of 10-flag signals. 
It is about 3) million. 
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11. Suppose you begin with 4 flags without first discus- 
sing 3-flag arrangements. What choice have you for the 

top flag? It may be any one of the four. And the 

top flag being chosen, in how many different ways can you 
choose the 2nd ? — Three ways ; it may be any one of the 
remaining three flags. Continuing in this way, find 

how many 4-flag signals you can make. ^The number is 

4x8x2x1. 

In the same way discuss the number of 10-flag signals, 
and of n-flag signals. 

Ex. 1. It has been supposed all aloDg that we had only one fli^ 
of each kind. If, instead, we have as many flags as we like of each 
kind, what is the number of 4-flag signals with 4 kinds of flags, 
and of n-flag signals with n kinds ? 

12. Again, suppose we have 5 flags a, 6, c, d, e, aU dif- 
ferent. How many signals can we make using 2 flags at a 
time ? The signals are 



a 
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a a 


b b 


b b 
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d d 
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c e 


a b 


c d 







If a is made the top flag, we have a choice of 4 for the 
bottom flag ; and it is the same for any other top flag. For 
the top flag we have a choice of 5. So altogether the 
number of signals is 5 x 4, or 20. How many 3-flag 

signals can be made with these 5 flags ? 

With n flags, all different, how many 2-flag signals can 
you make ? — ^For the top flag we have a choice of n flags. 
And with each top flag we have n—1 possible bottom flags. 
Altogether, nx(n — 1) or n(n-l) signals. How 

many 3-flag signals ? ^To any 2-flag arrangement we can 

add one of the remaining n ~ 2 flags, and so get n — 2 signals. 
So that there are n(n— l)x(n — 2) or 9»(n— l)(n— 2) 3-flag 
signals. How many 4-flag signals ? And how many 

7-flag signals ? 

Bosettes. 

18. At a party aU the girls are given different rosettes, 
each made up of one or more colours. Duplicates of these 
are given to the boys, and each boy has to find as his 
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partner the girl with the same colours. With 3 colours 
a, hf 0, how many different rosettes can you make? — 
There are 3 single-colour rosettes a, h, c The 2-colour 
rosettes are ab or hay ac or ca, and be or cb. There is one 
3-colour rosette ; that it contains the 8 colours may be 
indicated by any of the forms abc, acb, bed, bac, cab, cba. 
In all 7 rosettes. 

With 5 colours a, b, c, d, e, how many 2'Colour rosettes 
could be made ? — They are ab, aCy ady ae ; bCy bd, be ; cdy 
ce; de; 10 in number. If we distinguished not only 

colour but also the order of the two colours in a rosette, how 
many could be made ? — The colours a and b would then 
give two rosettes, one with a on top, the other with b on 
top ; and so for each pair of colours. The total number 
woidd be 20. Fmd independently how many 2-colour 

rosettes can be made from 5 colours, both colour and order 
counting. 

How many 8-colour rosettes can be made with 5 colours, 
colour alone coimting? — ^They can be written out and seen 
to number 10. Or, every choice of 2 colours leaves 8 
colours unchosen, so that the number of ways of choosing 
3 colours is the same as the number of ways of choosing 
2. If order counts as well, how many 3-colour 

rosettes ? — ^Any 3 colours will then make 6 rosettes, and 
the whole number will be 60. Find index)endently 

how many 3-colour rosettes can be made from 5 colours, 
colour and order counting. 

14. How many 4-colour rosettes can be made with 10 
colours ? In this case direct enumeration is likely to lead 
to error, and is tedious besides. Can you more easily give 
the number when order counts as well as colour, and the 
number that any single selection of 4 colours gives when 
order counts ? — ^When order counts, we can choose the top 
colour in 10 ways, the second in 9, the third in 8, and the 
bottom colour in 7 ; that is, there are 10 x 9 x 8 x 7, or 
5040 rosettes. Four colours having been selected, we can 
fix>m them choose the top colour in 4 ways, the second in 
8, the third in 2, and the remaining colour goes at the 
bottom ; so that the 4 colours make 4 x 3 x 2, or 24 rosettes. 

Can you now give the number JV of 4-colour rosettes 
when colour alone counts? — ^Each of these N rosettes 

MAIB W 
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would, if order counted, make 24 rosettes. So that there 
would be 24 X ^ 4-colour rosettes if order counted, and we 
know this number to be 5040, so that 24^ = 6040, and 
N = 5040/24 = 210. Or, if we do not multiply out, we 
have the form 

10x9x8x7 

2x3x4 

16. With 100 colours, how many rosettes of 1, 2, 8, and 
4 colours can be made, colour alone counting ? — The 
numbers are resx)ectiyely 

100x99 100x99x98 100x99x98x97 

^^' 2 ' 2x8 ' 2x3x4 ' 

or approximately 100 ; 4950 ; 162,000 ; 3,920,000. 

With n colours, how many rosettes of 1, 2, 3, and 4 
colours can be made, colour alone counting ? — ^The numbers 
are 

n(n-l) n(n-l)(n-2) w(n--l)(n-2)(n--3) 

^' 2 ' 2x3 ' 2x3>j:4 

Any selection of 4 colours or other objects from among 
n different colours or other objects is called in mathematics 
a combination of n things 4 at a time. In general, 
a selection of p things from among n things all different is 
a combination of n things i? at a time. 

Binomial Theorem. 

16. To multiply 88 by 7 we add together 7 times 80 and 
7 times 3. No matter what values a h c have, a times 
h+c is the sum of a' times h and a times c, or in mathe- 
maticalformax(& + c) « ax6 + axe, or a{b-^c) = ab 

+ ac. In this way multiply x+a and x-k-h together. ^The 

product IB xx+ax+hx+ah* Multiply this product by 

x+c and put first the term containing x three times, then 
the terms containing x twice, then those containing x once, 
and last of all the term without x, — ^The new product is 
xxX'^axx+bxX'^cxx-\-dbx-\-b€X+acX'\'abc, The terms 

containing x twice are often grouped together and written 
(a + ^ + c)xXy or with the indeznotation (a + & + c)ofl» Group the 
terms containing x once in the same way, and write the whole 
product, using &e index notation. — ^It is s(? + {a+b'k'C)s^ + 
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(a6 + be + oa)x + dbc In this expression the number a+ 

b + c that multiplies a? is called the coefficient of o^, and 
a5 + &o + ea is caUed the coefficient of x. Multiply this exprea* 
sion by x-{- d and group the product according to powers of x. 
— ^It isa?* + (a+& + c+rf)iB^ + (a6 + 6c+cd+da+ac+6<Q«* + 
(abc + bed + cda + ddb)x-\-dbcd. 

17. In this product what is the relation between each 
coefficient and the numbers abed ? — ^The coefficient of 
^ is the result of selecting one of the numbers at a time 
and adding the selections. In the coefficient of x^ occurs 
every possible combination of the numbers abed, taken 2 
at a time ; the coefficient is the simi of all possible products 
2 at a time. The coefficient of x is the sum of all possible 
products otab cd, taken 3 at a time. The term that does 
not contain x is the only possible product of the four 
numbers all together. 

18. When the product (a?+a)(a?+6)(a?-f-c)(a?+d) is multi* 
plied out, how many of the quantities x a b c d occur in 
each term ? — ^By looking at the multiplying out we see 
that every term contains one letter from each factor, and 
that every possible combination of one letter from each &ctor 
appears. How many terms then are there altogether ? 
And how many groups when we group together all the 
terms that contain x the same number of times? — The 
number of ways of choosing one letter from each factor is 
2 X 2 X 2 X 2, or 16 ; so this is the nimiber of terms reckoned 
this way. As to groups, a group may contain x^ or a? or 
x^ or X, or not contain a; at all ; so there are five groups. 

How is the group containing x^ made up ? — It takes x 
from three factors and a different letter from the remaining 
factor. And the group containing x^ ? — ^It takes x 

from two factors and other letters from the remaining two. 
It will contain as multipliers of x^ every possible combina- 
tion, 2 at a time, of the numbers abed. How are 
the remaining groups made up ? 

19. Suppose for a moment that a & c ^ all have the 
value 1. How will you write (ic-f-l)(a:4-l)(n?+l)(a?+l) 
more shortly ? And what are the groui>s of the multiplied- 
out form? — ^With the index notation the expression is 
written (^+1)^ The term containing o^four times occurs 

n2 
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once only, by taking x from each £Eu;tor ; it is simply xi^. 
The term not containing x occurs once only by taking 1 
from each factor ; it is 1. Terms containing x three times 
occur by taking 1 from any one &ctor and x from the 
other three ; four such terms occur, so the group isij^. 
Terms containing x twice occur by taking 1 from any two of 
the factors and x from the remaining &ctors ; the number 
of such terms is the number of ways of choosing 2 factors 
from the 4 factors, that is 4 x 3 -r 2, or 6 ; so the group is 6a^. 
Terms containing x once occur by taking x from any one 
factor and 1 from the remainder ; this one factor can be 
chosen in 4 ways, so the group is ix. 

Verify these results by substituting 1 for a & c d in the 
expression found for (x-ha){x+h)(x + c){x+d)y and alao 
by simply multiplying out {x+ 1)*. 

20. Give the various groups of terms when x-^-a, x+h, 
x+Cj x-^d, x+e, x+f, x+g are multiplied together. How 
many terms are there in each group ? 

Also find the number of terms by multiplying out 
{x + iy, and check the result by actually multiplying 
together a;+a, a; +6, &c. 

21.* When n factors x+a, x+b, . . . x-^-t are multiplied 
together, how many terms are there in the groups containing 
of^y {x^'\ af^'^j a^'^, af*"*? — ^The numbers of terms are 

n{n-l) n(n-l)(n-2) n(n-l)(n~2)(w-3) 
^' ^' 2 ' 2x3 ' 2x3x4 

When (x+ 1)" is multiplied out, write down the first five 
groups. They are 

J J X €> 



The result that 



n(n~l)(n-2)(n-3) ^,, 
2x3x4 



* The remaining articles of this chapter should be postponed 
till they are wanted in article 4 of chapter XII. 
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is known as the binomial theorem, and the series 
3i^+na^'^+ • • . is called the binomial series. 

22. When the n factors x+ay . . . x+t are multiplied 
together, how many terms are there that do not contain Xj 
that contain x once, twice, &c. ? When (x + 1)^ is multiplied 
out, what are the last few groups ? They are 

n(w-l)(n~2) t>(n-l) . 

2x3 ' 2 ' ' 

The binomial theorem can now be more completely 
stated thus: — 

(aj+l)**=aJ»+mJ»-i+!?^^~^ . . 

•^-^ — x^ + nx-i-l 

or, written according to ascending instead of descending 

powers of x, 

/ . i\« 1 . . w(fi— 1) g . n(n— l)(w— 2) „ . 
(a^+l)*** l+wa?+ ^ g ' x^ + ^ g^g ' sfi+ . . . 

Jn^es^ an a loan. 

23. A sum of money of £a is lent at interest at h 
per cent, per year, the interest not being paid, but being added 
at the end of every year to the loan and so itself bearing 
interest in succeeding years. What is the interest for the 

first year? — ^It is, in pounds, -ttvtt* And the sum 

that bears interest during the second year ? — It is 

ab /^ b \ 

«+ioo' *" ni+ioo)' 

What is the interest earned during the second year, and 
the sum that bears interest in the third year? — ^The interest 

is jttj: times a(l + 7aa)> c^d the sum that bears interest in 
the third year is ^(^ + Taa) P^^s j^ times ^(I + Tqa)' 
that is, (l + ^^) X (l + ^) • What is the sum 
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that bears interest in the fourth year, in the fifth year, and 
in the tenth year ? — ^The sum in the fourth year is 

in the fifth a (l + j^) , and in the tenth a (l + j-^)^ . 

24. And what does the whole amount to at the end of 
the tenth year, original loan and accumulated interest? 
Calculate this amount when the sum lent is £740 and the 
rate of interest is 8 per cent., first by direct calculation, and 
then by the help of the binomial theorem. The number of 

pounds is 740 x (1 + Jqk) • We multiply X740 ten times 

by 1*08 and find £994 10^. Od. The binomial theorem 
gives : — 

(ido+v =(ioo) -^ i^^(ioo) +"'2-(ioo) +•• 

or, in ascending powers of y^ , 

= ^ + ^^^100 +-'2~(lOo) + ••• 

/ 8 \^® 
Now W^) is only O'OOOOOOOOOOOOOOOO, and the terms 

beside it are not much bigger. Let us therefore begin at 
the other end, that is, with the series in ascending powers. 
We calculate the successive terms to five decimal places 
and place them in a column. 

1 

0-3 

0-0406 

0-00824 

0-00017 

0-00001 

The successive terms become smaUer and smaller till 
the seventh and following terms are too small to affect the 
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fifth decimal place. The sum of the six terms is 1*84392, 
and the accumulated value of the loan is 740x1*84392 
pounds, or £994 lOs. Od. 

In this case it is doubtful whether the use of the binomial 
series saves any time over direct calculation. Presently we 
shall have calculations for which there is no comparison 
between the methods. 



Exercises. 

2. A railway has 34 stations. How many kinds of third class 
single tickets does it take to supply the system ? 

3. A school has 87 £rls, and each of them sends a Christmas 
card to every other. How many do they send ? 

4. The floor of a conservatory is to be paved with red, white, 
and black tiles according to the . . . 

design indicated m Pig. 2. If '^9^" 

the length and breadth of the 
floor are respectively 40 and 20 
times the len^h of the diagonal 
of a square tile, find the num- 
ber of square tiles of each colour 
that win be required, ignoring 
the smaller tiles. 

5. In the game of dominoes 
a number of blocks are used. 
Each block is marked off into 
two parts, and on each of these 
parts a number of pips, between 
and 6 inclusive, are marked. 
These are arranged in all pos- Yiq. 2. 
sible ways, and the pips on the 

two parts of a block may be the same or different; and no two 
blocks are alike. How many blocks are there ? 

6. A publisher uses sheets of paper 24 inches by 10 inches to 
make a book each page of which measures 8 inches by 5 inches. 
He folds each sheet of paper so that it makes 6 leaves or 12 pages. 
Sketch a sheet of paper, back and front, mark the creases and 
write on the several pages the numbers 1, 2, . • . 12, so that when 
the sheet forms part of the book these numbers will appear in 
proper order right side up. Mark corresponding comers of the 
back and front views of the i^eet with the letters A, By C, D. 

7. Nine cards numbered 1 to 9 are arranged in three heaps as in 
Fig. 3. The bottom card of heap 1 is taken away and placed on 
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top of heap 2; then the ond now at the bottom of heap 1 is taken 
and put on heap 3. Similarly, the bottom card of heap 2 is placed 
xm top of heap 3 ; and the card left at the bottom of heap 2 put on 







3 






2 






1 











6 






5 






4 









9 




8 






7 . 







heap /. 



heap 2, 
Fig. 3. 



heap 3, 



heap 1. Similarly, the card at the bottom of heap 3 is placed on 
heap 1, and the card so left at the bottom on heap 2. Sketch the 
cards in their position at this stage. 

When this operation is repeated, name the positions taken up in 
succession by card No. 1. After how many repetitions does this 
card return to its original position ? Are the other cards then in 
their original positions ? Mow do you know ? 

8. A marble statue is 5 feet 6 inches high. A statuette which 
is an exact copy of the statue on a smaller scale and in plaster 
weighs 1 lb. The statuette is 9 inches high and is half the weight 
it would have been in marble. What is the weight of the statue, 
to the nearest hundredweight ? Note that : — 

volume of statue ^ volume of copy 
(height of statue)^ "" (height of copy)^' 

9. A wooden ball 25 centimetres in diameter weighs 5 '9 kilo- 
grams. Find, to the nearest hundredth of a gram, the weight of 
a cubic centimetre of the wood. The volume of a ball of diameter 
d is iird^f where ir = 3*14. 

10. The number of cubic feet of timber in an oak log, which 
tapers uniformly, may be calculated from the formula 0'2618^ x 
(a^ + a& + &^), where a and b are the numbers of feet in the 
diameters of the ends of the log, and h is the number of feet 
in the length of the log. Find what is the weight of such a 
log of oak whose length is 15 feet, and the diameters of whose 
ends are 3 feet and 2 feet respectively, assuming that a cubic foot 
of the oak weighs 50 lb* Give your answer to the nearest cwt. 

If you assumed the diameter to be 2 feet 6 inches throughout. 
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how much per cent, (to the nearest integer) would the result be 
wrong? 

11. Find the Talue of 

»n (m-1) o . w (m-1) (m-2) « 
l + wn+— ^^2 — *^ '^ — ^ 6^ ^ 

(1) when m s= 2 and n = 3, and also (2) when m « 24 and 

12. The volume and surface of a sphere are respectively lirr^ 
and 4irr^, r being its radius. A sphere 5, whose radius is 10 cen- 
timetres long, is covered with a substance which is everywhere 
1 millimetre thick. Show that the volume of the substance is 
nearly equal to the surface of S multiplied by the thickness of the 
substance, and find the percentage error involved in assuming this 
to be the case. 

13. The present value of an annuity A for n years reckoned at 

r per cent, compound interest is equal to _ " ^ ^, where 
^ ^ ^ i2»(22-l) 

R^ 1 + ^^rpr. Find the present value of an annuity of £50 for 
100 

15 years at 2^ per cent. 

14. In Fig. 4 DC is the graph of y = aa? + ft, and OB = arj. 
Express the area of OBCD in terms of x^ a and h. 




Fig. 4. 



If such a line as DC is drawn, and it is found that for all values 
of Xi the area of OBCD is \px-^ + cxi^ what must be the equation 
oiDCi 

15. By drawing find the sines of 23^ and 74''. Make (when pos- 
sible) ancles whose sines are 0*21, 0*42, 0*84, 1*68, and measure 
them with your protractor. 

Check your results by referring to a book of tables. 
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16. Draw two straight lines AOB and COD crossing at right 
angles. On tracing-paper draw a line PQ 8 cm. long, and on PQ 
mark R 1 cm. from P. Move the tracing-paper so that P always 
lies on AB and Q on CD. Prick through the point R in various 
positions, and so draw the path of R, 

Repeat, taking R in succession at distances of 2, 4, 6, 7 cm. 
from P. 

In the case when R is midway between P and Q, discuss by 
general reasoning the nature of the path of R, 

17. Draw a straight line and a curve between two points A and P. 
Erect perpendicul^ at intervals of 1 centimetre along the straight 
line AB, Join the points at which successive perpendiculars meet 
Uie curve. Estimate approximately the area of the figure by 
assuming it to be equal to the polygon so made. 

18. Water runs at 4} miles an hour along a pipe the cross-section 
of which is 3 square feet. How many gallons (to the nearest 
million) does it deliver in 24 hours ? A cubic foot is 6*23 gallons. 

19. On tracing-paper draw lines OX and OF, meeting at an 
angle of 30% making OX 10cm. and OY 7'5cm. Ions; joining 
these lines draw others XiYi X^Y2 X^Y^ , . . parallel to XY 
and 0*4 cm. apart. Draw a semi-circle bounded oy a diameter, 
and mark T the centre and 8 any point within the boundary. 
Place the tracing-paper on this semi-circle with O above the 
point 8y and pin it at this point. Now rotate the tracing, 
and as any point on OX (say X^) comes over the boundary of the 
semi-circle, prick through Yi the corresponding point on OY; 
when Xg is on the boundary prick through Y2 ; and so on. Draw 
the complete locus of Fas X traces out the given figure. 

What would the locus of F be if were pivoted at T? 



CHAPTER XI 



ON CAEEYING WATEE 

1. A MAK has to take a bucket from a cottage C7, fill it at 
some point P of a ditch B, and carry it to a trough T, 
Taking the distances as shown in Fig. 1, find, by drawing 



a^^jm. 



< Csa6jinu — -> 



T 



B 



U 



Fig. 1. 



to a suitable scale, the length of the journey for different 
positions of P, say at distances of 5, 10, 15, . . . metres from 
A ; and show your results in a table. 

At every point P draw a ± to the ditch, of a length that 
represents (on the scale chosen) the length of the journey 
for that position of P. By drawing a curve through the 
ends of these ±s, make a graph showing the length of 
the journey for any position of P. From your graph find 
the position of P that gives the shortest journey. 

2. Produce TB \o U so that BU « BT, that is, take U 
the image of T in the line of the ditch. Suppose the man 
to go from C to 17, crossing the ditch at some point P, 
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and going straight from C to P and from P to 27. Give 
a graph showing the length of the journey for different 
positions of P. From the graph find which journey is the 
shortest. Can you by any better method than the graph 
decide which is the shortest journey from C to U ?— -One 
path is straight. It is therefore the shortest. 

Note for the teacher. It is our constant experience that 
the straight path is the shortest. Whether this connexion 
between straightness and shortness is 'in the nature of 
things' does not concern us, as it is not suited for dis- 
cussion by the young. 

Can you now find the shortest route from G to T hy 
a better method than the graph ? — P being any point on 
the ditch, folding our figure about the ditch brings T and U 
together, and brings PT and PU together, so that any route 
CPT is equal to the route CPU. Therefore, for the ^ortest 
route the bucket must be filled at Q, where the straight path 
CfU cuts the ditch. 

3. So far, P has been assumed to lie on the stretch AB of 
the ditch. How does the route CBT of Fig. 2 compare with 

the route CAT? Observation shows that when P lies 

on AS and moves towards S, each piece, CP and TP, of the 




Fig. 3. 



route continually increases. Give a graph showing the 

distance CB as a function of the distance J[i2. Which point 
of 2> is nearest to C? Can you prove it? — 7 being the 
image of C in the line of the ditch (Fig. 8), the straight 
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route CM 7 is less than the crooked route CBV, and CA, 
half the straight route, is less than OB, half the crooked 
one. 

Can you show that, if 8 lies further than B from A, CS 
is greater than CB? Name the distances as in Fig. 3, and 
write down all the relations you can among a^b, c, d, e, 

fy g, h. ^The relations immediately useful are c+g > b+h, 

and h-{-f > e, which give c+g+f > & + e, or c > &, since 
c =^ g +/ and & » e. State the conclusion formally. 

— ^When a perpendicular stands on another line, a point 
travelling along this line away from the foot of the per- 
pendicular is constantly increasing its distance from the 
head of the perpendicular also. 

4. Consider again a triangle ODE, in which LD is right. 
Make LEDF = LOED, as in Fig. 4. 
Name the lengths as in the figure, 
and give all the relations you can 
among them. Do these help towards 
a proof that 02) < OE? — Since 
LFDE = LFEDy we know that p = 8. 
And q+s > r, so that g+j? > r, that 
is, OE > OD. 

Generalize this result. ^For the 

proof it does not matter that ODE is a riffht angle, it 

matters only that LODE is greater than LOED. So 

that any triangle ODE that has LODE > LOED has also 

OE > OD. Discuss the converse proposition. If 

you know OE to be > OD, can you tell anything of the 

angles OED and ODE ? In the former case you cut from 

the greater angle a piece equal to the smaller. Try now 

cutting from the greater side 

a piece equal to the smaller 

side, and write down all the 

relations you can among the 

angles. — Cut oflf Off equal 

to OD, and name the angles 

as in Fig. 5. The angle g, 

being the exterior angle of 

the triangle DEQ, is equal to 

the interior angles 8 and t together, and is therefore greater 

than t Also the triangle 0D& being isosceles, q is equal 




Fig. 4. 




FiG« 5« 
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to r. We know then that t is less than r which is a part of 
LODEy therefore LOED is less than LODE. 

State these results formally. — ^The greater angle of 
a triangle has the greater side opposite, and the 
greater side has the greater angle opposite. Or, 
since the reasoning applies to any two of the three sides 
or angles, the order of size of the angles of a triangle 
is the same as the order of size of the opposite 
sides. 

6. Draw again the ditch 2>, the cottage C, the trough T, 
the image {7 of the trough, the point Q that gives the shortest 
route, and let the line joining CtoT meet the ditch in Z, 
as in Fig. 6. Name all cases of equal ratios you can find 




by measuring lines and calculating ratios. In particular, 

QC 
give all the ratios that are equal to ^* Draw QW ± to 

^ OC 

AB and see if it gives any more ratios equal to ^* 

Confirm your conclusions by general reasoning. QU 

being =er, the ratio ^ is = 1^. T^?7 being || (M, the 

As BUQ and ACQ are similar, and ^ = — = ^ ; 

AG AC Q^ -BU QB^ 

and ^ « ~ That TBU is || CA gives As CAZ and 

CA cz Ay 

TBZ similar, '^^fs'^TZ^M' ®"^ ^^ " " ^^^' 
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CQ CW 



Compare the angles TQB and UQBj and 



QU WT 

the angles CQW and TQW, Keep only enough of the figure 

. u .1. , ^ QC WC ZC 

to show the equal ratios ^f ipyr' yf^ 



and remove the 



rest What conditions with regard to this reduced figure 
must hold to make these three ratios equal? — It is enough 
to know that QW bisects the angle CQT, and that QZ is 

C 




± QW or bisects the angle TQU (Fig. 7), for this enables 
us to restore the original figure. Show how to 

restore the original figure. 

6. Let us call Q the vertex of the triangle QOT. Then 
QW is the bisector of the vertical angle of the triangle. 
The angle TQU, made by producing a side CQ, is called the 
external vertical angle, and QZ is the bisector of the 
external vertical angle. The point W (in ordinary English) 
divides the base CT into two parts, namely, from W to C, 
and from Wto T. By an extension of the language the point 
Z is also said to 'divide' the base CT into two parts, namely, 
the part from Z to (7 and the part from Z to T. By means 
of these terms state the result concisely. — ^The bisector 
of the vertical angle of a triangle divides the base 
into two parts that are in the same ratio as the 
two sides ; the bisector of the external vertical 
angle divides the base into two parts that are also 
in the same ratio. 

7. Consider the propositions converse to those just stated. 
State them, and see whether they are true. — ^If a point W 
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(Fig. 8) divides the base CT of a triangle OQT internally 

CW CO 

— then WQ bisects the vertical angle 



so that ^^- ^^, 
CQT. Draw TU 




Fig. 8. 



QW, and meeting OQ in U. Then 
^ = 1^, because riTII WQ. And 

^ iB given = ^. Therefore QT 

= QU. Now the angles C^TT and 
TQW are equal to the two base 
angles of the isosceles triangle QTU, 
for QW II TU. Therefore LCQW = 
LTQW, that is, QTT bisects the angle 
CQT. 

Having given that a point Z divides 
the base CT of A CQT externally so 

that ££=££, draw TY \\ ZQ to 



ZT QT 

meet CQ in F, and use a similar proof to show that QZ 
bisects the external vertical angle of the triangle* 

8. Return to the original problem of carrying water by 
the shortest route. In what ways can you specify the 
pmnt of the ditch at which the bucket should be filled? — 
(1) It is the point where the line from C to the image of T 
crosses the ditch. (2) It is the point Q such that the two 
parts QC and QT of the path are equally inclined to the 
ditch. (3) It is the point Q that divides AB internally in 
the same ratio that the line CT divides it externally. 

9. From the data in Fig. 1 calculate the distances of 
Q and Z (Fig. 6) from A and B. ^AIl lengths being in 

, ZA CA 47 , ZA ZBA-BA 

metres, we have -^s^ = =^ = t^ and 



have ^ = 



BA 



^-^zb'^^zb' 



TB 26 
68 



ZB 



sothat^ = |g-l = 



21 
26' 



ZB 
or ZB 



63x26 
21 



^ 78. Hence Z^ » 78 + 68 » 141. Again, in 



the same way 



AQ _ CA 68-gj _ 47. 

P - KB' *^* "• -~W ~ 26' ^^ 
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solving this equation we find QB » 22*4, and therefore 
QA = 40-6. 

Check these results by measuring a figure drawn to scale. 
Measure also the angles made by QC, QT, and CZ with 
AB, Measure CQ, TQ, CZ, TZ, and express (from your 

measurements only and the original data) -p^i -==^i -== 

(^1 Zil IJo 

as decimals. 

CA 
What name is given to ^^ in relation to the angle 

CQA ? To ^ in rektion to LTQB ? To ^ and ^ 

in relation to LCZ^? Calculate all these as decimals, 
use a table of sines to find from them the angles CQA, 
TQBf OZA, and compare with the measured values of 
the angles. 

10. Draw at right angles two lines QX and QY (Fig. 9). 
Draw two lines QC and QT, making with QY the same 
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acute angle. Suppose this angle to contain m degrees, 
suppose QO to contain r cm. and QT to contain b cm. Draw 
CA and TB ± to QX, mark all the angles that are equal to 
m, and express any lengths you can in terms of r, s, m, 

— Since ^ = sin w, we see that QA = QC X sin m, that 

is, = r X sin m, or, dropping the sign of multiplication, 
QA « r sin m. Also QB « 5 sin m. 

We have sometimes selected one side of a triangle and 
caUed it the base and no longer called it a side. So here the 

MAiR n 
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longest side of a right-angled A will be called the hypotenuse 
and no longer a side. In a right-angled triangle you know 
that the sine of an acute angle means the ratio of the side 
opposite the angle to the hypotenuse. Another useful term 
is cosine. The cosine of an angle is the ratio of the side 
beside the angle to the hypotenuse. Thus in ACQ A the 

CA 
cosine of m is -p^ ; it is written ' cos m '. Use this term 

to give additional lengths on Fig. 9 in terms of r, 8, 

CA TB 
m, — Cos m = y^ = wi • ®^ *^*^ ^-^ « r cos w and 

TB = 8 cos m. 

11. Join CT and let it meet ^X in Z and QY in W. 
Draw CE and TF X to ^F. Suppose the acute angle 
between QY and CT an angle of n degrees. Mark all angles 
of n degrees on the figure, and express any additional 

lengths you can in terms of r, s, m, «. All the ratios 

ZA ZB GE TF ZQ , , . ^, ,, . , 

ZG' ZT' CW' TW' ZW *^®^^1*^ ^^'^^^ T^® **^"^<* 
of these ratios gives CW sin n *= CE = AQ = r sin m, so 

that CW= — ; ; and the fourth ratio gives TWsinw = 

sin w 

• 

TF^ BQ = 8sinm, sothat TW=^-^^^' Alltheratios 

sin n 

CA TB WE WF WQ , . mu • 

CZ' TZ'WC' WT' WZ ^^ ®^ ^^^' ^^ ^^® 

^^ CA r cos m ^-- TB s cos m , . . 

CZ = = ; TZ = = ; and other 

cos n cos n cos n cos n 

relatione 

12. From the values found for CW, TW, CZ, TZ 

deduce the ratios ^^=-- and j==^' 7=== is equal to 

TW TZ TW 

r sin m 5 sin m r CZ r cos m « cos m r 

— -^ — ; or - ' 7i7^ = H- or - • 

sin n sm n 8 TZ cos n cos n 8 

These results are a further proof that the two bisectors of 
the vertical angle of AQCT divide the base in the ratio of the 
sides QC and QT (or r and s). 
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Ex. 1. Give m the value 41°, make r » 74, « « 35, draw the figure, 
measure n and calculate the lengths CWy TW, CZ^ TZ, Compagre 
these with the measured lengths. The positions of C and T may 
be given by their distances from QX and QY\ calculate these and 
compare with their measured lengths. 

13. One more ratio connected with a right-angled triangle 

must be named. The ratio of the side opposite an acute angle 

to the side beside the angle is called the tangent of the angle. 

(Here again the term 'side' does not apply to the hypotenuse.) 

OA 
Thus YTJ ^ ^^® tangent of m, and is written ' tan m '. 

The values of m, sin m, cos m, tan m are all given wh^i 
we know the value of m or of one of the ratios, so that these 
ratios are related. 

Give one relation between sin m, cos n», and tan m. Sin m = 

AQ CA ... sin w QA , CA QA ^ 

tt^jcos w « 7^ > so that == :^ "^ tit^ = ^ = tan w. 

QC QC cosw QC QC CA 

By expressing CT (or other length of Fig. 9) in different 

• 

ways, find a relation between m and n. — CW ^ — ; 

sm n 

ssinw ... ^-, (r+s)sinin ., 

and TW = — ; > so that CT = ^ r^ • Also 

sm n sm n 

CZ = ^-^g^ and rZ ^ i^glg, BO that CT = <^-^) ^ "* . 



TT (r + 5) sm m (r — 5) cos w (r + s) sm m 

Hence, r = ^^ » or « 

sm n cos n cos m 

xT'^s^ sin fi 

^ 1 , ttiat is, (r + s) tan w = (r - 5) tan n, 

cos n 7 \ / 

By means of this relation and mathematical tables cal- 
culate n when r ^ 74, 5 = 35, m » 41. Hence, calculate 

the lengths CTT, TW, CZ, TZ, and the ratios j, ^, ^. 

Exercises. 

2. Draw an angle whose sine is 0*4, and find the value of the 
angle, of its cosine, and of its tangent. 

3. An angle has a cosine of 0*6. Find the angle, its sine, 
and its tangent. 

4. The tangent of an angle is 4. What are the angle, its 
sine, and its cosine ? 

o2 
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5. Can the cosine of an angle be equal to 2 ? What values 
can the cosine have ? And the sine ? And the tangent ? 

6. Having given a line AB and two points C and Z>, find a 
point E in AB such that EC and ED are equally inclined to AB. 

7. Having given a piece AB of a straight line, show how to 
divide it internally or externally in a given ratio. Is the method 
of calculation or of drawing more convenient when the ratio is given 
as a number ? Which is more convenient when the ratio is given 
as that of two lines shown ? 

8. By drawing and measuring find the values of the sine, cosine, 
and tangent of angles of 10, 20, SO, 40, 50, 60, 70, 80 degrees. 

For each of these angles verify that the tangent is the quotient 
of the sine by the cosine. 

Draw the graphs of the sine, cosine, and tangent of an angle 
from to 90 degrees. 

9. With your protractor make an angle of 44^ By drawing find 
the values of the sine and tangent of this angle. 

Tabulate beside these the values given in the tables and account 
for the differences in the results. 

10. A picture is hung with the top horizontal by a cord 2 feet 
long fastened to the two top comers and passing over a nail, each 
part of the string making an angle of 60* with the top of the 
picture. How much will the picture be raised by shortening the 
cord by 6 inches and adjusting the picture so that the top is still 
horizontal ? 

11. Find, by drawing and by calculation, the altitude of the sun 
when a man casts a sht^ow twice as long as himself. (The altitude 
is the angle between the man's shadow and the direction of the 
sun's rays.) 

12. In a survey it was necessary to continue a straight line XO 
past an obstacle which could not be seen over. A une OF was 
measured at right angles to XO, and from the point T lines YP 
and YQ were drawn which cleared the obstacle : the angles OYP, 
OYQ were 36*^ and 53^ respectively, the distance OFwas 150 yards. 
What lengths were set off along YP and YQ so that PQ was in the 
same straight line with XO ? 

13. A survey line is run 3*47 chains 18° north of east from A 
to B^ 4*50 chams due east from Bto C^ and 3*16 chains 70*^ north 
of east from Cto D, Find, bv calculation, how far north and east 
each straight piece goes, and (to three significant figures) how far 
north and east Z> is of ^. 

Check your results by a drawing to scale. 

14. Draw a triangle ABC, having AB » 14 cm., AC » 
11 cm., LBAC^W. Draw AD bisecting the angle B^C 
and meeting the base in D, Draw DE parallel to AC to meet AB 



CHAP. XI, EXERCISES 



197 



in Ey and DJF* parallel to AB to meet AC in F. Calculate to three 
significant figures the ratio — ^ ; and measure BE^ ED, CF, FDy 

and so find, to three significant fiinires, the ratio ^tttx* 

^* area DFC 

Prove that if the vertical angle of a triangle is bisected by a 
straight line which cuts the base of the triangle, then the base is 
divided into segments which are in the ratio of the sides containing 
the vertical angle. 

The values found for the two ratios in the first part of the ques- 
tion suggest a simple relation that might hold between them if the 
drawing; and measurinff could be carried out with absolute accuracv. 
State this relation, and prove that for perfect figures it would hold 
for all lengths of the sides AB and AC, 

15. Draw the graph on ruled paper of tan \ x from a? = 0** to 
X = 360'. 

16. Draw two straight lines OX and OF at right angles, OX to 
the right, OY up, and find a point P 4 inches from OX and 1 inch 
from OF. Now imagine P to remain fixed while YOX is revolved, 
counter-clockwise, about the point 0. Determine, both by draw- 
ing and calculation, (i) the (ustance of P from OX when OX has 
turned through 60** ; (ii) what further amount of revolution would 
make OX pass through P. 

17. SM is a road and F a point six miles from 3f the nearest 
point of the road. The distance 8M is also six miles. A man who 
can run a miles an hour on the road and h miles an hour oflf it, 
wants to get to F» How long will he take from 5 to JP* if he leaves 
the road at P, x miles from M% 

When a = 10 and & = 5, find by a graph, or otherwise, what 
must be the value of x (to 

the nearest tenth) so that D Q C 

the man may reach F in tiie ^ 
shortest possible time. 

18. The sheet of paper 
ABCB shown in Fig. 10 is 
creased along FQ so that C 
falls on AB (at 22). If the 
dimensions are as indicated, 
and if the angle 6 is 26", find 
the length of FQ, You may 
use the tables or make a 
construction to scale. 

19. A thin rod, 25 inches 
long, is pivoted at one end, 

and swings, like a pendulum, in a vertical plane, passing in front of 
a horizontal scale fixed 20 inches below the pivot. The scale is to 
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be graduated so that the angle of swing of the rod to right or left 
of the vertical position, may be read directly on it. Where must 
the marks corresponding to swings of 10°, 20* and 30^ on each side 
be placed, and what is the greatest swing we can read on the scale ? 

20. There are four stations On a line of railway. How many 
different kinds of single third-class tickets must be supplied for use 
on the Hne ? 

21. The area of the Trent basin is 4,082 square miles, and the 
annual rainfall 31 inches. The river discharges 220,000 cubic feet 
per minute. What percentage (to the nearest integer) of the rain 
that falls is discharged by the river ? 

22. A recent Blue Book gives the weekly expenses in summer of 
a number of households as follows : — ^The average weekly family 
expenditure in 

8. d, 
261 cases was ...... 21 4 

289 „ 27 

416 „ 31 11 

382 „ 36 6 

596 „ 52 

How many cases are included, what is their total expense for 
the week, and what is (to the nearest penny) the average for the 
whole ? 

23. How many shot, |-inch in diameter, will go to apound if a 
cubic foot of lead weighs between 708 and 712 lb. ? [Tne volume 
of a sphere is ^tt x (radius)^.] 

24. An air-pump with a cylinder of volume A is used to exhaust 
a vessel of volume B. After n strokes of the pump the pressure of 

the air in the vessel is ( = j x p where p is the atmospheric 

pressure. Taking p as 30 inches of mercury, ^ as 17 cubic inches, 
and B 130 cubic inches, find the pressure in inches of mercury 
after 15 strokes and after 50 strokes. 

25. Draw two lines QP and QR meeting at an angle. Find 
whether every point on the line that bisects l^PQR is equidistant 
from QP and QR ; and whether every point equidistant from QP 
and QR lies on the bisector of i^PQR. 
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ON SHORTENING CALCULATIONS 
THE SLIDE RULE 

1. Recall the meaning of the terms index and power 
(chap. IX, art. 15). Calculate the powers of 2 up to the 

index 16 and exhibit them in a table. The product of 

2 2's is 4, of 3 2's 8, of 4 2's 16, and so on. Call the 
index x and the power y, so that p = 2^, and the table is as 
follows : — 



X 


y 


X 


y 


1 


2 


9 


512 


2 


4 


10 


1,024 


8 


8 


11 


2,048 


4 


16 


12 


4,096 


5 


32 


13 


8,192 


6 


64 


14 


16,384 


7 


128 


15 


32,768 


8 


256 







This table enables us to perform some multiplications 
with little labour. Suppose, for instance, we want to 
multiply 128 x 16. The table shows that 128 is 2^ or 7 2's 
multiplied together, and that 16 is 2^ or 4 2*s multiplied 
together. Thus 128x16 is 7 + 4 or 11 2's all multiplied 
together, or 2". The table shows that 2" is 2,048, which is 
therefore equal to 128 x 16. 

In the same way find the products 256 x 128 and 512 x 
32. 

Can you us& the table to find the quotient 16,384 -r 512 ? 
^The table shows 16,384 to be the product of 14 2's,' and 
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512 to be the product of 9 2'& So we hare to divide the 
product of 14 2'b by 9 2's, which leaves the product of 
5 2's, and the table gives 32 as the product of 5 2's. So 
that 16,384 -^ 512 = 32. 

2. But we must deal with many numbers that do not 
appear in this table. For some the table may be made 
to serve. For instance, suppose we want to calculate 
328 -T- 1,283. We may take 327-68 -^ 1,280 as an approxi- 
mate value. Now 1,280 = 10 x 128 = 10 x 2"^, and 

327-68 = ^2^«« 2" 



2X5 



100 100 



2^ 

Ioo5' 



which is 



so that the quotient is t^ -t- (10 X 2'') or 
256 ^ ^.^ ^^ 

iOOO ""' ^'^^^' 

With regard to the number 2^^, you know already that 
the number 15 that shows how many 2's have to be 
multiplied together is called the index. You know also 
that the number 2^^ itself (or 32,768) is called ' the 15th 
power of 2 '. The relation 2" = 32,768 may also be 
expressed by saying that 15 is the logarithm of 32,768 ; 
the number 2 that forms each of the 15 factors being called 
the base of the logarithm. The relation is also written 
15 = log2 32,768, or, when it is not necessary to show the 
base of the logarithm, 15 = log 32,768. 

3. For many numbers our table is useless. A more 
useful one may be found by using another number instead 
of 2. Let us take a number not much greater than 1, say 
1*01. Calculate the powers of 1*01 up to the index 10, each 
to 3 decimal places. 

Index Power Index Power 



1 . 


,. 1-010 


2 .. 


. 1-020 


3 . 


,. 1080 


4 .. 


. 1-041 


5 .. 


.. 1-051 



6 




1-061 


7 




1072 


8 




1-088 


9 




1-094 


10 




1-105 



The sedes of powers increases so gradually that any 
number between 1*010 and 1*105 may, with tolerable 
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accuracy, be represented by the nearest number on the table. 
By extending the table to higher indices we can represent 
otiier numbers. How far must we extend the table ? — 
Up to the index that gives 10 as the power, for by shifting 
the decimal point any number may be made to lie between 
1 and 10. Thus 327 would be treated as 3*27 x 100, and 
0-327 as 3-27/10. 

4. Is the index 100 fai* enough to go? Find out by 
calculating the powers for indices of 20, 30, 40, 50, 100. 
How will you calculate 1*01^^? Need you calculate the 

power for every index up to 20? 1*01^^ is the product of 

20 factors, which we can divide into two sets of 10 factors. 
We know the product of 10 factors to be 1*105, so that 
the product of 20 factors is 1*105x1*105. For the rest 

l-Oiso ^ 1.0120 X 1-0110, 1-0140 ^ 1.0130 X l-Olio, 
1-0150 = 1-01*0 X 1-0110, 1-01100 = l-01«o X 1-01^0. 

If you calculate a succession of numbers, each to 3 
decimal places, and deducing each number from the some- 
what inaccurate preceding number, can you expect all the 
numbers to be correct to 3 decimal places ? Find, by first 
calculating the powers for indices 20, 30, 40, 50, 100 in the 
way proposed, and then calculating each independently by 
the binomial theorem *. Using the above relations to cal- 
culate the powers, and expressing each as accurately as 
3 decimal places allow, we get 

Index 10, 20, 30, 40, 50, 100, 

Power 1-105, 1-221, 1-349, 1*491, 1-648, 2-716. 

The binomial theorem gives 

1-0110 = 1 + 10 X 0-01 + ?^ X O-OP + i^^^^ X 0-013 + .. . 

2 2 X 3 

= 1+0-1+0-0045+0-00012+ .. . ' 
= 1-105 

as nearly as 3 decimal places can express ii 

* Return now to chapter X, article 16, and work through to the 
end of that chapter. 



202 ON SHORTENING CALCULATIONS 

Why do you take only four terms of the series ? What 
are the values of the 5th and 6th terms? The other 
powers of I'd being also calculated by the binomial 
theorem we have the table 

Index 10, 20, 80, 40, 50, 100, 

Power 1-105, 1-220, 1-348, 1-489, 1-645, 2-705, 

showing that the error of the former method mounts so 
rapidly that it giyes 1*01^^ correct to only one decimal 
place. 

You must then go beyond the index 100 to get a power 
greater than 10. Give some idea how much ^rther you 

must go. Successive calculation is slow and inaccurate. 

We use the binomial series and find 

1.01200 = 7.316^ 

1-01300 = 19-79, 

showing that we need not go so far as the index 300. 

5. A class of 30 boys might easily complete the table, 
each of them calculating less than 10 entries. One would 
calculate the entries for indices 11, 41, 71, ... , stopping 
at the first power that is beyond 10. The second would 
take indices, 12, 42, 72, ... , the third 13, 43, ... , and 
so on. How would the first boy calculate his entries, and 

how may he check them? He calculates each by the 

binomial series. As a check he calculates them without the 
use of the binomial series. Thus 1*01^^ being = 1*01 ^^ x I'Ol, 
he takes the value 1*105 of I'Ol^^ ^^^ multiplies by 1*01, 
finding I'Ol" = 1-116. Further, he knows l-Ol^o = 1-348, 
and that 

l-Ol^i X 1-01^0 = 1-01«, 1-01*1 X 1-0130 = 1-01", . . . ; 

BO he finds the remaining entries by multiplying 1*116 
repeatedly by 1*348. The results will be below the true 
values, but near enough to expose any serious error. 

A few of these entries follow for the sake of illustrative 
calculations. 
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Index 


Power 


Index 




Power 


41 ... 1-504 


201 




7-389 


42 


... 1*519 


202 




7-463 


48 


... 1-534 


203 




7-538 


44 . 


.. 1-549 


204 




7-613 


45 


... 1-565 


205 




7-689 


46 . 


... 1-580 


206 




7-766 


47 , 


.. 1-596 


207 




7-844 


48 . 


... 1-612 


208 




7-922 


49 . 


... 1-628 


209 


■ • t 


8-001 


50 , 


.. 1-645 


210 


• • • 


8-081 


means of the entrk 


is of the tabic 


) alread' 

• 


3 as far as you can 








(1) 7-76 X 1-58 


(6) 


107 


x798 


(2) 7-72 -r 1-52 


(6) 


793 


l-flO-7 


(8) l'616x 1-088 


(7) 


7-40 X 7-57 


(4) 1-6 


16 -r 1-088 


(8) 


1,525 -^ 780 



(1) 7-76 is approximately l-012o«, and 1-58 is 1-01*«, so 
that 7-76x1-58 is 1-01 multiplied by itself 252 times, or 
l.()1262^ The entry for index 252 is necessary for the evaJua- 
tion of this. 

(2) 7-72 -r 1-52 = 1-01205-^1-01*2 = 1-01"3, and we have 
not the corresponding entry. 

(3) 1-616 X 1-088 = 1-01*8 X 1-01* = 1-01«6, and we have 
not the corresponding entry. 

(4) 1-616 -r 1-088 = 1-01« -4- 1-01« « 1-01*0 = 1-489, as 
this time we happen to have the entry. 

(5) 107 X 793 = 10,000 x 1-07 x 7-93 = 10,000 x 1-01^ x 
1-01208 = 10,000 X 1-012W, to evaluate which we should look 
out the power for index 215 and multiply by 10,000. 

(6) 793 -T- 10-7 = 10 X 7-93 -f 1-07 = 10 x I-OI208 ^ 1-01^ = 
10 X 1-01201 = 73-89, as we happen to have the entry. 

(7) 7-40 X 7-57 = l-012oi x 1*01203 == 1-01*04 ; even our 
complete table would not give this, as it does not contain 
indices even so high as 300. 
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(8) 1,625 -r 780 = 10 X 1-525 -r- 7-80 = 10 x 1*01*^ -f 1-01«>« = 
10-r I'Ol^^*. If we had the entry for index 164 it would 
not help here. The division would still remain to be 
performed, and the sole object of our table is the avoidance 
of multiplication and division. 

7. Can you suggest any way out of the difiSculty found in 
using the table to calculate 7-40 x 7*57 and 1,525 - 780 ? 
Can you make use of the last entry for which the power is 

10 ? If the last index on the table is ft, sothat 1*01*^ = 10, 

we can write 1-01*<>* in the form l-01*xl'01*o*-* or 10 x 
1.01404-fc and the table will contain 404-*. 

You know that h lies between 200 and 300. To find 
more exactly where it lies calculate the entries for indices 
210,220, . . . ^Theyare:— 



Index 


Power 


210 


... 8'081 


220 


... 8-927 


280 


... 9-861 


240 


... 10-898 



Now calculate the entries for 281, 232, . . . They are : — 

231 ... 9959 

232 ... 10-059 

The number 10 lies between these two powers, so we need 
go no further. And of the two 9-959 is nearer to 10, so 
we take the approximate result, 

1-01231 = 10. 

Now calculate l-01*o*. — It is l-Ol^^i x l-Ol^^^, or 10 x 
1*01^*^3^ and the complete table would give this. Thus the 
table serves for such products as 7'40 X 7'57. 

Can you now calculate 1,525 -t- 780 ? — ^We found this to 
be 10 X 1-01*2 ^ 1.01206^ and we want the dividend to have a 
greater index than the divisor. We replace 10 by I'Ol^^^ 
and have the form I'Ol^''^ -t- l-Ol^o*, or 1-01«^ for which 
form the table is useful 

8. The relation between power and index may be shown 
on a graph. As data from which to draw the graph it is 
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suiBcient to calculate every twentieth entry of the tahle. 
(For the data see p, 874.) Draw the graph, using scales as 
large as possible, for the larger your scales the more accurate 
will your results be. Tou can save some space by showing 
the power-scale from 1 to 10 only, as none of the powers we 
use fall between and 1. 

Use the graph to make the calculations of Art. 6. 

(1) We found that 7-76 x 1-58 = l-Ol^o* x I'Ol" = 1-012«2. 
This index is greater than 231, so we cannot read the cor- 
responding power from the graph. We put it in the form 
1-01231 X 1-0121 or 10x1-012^ The graph gives the value 
of 1-01^^ as 1-28, so that the product sought is 12*8. 

(2) 7*72 -i- 1-52. Hark the point P that represents 7*72 
on tiie axis of powers or ordinates (Fig. 1), and draw FQ 
parallel to the axis of in- 
dices or abscissae. The 
length of PQ is the index 
of 7*72. In the same way 
get the index B8 of 1*52. 
Then we know that 7*72 -t- 
1*52= 1*01'<' -r 1•0P^ 
that is, 1-01205 ^ 1.0142 . 

and the quotient of 205 
factors divided by 42 fac- 
tors is 168 factors, or 
1*011^. The graph gives 
the point Z7 or 5*06 as 
the value of I'Oli®^. 

We can avoid the actual reading of the index scale. 
Having drawn PQ and RS, we cut from PQ a part QT equal 
to RS, and draw TF parallel to the power axis. Then draw 
VU parallel to the index axis, and we get U or 5*06 as the 
quotient. 

(8) l'616x 1*088. In this case we find two indices 
PQ and RS, which must be added. So we lay in the curve 
an abscissa of the combined length of the two lines. The 
foot of this abscissa gives the power 1*76 as the product 
of 1*616 and 1*088. 

(4) 1*616 -r 1*088. This is like No. 2, and the result 
1*49. 




281 



Fia. 1. 
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(5) 107 X 798. By the graph 1-07 x 7-98 is 8-49, and the 
product required 84y900. 

(6) 7-93 -r 1-07 is 7-40 by the graph, so that 798 4- 10-7 
is 74-0. 

(7) 7-40 X 7-67. We mark the points 4 and (Pig. 2) 

10 




Fig. 2. 

that represent these two numbers and draw the abscissae 
AB and CD, which are the two indices to be added. Their 
sum CE is too great to show in the graph. So instead of 
considering the number 1*01^' we divide the index into two 
parts CF and FE, FE being the part that extends beyond 
the rectangle containing i£e graph, and CF the greatest 
index of the graph, namely 231 ; we consider I'Ol^'' x 
l-Ol*"* We know l-Ol^*" = 10, and the graph gives 
l-Ol'* = l-Ol'"' = 6-60, so that 7-40 x 7-67 = 66-0. 

(8) 1,525 4- 780. In this case the indices of 1*525 and 
7-80 are GH and KL (Fig. 2), of which the greater is to be 
subtracted. So we lengthen GH by a length HM equal to 
the greatest absciss , namely 231. We then cut off a length 
JMT^ equal to KLy 'caving GNf to which index the power 
1*95 corresponds. Now (?JV= GH-\-EM—KL, so that 
1-95 = 1 01^" X 1-01 ''-rl-Ol" = 1-525 X 10 -r 7-80= 1,525 -h 
780. 

9. It was seen that we need not read off the indices 
corresponding to numbers that we are multiplying or 
dividing. We can leave the index axis ungraduated with- 
out loss of usefulness, as in Fig. 2. 

We can even, by putting other numbers along the index 
axis, do without the curve itself. Suppose, for definiteness. 



CHAP. XII, ARTS. 9, 10 207 

that our unit for the index scale is 1 millimetre, so that the 
greatest abscissa is 281 mm. long. Read off from the graph 

the indices corresponding to powers 1, 2, 3, . • • 10. 

They are : — 

Power 1, 2, 3, 4, 6, 6, 7, 8, 9, 10. 
Index 0, 70, 110, 139, 162, 180, 196, 209, 221, 281. 

Make dots at distances 69, 110, .. . mm. along the index 
axis; but instead of marking them with these distances, 
mark them with the numbers 1, 2, 3, . . • 10 (Fig. 3, sketch). 

A . 9 . ? 

I, I 1 i — L. 



1 2 3 4 6 6 7 8 9 10 

FlO. 3. 

Further, make dots on the index axis corresponding to 
the powers I'l, 1-2, 1-3, ... 1-9; 2*1, 2'2, . . . ; but there 
will be no room to write these powers beside the dots. 

10. Can you use this scale (shown reduced in Fig. 3) in 

place of the graph to calculate 3*4 x 2*6 ? Denote by B the 

dot corresponding to the power 3*4, then the length AB (in 
millimetres) is the index corresponding to 3'4 ; or 3*4 = I'Ol"**. 
Denote by C the dot corresponding to the power 2'6, so 
that the length AC is the index of 2-6, and 2-6 = I'Ol^^. 
Now mark off BD of the same length bb AC, and we have 
3-4 X 2-6 = 1-01^'x 1-01^^ or = 1-01^' x 1-01*^ or = 1-01^^ 
And we know that the point D is marked on the scale, not 
by its distance from A, but by the corresponding power. 
D is close to the dot that corresponds to the power 8*8, so 
that 1-01^ = 8-8 and 3-4 x 2-6 = 8-8. 

How would you calculate 3'43x2-68? The graph is 

practically straight from 3*4 to 3*5, so that the divisions 
of Fig. 3 for 3*41, 3*42, . . . 3*49 would be practically 
equally spaced if there was room to put them in. 
We judge the position of B for 3*43 by eye, and so for C. 
Then if D lies between two dots we estimate by eye how it 
divides the interval, and so get the second decimal place in 
the product. 

Ex. 1. Show that if the graph was actually straight between the 
points 3*4 and 3*5 the divisions of Fig. 3 for 3*41, 3*42, . . . Would 
be actually equally spaced. 
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11. How will you mark off BD equal to Ad — It could 
be done by opening dividers to the length AC^ and so trans- 
ferring it. Would it help to have a second copy of 
the scale ? — ^We could then place the point A of the second 
scale against B (Fig. 4), and C on the second scale would 
then lie against the point D that we want. 
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Make two such scales on strips of paper, and use them to 
calculate 3-43 x 2*68. Use them also to calculate 3*43 -r- 
2-68. 

12. Use your two scales to .calculate 9*19x2*68. B 

being the point marked 9*19 on the first scale, C the point 
2*68 on the second, we put the beginning of the second 
scale against B (Fig. 5). We know that 1-01^^ = 9*18 x 
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2*68 ; but C is beyond the end K of the first scale, that is, 
AC is greater than 231. 1*01^^ = 1-01^^ >< Id^^ « lOx 
1-01^^, so we slide the first scale along till A lies where K 
was, to the position A^K\ The point on the first scale 
now opposite C is marked 2*46, so that 1*01^*^ = 2*46, and 
9*19 X 2*68 - 24-6. 

The sliding of the first scale to its new position is likely 
to lead to inaccuracy. Can you suggest an improvement ? 
— ^We could make the first scale on a strip of twice the 
length, and repeat the graduations on the added length. 
The added length would then be ready to hand in the 
position A'K' whenever it was needed. 
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Your two strips of paper are now (Fig. 6) a simple form 
of the instrument called a slide-rule. Use your slide-rule 
to find all the products and quotients of Art 6. 



n ""1 i 4 6 6 7 8 91 



I I I I I I III 'I I I ■ I 1 I I T 

a 8 4067B91 2 8 4567891 



FlO. 6. 

18. Such relations as 1-01" x I'Ol^o = 1-01" have fre- 
quently turned up. Show once more the truth of this 
relation and generalize it. Since 1*01^^ means 1*01 multi- 
plied by itself 11 times, the relation written merely says 
that the product of 11 factors multiplied by the product 
of 30 factors is the same as if we had taken all 41 factors at 
once and multiplied them together. What the particular 
numbers of fsustors in the two sets are matters nothing, so 
that we know 

l-01"xl-0P= 1-0111+ ^ 
and 

l-01^xl-01«= 1-01«+^ 

Nor does it matter whether the number that forms every 
factor is 1*01 or not. Any number k will do, so that we 
know that 

What kind of numbers may a,h, k he ? — a and b are 
numbers of factors, and must be whole numbers, k may be 
fractional. 

14. We had also such relations as 

1 -Olio X 1-0110= 1-0120, 
1-0110 X 1-0110 X 1-0110 = 1-0180. 

Justify these relations, and give a shorter way of writing 

them. The first relation says that the product of 10 

factors multiplied by the product of 10 factors is the same 
as the product of the 20 factors taken all together. The 
second relation says we get the same result by multiplying 
together 30 factors as by first separating them into batches 
of 10, finding the product of each batch, and then multiply^ 
ing the three products together. Just as 1*01 x 1*01 is more 

HAIR p 
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shortly written 1*01^, the 2 showing how many factors 1*01 
there are; so l-Ol^^xl-Ol^o may be written (l-Ol^")*, the 2 
showing how often the factor 1*01^® occars. In ihe same 
way (1*01^®)^ means the product of 3 factors, each factor being 
1*01^®. So that we may write the rehitions in the form 

(1-01^)2 = 1.0120^ 
(VOVy = l-Ol^o. 

15. Can you generalize these relations? — ^We might haye 
any number of factors instead of 2 or 3. If we have a 
factors^ each being 1*01^^, each of these a factors contains 
the factor 1*01 10 times, so that the factor 1*01 occurs 
altogether a x 10 times ; so that 

(1-01 'T = i-oi«^»«. 

It matters nothing that there are 10 factors in each batch. 
The reasoning applies equally to any number b, so that 
we know 

(1-01 Y = 1•0P^^ 

And nothing depended on the particular number 1*01 that 
forms each factor. Any number k, integral or fractional, 
does equally well, so that we know 

What sort of numbers must a and h be? — They are 
whole numbers, as they show the number of factors. We 
know what I'Ol"^ means and what 1*01^ means, but we have 
no meaning for 1*01^^. 

16. Can you generalize l-OPO-^l-Oli"^ = l-Ol^*? — ^As 
before, we show that 

l'0P-rl-01" = 1-OP-i^ 

where of course a must be greater than 17. We show 
further that 

l-01«-fl*01^= l•OP"-^ 

and *;«^A;^ = *«-^ 

a being greater than h. 

How would you express 1*01" -f 1*01^® simply? — ^It is 
17 factors multiplied together, and then divided by 30 
factors. The result is unaltered if we omit the multiplica- 
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tion by the 17 factors, and at the same time omit the 
division by 17 of the 80 factors. There remains simply 
division by 13 factors, which we express by 1 -r I'Ol^^. 

What becomes of the relation l-01«-r 1-01^^ = 1-01«-"" 
when a = 18, and when a = 17? — ^When a = 18 we have 
18 factors divided by 17 factors, so that one is left, and the 
quotient is 1*01. When a = 17 we have 17 factors divided 
by 17 factors, so that the quotient is 1. If you take 

the relation l-01«-fl*01*'^ = l-OP""", and forget for a 
moment that it has any meaning, and put 18 for a, what 

does it become? It becomes I'Ol^^ -r I'Ol" = 1*01^ 

Hitherto, we have not met the index 1. Can you give 

it a meaning? ^The index shows how many factors there 

are. The index 1 says there is only 1 factor, so that 1*01^ 
means simply 1*01. 

17. Take again the relation l•01«-^l•01" = l-Ol*""^^ and 
ignoring its meaning write 17 for a. The relation be- 
comes 1-01^7 -4- 1-01" = 1-01^. What do you make 
of this, with a zero for an index? — ^An index zero would 
seem to say that there are no factors. We know that 
1-01" -7- 1-01" is 1. Clearly, then, if I'Ol^ is to 
have any meaning it must mean 1. Is it possible that 
1*01^ might turn up somewhere where its meaning had to 

be something else ? In expressions such as I'Ol'^-s-l'Ol^ 

1*01® can only turn up when a and h are equal, and then 
I'Ol'^-rl'Ol^ = 1, so that in all such cases 1 is the appro- 
priate meaning of 1*01®. 

What meaning would you give to Ifi ? This symbol will 

turn up fipom k'^'^-Trk^'^ or Isf^-rlc^, or such expressions, so its 
appropriate meaning is 1. 

18. Once more write a = 80 in the relation 1*01" -r 
1-01« = 1-0117-" ^It becomes I'Ol^^ ^ i.oi3o « i-oi-ia. 

Here is another new kind of index, a negative index. Can 
you give it a meaning? — ^We know that multiplying 
together 17 factors and then dividing by 80 factors amounts 
simply to dividing 1 by 18 factors. So, while 1*01^^ means 
that 18 factors are to be multiplied together, 1*01"^^ must 
mean that 1 is to be divided by 18 factors. Is it 

possible that 1*01"^^ might turn up where it would have to 
have some other meaning? It can only turn up when 

p2 
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Fig. 7. 



there are 13 more factors in the divisor than in the dividend, 
so that the meaning already given is appropriate. 
What meaning would you give to A;""? 

19. We have sometimes wanted to find the square root 
of a number, that is, to find another number which, multi- 
plied by itself, gives the 
original number. Hither- 
to, our only means has 
been the graph of ^xo; 
(which may also be writ- 
ten XX or x^\ Can you 
use the graph y = 1*01^ to 
find the square root of a 
number? Find, for in- 
stance, the square root of 
7-48. — ^At the point A 
that marks the power 
7*48 we draw the abscissa 

AB to the curve (Fig. 7). We bisect AB in G, and lay in 
the curve the abscissa DE^ whose length is AC. The power 
2*73 represented by Z) is the square root. For 2*73 = 1*01^*, 
so that 2-73x2-73 = I'Ol^'xl'Ol^* = 1-01^* = 7-48. 
Could you use a complete table of powers of 1*01 to find 

a square root? The table shows that 7*48 lies between 

1-01202 and l-Ol^oa. Now l-Ol^^^ x l-Ol^o^ = l-Ol^oa, so that 
I'Ol^o^ is the square root of l-Ol^o^ or 7*48, and we can 
look its value out in the table. We might have taken 
1*01^^ as the value of 7*48, but we could not separate the 
203 &ctors into two equal batches. To find a square root 
we must use only even indices. 

20. We had such relations as l-0Pxl-01<*« 101«^^ 
which are true so long as a is a whole number. Let us for 
a moment forget the meaning of this relation and put ^ 
instead of a. What does the relation become? It be- 
comes 1*01* X l-Oli = 1*01. If I'Oli is to have any meaning 
it must mean the number which, multiplied by itself 
makes 1*01, that is, the square root of 1*01. 

Calculate the squares of 1*001, 1*002, 1*003, . . . Do these 

give you the square root of 1*01 ? 1*005 X 1*005 = 1*010025, 

so that 1*005 is pretty accurately the square root of I'Ol. 
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In the relations l-01«xl-01* = 1'0P+^ 1-01«^1-01^ = 
l.()ia-5^ (1-01«)^ = l*01«x6 giye a and 6 various values such 

that ^ appears as an index, and see if the relations hold on 
the supposition that l*01i means the square root of 1*01, 

namely, 1*005. If a «= 1, h =^ h the relations become 

1-01 X 1-01* = 1-01^, 1-01 ■^ l-Ol* = 1-01*, I'Ol* = 1-01*. 
Whether the first of these is true we cannot say, because 
we have no meaning for 1*011^ ; and the second is another 
way of saying that 1*01^ multiplied by itself is equal to 
1*01. If a » I, & = 1 the first relation is, as before, 1*01^ x 
1-01 = 1-01^*. The second becomes I'Ol* -r 1*01 = 1-01 -*, 
and this cannot be called either true or untrue until 1*01"^ 
is given a meaning. The third relation becomes I'OU = 
I'Oli So £Eur we have found no case in which the meaning 
proposed for 1*01^ is unsuitable. 

2L It is in some ways better to write ^ in decimal form 
0-6. In the relation (1*01^ = 1*01*^^ give a the value i 

and h various integral values. Giving h the value 2, we 

have (1*01®*^)^ » 1*01, which is another way of saying that 
l-01o-« multiplied by itself makes I'Ol. Putting 5 = 3 we 
have (1-01<>**)3 = l*01i-«, but we have no value for I'Ol^'*. 
Putting 5 = 4 we have (l-01«-«)* = l-Ol-^. To see if this is 
true we calculate each term. Taking 1*005, the square 
root of 1*01, as the value of l*01o** we have (l*01o*Y = 
1*005* = 1*02 ; and we know that I'Ol* = 1*02 ; so the 
relation is true. Or we may reason otherwise; whatever 
number A; is we know that ifc* = A? x A:* ; and (I'Ol®**)* = 
(l*01»-«)2 X (l*010-«)2, and this is equal to 1*01x1*01; that 
is, the relation is true. 

These tests justify us (as far as mere experiment can) in 
taking l*01i^ or 1*01®*^ to mean the square root of 1*01, and 
further, in assuming that the relations 1*01^ X 1*01^ » 
l*01«+^and (1*01 Y = I'Ol'*^ hold even when 0*6 appears 
among the indices. 

Generalize this. ^We agree that Jfi'^ is to mean the 

square root of k, and trial shows, as in the case of 1*01, that 
the laws ** x ^'^ = ifc" *" ^ and (J;^)^ = *«^ hold even when 0*5 
appears among the indices. 
. Another way of writing the square root of 10 or of A; is 

-/io, Vk. 
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EXEBGISES. 

2. A^ By 0, D are four stations on a railway ; the distance AB 
is 10 miles ; BC^ 10 ; GD^ 8. The following is an extract from a 
time-table : — 



A dep. 

AT 

\ dep. 

I dep. 
D arr. 

Plot in one diagram on squared paper graphs to show the positions 
of both trains at any time between those given, assuming that 
they run uniformly between the stations. When, and where, 
do they pass one another ? 

3. The water supply of a village of 5,700 inhabitants is brought 
by a pipe 150 square inches in section, and the water flows along 
the pipe steadily at 2 miles an hour. Qive, to the nearest ten 
thousand gallons, the total daily water supply, and also, to the 
nearest ten gallons, the daily supply per head. A gallon is 277 
cubic inches. 

4. A number of girls are to be distinguished by wearing different 
rosettes. Ribbons of three colours are available to make the 
rosettes, each rosette may be of one colour, of two, or of three, 
and no two rosettes are to be the same. For how many will these 
three colours serve ? 

If another colour was added, making four, how many more girls 
could be included ? 

5. Calculate the value of ~- (l - ,, ^ .\ where P = £454, 

r \ (l4r)'*/ 

r = 0'02, n = 24, the value of P being given to the nearest 
hundredth, those of r and n exactly. 

6. Calculate, to two decimal places, the value when x ^ loi 

*"3]'^6!"7!**'9!"iiT''"l3] 
where 3! means 1x2x3, 5 ! means 1x2x3x4x5, (fee. 

7. A cask is 4 feet 6 inches deep, its greatest diameter is 2 feet 
3 inches, and the diameter of each end is 2 feet. Calculate the 
number of gallons which it will hold. The volume of a cask of 
depth h feet of which the greatest and least diameters are D and d 
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— 5 — ) cubic feet, and a cubic 

foot is 6*23 gallons. 

Also calculate the error caused by taking this formula instead of 
the following more accurate formula : — V olume of cask of depth 
h feet of wnich the greatest and least diameters are D and d 
feet is 

0-05236 X fcx (8x1)2 4. 4xDxd + 3xd2) cubic feet. 

8. An upright pole 10 feet high casts a shadow 12*6 feet long at 
midday on a certain day. Another upright pole of the same 
height, 100 miles further north, casts a shi^ow 13*2 feet long at 
the same time. Deduce the earth's perimeter, supposing the 
earth a sphere. 



CHAPTER XIII 



DANGEE ANGLE. PEOPERTIES OP CIRCLES 

L A ship's chart (Fig. 1) shows on a certain coast two 
points, a church C and a lighthouse X, with the notice that 
the danger angle is 110^ This means that if a ship S 
gets so near C and L that the angle CSL is greater than 
110°, she is in danger of rocks or ^oals. Draw the chart 




on double the scale shown in Fig. 1, draw on tracing-paper 
an angle of 110°, move the tracing-paper about so that the 
two legs of the angle always pass through C and X, and so 
draw the curve that separates safe water from unsafe. 

Repeat, taking 90° 70°, 50° in succession as the danger 

angle. What are the curves ? They appear to be arcs of 

circles (that is, parts of circles) that pass through C and X. 

Supposing one of these curves a circle, how can you find 
its centre ? ^We know that the centre lies on the perpen- 
dicular bisector of a chord of a circle. By drawing two 
chords we find the centre as the intersection of the two 
bisectors. Find the centres of all these curves. 

How many positions of iS on a danger circle do you 
need to lay down before you can find the centre of the 

circle? One, for by joining it to C and X we get two 

chords. Find the centres of the curves in this way. 

How many points on a circle fix it? That is, how many 
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paints on the cii-ole do you need to know before you can 
draw the circle ? 

2. Take any three points (7, S, L (Pig, 2), find the centre 
of the circle that passes through them, and draw the 
circle. Prove that the 
point where the X 
bisectors of iSCand 8L 
meet is equidistant 
from Cj 8, and L, 
What do you know of 
the perpendicular bi- 
sector of CL? It 

also passes through 
since it is the locus 
of points equidistant 
from C and L, and 
is equidistant from C 
and L. Gene- 
ralize the result. 

The perpendicular 

bisectors of the 

three sides of any 

triangle are concurrent or meet in a point, and 

the point where they meet is the centre of the 

circle that passes through the corners of the 

triangle. 

Draw a number of triangles C8L and find how the centre 

lies with regard to each. Can you classify the cases ? 

When the angles of the triangle are all acute lies inside 
the triangle ; when an angle is obtuse lies outside and 
opposite to the obtuse angle. In each of your figures 

draw the radii to L, 8^ C, suppose A the number of degrees 
in the angle C80 and B the number in LL80, and express 
all the angles of the figure in terms of A and B. How are 
the angles CSL and COL related? — ^When LC8L is acute 
LCOL = 2^ + 2J? = 2 LC8L ; when LCSL is obtuse, LCOL 
« 860 - 2A'-2B = dec - 2LC8L ; all the angles being 
expressed in degrees. Use these results to find the 

centre and the radius of a circle of which three points 
C, 8, L, are given. — When LC8L is acute we make the two 
angles CLO and LCO each equal to 90 - LC8Ly making 



Fig. 2. 
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lie on the same side bs Sot CL, When LC8L is obtuse, we 
make the angles CLO and LCO equal to LCSL - 90, mak- 
ing lie on the other side of CL from S. In each case is 
the centre and 00 or OL the radius. Where is 

when LCSX is right? 

3. Suppose the positions of and L kept fixed while 8 
is varied. Can 8 move at all without changing the centre 

(and in consequence the circle)? The position of is 

settled by the size of the angle 08L, as the construction 
just given shows ; so that 8 may move without changing 
so long as it does not change the size of the angle 08L. 
That is, if we return to our original idea of a ship's chart, 
and suppose 08L the danger angle, the position of is 
unchanged so long as the church and lighthouse subtend 
the danger angle at the ship. That is, all positions where 
and L subtend the danger angle lie on the same circle. 

Are there any points inland at which and L subtend 
the danger angle ? Do C and L subtend the danger angle 

at all points on the circle we have found ? ^If the figure is 

folded about CL, every point 8 
on the danger circle falls on 
another point 1^ where the 
same angle is subtended (Fig. 
8) ; in other words, the image 
in CL of every point 8 that we 
have found gives another point 
8' where CL subtends the dan- 
ger angle. Again, the angle 
subtended at any point on ttie 
arc CTL is clearly not the 
danger angle. The complete 
locus of points where the dan- 
ger angle is subtended is the 
two arcs CSL and OS'i/. 

In Fig. 3, draw the radii to 

0, S, X, T, join TO and Ti, 

and by expressing as many 

angles of the figure as possible 

in terms of Ls CTO and LTO, find the relation between 

LCTL and LCOL and between LCTL and LGSL. — 

LOTL + LCSL ^ISO"". 




Fio. .3. 
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4. Draw any circle with centre (Fig. 4). Suppose a 
line K to move uj) across the circle from X to T. Let K 
in any position meet the circle in P and Q, and let E be any 
point above K on the circle. By measuring a number of 
positions find how the angle PRQ varies as the line K 



K 




M 



Fig. 4. 

moves across the circle. The angle increases from 0° to 

180°. And how does LPOQ vary? It increases from 

0° to 180°, and then diminishes again to 0°. What 

is the relation between Ls PBQ and POQ in any 

position ? Until the line K passes the centre 0, LPOQ 

is twice LPBQ ; after that 360° - LPOQ is twice LPBQ. 
Hitherto we have been concerned with angles less than 
180°, and in this article we have assumed LPOQ to mean 
the angle less than 180° that is contained by OP and OQ. 
Until the line K reaches the centre 0, the * angle POQ ' 
means the number of degrees a line must turn through to 
get from OP to OQ, turning counterclockwise, that is, 
opposite to the direction in which the hands of a clock 
turn. Let us continue this meaning for the angle POQ 
after the centre is passed, and admit angles of more than 
180°. With this meaning how does the angle POQ vary as 
the line K moves across the circle from X to Y? — LPOQ 
increases from 0° at first contact of the line with the circle 
to 360° at last contact. 

6. In Fig. 4 join BO and produce it to any point T. 
Draw the figure in all possible forms, LPOQ less than 180°, 
or greater than 180°, the LP^Q enclosing or not 
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enclofiiiig 0, or haying on one leg. What is in each case 
the relation between L2Y)P and LTRP, between LTOQ and 
LTBQ? — The angle-sum property of a triangle shows 
OPB+OBP+EOP equal to 180°, and so equal to BOP+ 
POT. So that POT is equal to OBP+OPB, or to twice 
either of them, since they are equal. In the same way 
LT00^2LTBQ. And how is LPOQ related to 

LPBQ? ^In every case by addition or subtraction of 

TOP and TOQ, and of TBP and TBQ, we find LPOQ = 
L2 PBQ; LPOQ meaning the angle through which a line 
turns counterclockwise to get from OP to OQ, 

6. Any piece of the circumference of a circle is called an 
arc. 13ie area enclosed between an arc and the chord 
joining its ends is called a segment. Thus in Fig. 6, 

ADB is an arc, and the space 
bounded by the arc ADB and 
the chord AB is a segment. 
Further, the angle AEB is said 
to be an angle in the s^ment 
ADBy or an angle at the cir- 
cumference standing on the 
arc ACB. The two angles 
between OA and OBy one less 
than 180° and one greater 
than 180% may be distin- 
guished as the angle at 
YiG, 5. standing on the arc ACB and 

the angle at standing on the 
arc ADB. By means of these terms state the conclusion 

arrived at. The angle at the centre of a circle 

is double the angle at the circumference that 
stands on the same arc, and the angle at the cir- 
cumference on a given arc is the same for all 
points along the circumference. Or, in other words, 
all the angles in the same segment of a circle are 
equal, each being half of the angle at the centre 
that stands on the same arc. Thus in Fig. 5 the 
acute angle AEB and the angle AOB less than 180° stand 
on the same arc ACB, while the obtuse angle AFB and 
the angle AOB greater than 180° stand on the same arc 
ABB. 
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£x. 1. Justify the following method of drawing a X at a point A 
of a line X : — With any centre B and radius BA draw a circle 
cutting the line X again in C Draw the diameter CBD that 
passes through C. Then AD is X to the line X. 

7. In Fig. 4, measure the angles FOQ, OPL, OQM. 
When the angle POQ contains a degrees, what are the 

values of the other two angles? Ls OPL and OQM are 

each 90 + a/2. Suppose the line K to move downwards 

from the position shown to X, How does the number 

of its intersections with the circle vary? The number 

is two for a while, then one and then none. Give 

the angles OPL and OQM when LPOQ is 1 degree, and 

when 0*01 degree. Each of the angles is 90'6 degrees 

in the first case, and 90*005 in the second. As the line K 
moves downwards, the radii OP and OQ become more and 
more nearly perpendicular to iT as the angle POQ becomes 
smaller and smaller. We can suppose POQ as small as we 
please, and so the radii OP and OQ as nearly J. to JT as we 
please. 

8. Two lines RO and RE meet in R (Fig. 6). How 
will you find whether a circle with centre and radius 
OR will cut RE in any other 
point than R ? — By drawing 
the circle. Is there 
any case in which much 
depends on the accuracy of 
your drawing ? Can you by 
general reasoning discrimi- 
nate the cases in which the 

circle cuts RE again ? Draw 

(or suppose drawn) ON X to Fio. 6. 

RE. Hark off iVSfequaltoJVS. 

The triangles ONR and 0N8 are congruent, and 08 = OR ; 
so that the circle must cut RE again at S, Does 

the circle then in all circumstances cut RE again? 

Always, except when R is itself the foot of the J. from 
on RE, Can you prove that when R is the foot of 

the X the circle does not cut RE again ? — ^We know that 
any other point E is further from than the foot of the 
X (chap. XI, art. 3), so that any such point E is further 
from the centre than any point on the circle. 
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Such a line that is X to a radius of a circle and meets 
the circle in one point only, or ' touches ' the circle, is (in- 
conveniently enough) given a name that you have met 
already in a different sense. It is called a tangent to the 
circle. 

9. It was found that in Fig. 3 Ls C8L and CTL made up 
together 180^. State the result as generally as you can, and 

prove it. ^The sum of a pair of opposite angles of a 

quadrilateral inscribed in a circle is 180^ For each 
angle is half that at the centre on the same arc, and the two 
angles at the centre make up 360^ 

State and prove a converse proposition. If a quadri- 
lateral has the sum of two opposite angles equal to 180°, 
a circle can be drawn about it, that is, passing through its 
four comers. Suppose that in Fig, 7 La S and Q of PQRS 
are together = 180°. Find the centre of the circle 
through P Q R HB the intersection of the X bisectors of 
PQ and QR, and draw the circle. The locus of points 
where PB subtends an angle 180 — Q is the arc PTB of this 
circle and the image in PB of the arc. So 8 lies on one 
of these arcs. If 8 lay on the image PUB, say at U, we 
should have a quadrilateral with the angle PQB greater 
than 180°. Let us exclude such angles, and 8 will 
lie on the arc PTB, and the proposition will be true. 

Ex. 2. Draw any quadrilateral in a circle, measure its angles, 
and so find the sum of each pair of opposite angles. 

Ex. 3. Draw a quadrilateral having a pair of opposite angles 
together equal to 180^ Measure the other two angles and so find 
their sum. Draw a circle through three of the comers of the qua- 
drilateral and see if it goes through the fourth comer. 

10. If the sides of the quadrilateral are produced, thus 
making exterior angles of the figure, how may these two 
converse propositions be stated? — ^A quadrilateral in a 
circle has the angle between a pair of sides equal to the 
exterior angle between the other pair of sides; and if a 
quadrilatertJ has the angle between one pair of sides equal to 
the exterior angle between the other pair, a circle can be 
drawn about it. 

In a circle draw a quadrilateral PQB8 (Fig. 7), and pro- 
duce one side B8 both ways. Join 0, the centre of the 
circle, to P Q B 8. Suppose L08P to contain a degrees, 
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LOBQ b degrees, and LSOB c degrees. Are all the other 

angles determined when a h c Are known? Yes, for 

these angles are enough to enable us to draw the whole 
figure except as to size. Draw a number of figures 

of different forms and in each figure express all the other 




Fig. 7. 

angles in terms o£ a h c. In particular, what values have 
SPQ, BQP, PSV, QBW? — In the figure drawn (Fig. 7) 

08B = 90-|, so that PSV = 90+|+a. 

QBW= 180- OBQ-OBS = 90 + g-&. 

FOQ = POS-QOB-BOS = (180-2a)-(180-2[;)-c 
= 2b-2a-c ; whence OPQ. 

SPQ = OPQ-OPS = 90 + |-6. 
BQP = BQO-^OQP = 90+1 + a. 
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Thus the particular results wanted are 



and 



PSf7=P$12 = 90+g + a- 



Ex. 4. Check these expressions by measuring a, b, c on one of 
your figures, substituting their vcJues in the expressions, and 
comparing the results with their values measured on the figure. 

11. Suppose now in each of your figures the angle c to 
become so small that we may neglect it. Draw the figures 
again for this case. What do the expressions for the angles 
become, and what is the form of the figure? The ex- 
pressions become QRW == SPQ =90-6, and P8V = 
PQR = 90 + a for the figure drawn. S and B come so close 
together that OS and OR are indistinguishable from Xs to 
VW, and VW is indistinguishable from a tangent to the 
circle. 

12. Consider the case in which VW is actually a tan- 

gent. Draw any tri- 
angle PQR in a circle 
(Fig. 8), and at R draw 
VRWXOR and there- 
fore a tangent to the 
circle. Join to P, Q, 
R. Call LORP a and 
L ORQ h. Draw figures 
of all possible forms, 
and for each figure ex- 
press all the other 
angles of the figure in 
terms of a and b. In 
particular, what are the 
angles RPQ, RQP, PR F, 
QRW? — From among 
the expressions for the 
angles we pick out 
PRV=^ PQR = 90-1- a, and QJBT7 = QPR = 90- &, for the par- 
ticular figure drawn (Fig. 8). This agrees with the result found 
from the quadrilateral by making c very small. State 
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the result formally. ^We know that the angle QPE is 

equal to any other angle in the segment QGB, and that 
LPQB is equal to any other angle in the segment PHR, 
So the result may be stated: Each angle between a 
chord of a circle and the tangent at one end of 
the chord is equal to the angle in the alternate 
segment of the circle. 

I Ex. 5. Verify the result first stated by mea ring Ls BPQ, 

I BQP, VBP, WBQ on each of your figures. 

Ex. 6. Measure the angle QBV and the angle in the segment 
QHB, How would you prove them equal ? 

Measure the angle PBW and the angle in the segment PGB. 
How would you prove them equal ? 

13. Draw a large circle, radius about 10 cm. Lay in it 
a chord CL, and let a point S travel along one of the arcs 
into which the circle is divided. Join SL and produce it 
to Q. Also join L to the centre of the circle. Find by 
drawing how the angles CLQ and OLQ vary as S travels 
along the arc and comes near L. Measure also the angle 
in the segment CSL. 

Again, draw a line CL. On tracing-paper draw two 
lines, ASB and PSQ^ crossing at 8. Lay the tracing- 
paper on CL so that SA passes through C and 8P through 
X. Measure the angle LCA. Move the tracing-paper 
about (keeping SA through C and SP through X), so that 
S comes nearer and nearer to €> and see how the angle 
LCA varies. 

Does the preceding discussion help towards finding the 

values of the various angles as S approaches C or L ? In 

the first case of the present article LOXQ becomes more 
and more nearly right, and SLQ becomes more and more 
nearly a tangent. We know that each angle between CL 
and the tangent at X is equal to the angle in the alternate 
segment; so that LCXQ becomes more and more nearly 
equal to the angle in the segment CSL, In the second case 
we know that S describes an arc of a circle passing through 
C and X, so that it is essentially the same case as the 
fiirst. 

14. Draw any line CX, and any angle A, Show how, 
without the use of a protractor, to make on CL a segment 
of a circle that will contain an angle A,- — Make at X an 
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angle CLF equal to A (Pig. 9). Draw the X bisector of 
CLy and the X at X to LP. The intersection of these Xs is 
the centre of the circle. 





Fig. 9. 

Ex. 7. Show how to draw a circle to touch a given line at a given 
point and to pass through another given point. Is there any case 
m which it cannot be done ? 



Rectangle properties of circles. 

16. Draw a large circle, centre C> and take a point 
lying either inside or outside. Let a point P travel along 
the circumference and see how the length OF varies. Begin 
with P where you please ; then let it travel round the circle 
and back to the initial point, so that the radius CF turns 
through 360°. Give a graph showing the length OF as a 
function of the angle through which CP has turned. 
When is OF greatest and when least? 

Ex. 8. How does the angle COP vary ? What difference accord- 
ing as is inside or outside the circle ? 

16. The line OP^ considered as unlimited in length, 
usually cuts the circle in a second point Q. For each 
position of P measure OQ, and calculate OPx OQ. Give a 
graph showing OPx OQ as a function of the angle CF has 
turned through. What is your experimental result? — 
The product OPx OQ is constant. 
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Ex. 9. For each of a number of posifcions of CP, draw on squared 
paper a rectangle with cddes equal to OP and OQ^ and find the area 
by counting squares. 

17. Draw the diameter AB that passes through 0. What 
relation have you between lengths made on PQ and 
on this diameter by and the circle? — OPxOQ^^ 
OA X OB. State this relation as a proportion, that 
is, as an equality of ratios. ^It may be stated 



OP 
OA 



OB 

= -7^-p.9 or 



OP OA 



OQ OB OQ 

What method have you had 
for proving the equality of 
ratios ? Can you apply it here ? 
Can you find any similar tri- 
angles? Join AQ and BP. 

In Fig. 10, where lies inside 
the circle, the vertically opposite 
angles AOQ and BOP are equal, 
the angles QAB and QPB in the 
same segment QAPB are equal, 
and the angles AQP and ABP 
in the same segment AQBP 
are equaL The triangles AOQ 

AO 
and POB are similar, and ^ • 



I or 



OQ OB 
OA * OP 



Ac. 




PO 
BO 



Fig. 10. 

How do you 
AO , BO 



know that these ratios are equal, and not ^ and p^ ? 




H 
Fig. 11. 

Proceed with the case of outside the cii'cle.- 

<J2 



•In this 
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case (Fig. 11) the angle ABP between two sides of the 
quadrilateral ABPQ in a circle is equal to the external 
angle AQO between the other two sides, and in the same 
way LBPQ = LQAO. So that the As OBP and OQA are 

OA OP 

similar^ and the ratios /rpr and pr^ are equal. How 

Uii VJa 

do you know it is not ^ that is equal to ^ ? 

Ex. 10. From measurements of each of your figures calculate 

OA , OP J , ,,, 

— ana ^^ , and so test the proposition. 

Ex. 11. Prove the proposition for two positions of OPj neither 
position passing through C, 

18. The length of the radius being r cm. and the dis- 
tance of from the centre being s cm., express OA, OB, 

and OA x OB in terms of r and 8. Lengths being in 

cm. and areas in sq. cm., we have in Fig. 10, 

AO = OA-00 = r-5, BO = r-hs, 
OAxOB = (r— s) X (r+s) = rr-^ss, or t^—sK 

In Fig. 11 

0JL = 5-r, 0J? = 5-hr, and OAxOB = (8-r)(s+r) = sf^-f^. 

Express OPx OQ in terms of $ and r. 

Ex. 12. Measure r and 8 on each of your figures, calculate the 
difference between r^ and 8^, and compare it with the values you 
found for OP x OQ for various positions of CP, 

Ex. 13. Draw a rectangle with sides r + a centimetres and r- 8 
centimetres, and show how to cut it up and rearrange it as a square 
r centimetres in the side, with a little square 8 centimetres in the 
side cut away. 

19. Consider the case of O inside the circle. On the 
diagram that holds your graph of OP as a function of the 
angle turned through by CP, draw a graph giving OQ as 
a function of the angle turned through by CP. For what 
positions is OQ greater than OP, and for what positions is 
it less ? — Draw the chord MON ± to AOB. When P lies 
on the greater arc MBN, OQ is less than OP ; when P lies 
on the less arc MAN, OQ is greater than OP ; and when P 
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ifl at Jtf or at N, OQ is = OP. Express OMx ON in 

terms of r and s, and when r = 9 and s = 7, find the 

length of OM. OMx ON'- f^-s^. We could find the 

length of OM by drawing the figure and measuring. Or, 
CO being the ± from the centre of the circle on the chord 
MN we know that OM is = ON. So OMx OM, or 0M\ 
is equal to r^—s^, that is, 81—49, or 32. From the graph 
of x^ (chap. Ill, art. 17), we find that approximately 
5-62 = 32, so that Oi!f = 5-6 ; all distances being in centi- 
metres. 

Suppose in general OM to contain "k centimetres. Write 

down the relation between "ky f, s. It is P = r*— 5^, or 

r^ = A?+52, or §2 =: y2_^2^ jf ^ triangle is made 

with these lengths A^ r, 5 as sides, what do you know of its 

shape? Draw it for the case r = 9, s = 7, ifc = 5*6. The 

triangle is right angled, for it is the triangle COM of 
Pig. 10. 

Ex. 14. Prove that if AOCB is a diameter of a circle and OM 
drawn XUy AOCB meets the circumference in Jf, then OM x OM 
= OA X OB. (Do not simply quote the main proposition but 
prove this case by considering similar triangles.) 

Ex. 15. Show how to draw a square equal in area to a given 
rectangle. 

Ex. 16. Show how to draw a square equal in area to a given 
triangle. 

Ex. 17. Draw a line representing 10 on any convenient scale. 
Show how to draw another line to represent on the same scale a 
number that multiplied by itself is equal to 10. 

20. Consider the case of outside the circle. On the 
same diagram that contains your graph of OP, give a graph 
showing OQ as a function of the angle CP has turned 
through. Distinguish when OP is greater than, less than, 

and equal to OQ. Q and P travel round the circle in 

opx>osite directions There ai*e two points G and H at 
which they pass one another, and these two points divide 
the circle into two arcs. When P is on the greater arc, 
OP > OQ ; when P is on the less arc, OP < OQ ; and when 
P is at G^ or H, OP = OQ. What is a line such as 

00 or OH that meets a circle in only one point? You 
have expressed OPxOQ in terms of r and s. What does 
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this relation become at the points and H where P and Q 
pass one another ? — It is OOx 00 « «2— r®. 

2L How would you draw a tangent to a circle, centre C7, 
from a point outeade it (Fig. 12) ? — ^We could lay a ruler 
against the circle and through and so draw the 
tangent. That method giyes the tangent yery well, 
but does not give the point of contact very accurately. 




Fig. 12. 

& being the point of contact we know that LOOC is a 
right angle, so that G must lie on a circle on OC as 
diameter. We draw this circle and so find the two points 
of contact of tangents from 0. 

By considering similar triangles, find a relation between 
00, OA, and OB. — Join OA and OB. The angle 00 A 
between the tangent 00 and the chord OA is equal to the 
angle OBA in ttie alternate segment. So the two triangles 
OAO and OOB have LOOA ^ LOBO, and the angle at 
is an angle of each triangle. The triangles are therefore 

similar^ and -^ = -^t or 00^ = OAx OB. 

22. We saw earlier that the sign of multiplication x 
could sometimes be omitted without loss of clearness. In 
the present case confusion would result from its omission, 
but a dot may be used without loss of clearness. The 
above relation is ttien written 00^ — OA.OB. 

OA OP 
An equality of two ratios, e. g. -^ = ^ in Figs. 10 and 
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11, is called a proportion, and the four lengths OA, OQ, 
OPf OB are said to be in proportion. When the pro- 
portion contains the same length twice, as a numerator 
in one ratio and as a denominator in the other, this length 
is called a mean proportional between the other two. 
Thus 00 in Fig. 12 is a mean proportion^ between OA 
and OB. 

28. Suppose the length of the tangent 00 to be tcm. 

and give a relation between t, r, s. OA — s-^r, OB = s 

+ r, <^ = OA.OB — s^'-f^. It may also be put in the 
forms 8^ — f^ + t^f and r* = ^—fi. What sort of 

triangle do the three lengths r, s, t form? — ^They form the 
right-angled triangle OOC^ 

24. Sum up your conclusions with regard to the rectangle 

properties of a circle. If a line is drawn through a 

point and cuts a circle in P and Q, the area of 
the rectangle contained by OP and OQ is indepen- 
dent of the direction in which the line is drawn 
through 0. If the circle has a radius of r cm. and 
is s cm. from the centre; then the area of the 
rectangle is r^ — s^ sq. cm. when is inside the 
circle, and a^ — r^ when is outside. Also when 
is outside, the area of the rectangle is equal to 
the square on the tangent from to the circle. 



Exercises. 

18. Draw a circle with a triangle ABC inscribed in it. Draw 
the creases that appear when (i) B is folded on to C; Tii) AB 
is folded on to ^u. Do the creases meet on the circle? Test 
by a geometrical proof. 

19. A regular hexagon is inscribed in a circle. Express, in 
degrees, the value of the angle at the centre subtended by 
each side. 

A paper circle is creased so as to show a diameter AB^ and the 
circle is then folded ao that the points A and B are brought together 
to the centre,. twiTother creases oeing thus obtained at right angles 
to AB, Prove that the six points now marked on the circum- 
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ferenoe by the three creases are angular points ol a regular hexagran. 
Tou may show this, if you choose, by comtaraction uid measure- 
ment, bat a general proof should also be given. 

20. Three straight pieces of railway track meet at three junctions 
Af By C, thus forming a triangle. Where would you place a gun so 
as to cover the three tracks ? If your gun won*t carry far enough 
to cover the three junctions at once, where will you place it to. 
command some part of each track ? 

21. A gasometer is in the form of a cylinder with a rounded top, 
and the following dimensions are given : diameter « 28 feet, 
height at edges 14 feet, height in the middle 16 feet. Draw a 
section of the gasometer on the scale of 1 inch to 10 feet, and cal- 
culate the number of cubic feet of gas that the gasometer will hold. 
Take the volume of the portion at the top (above 14 feet) as half 
the volume of a cylinder of the same base and height, and the area 
of a circle as 3*14 times the square on its radius. 

22. There are shoals off a coast on which stand two prominent 
objects P and Q. A chart of the coast shows two fines from 
P and Q meeting at an angle a and marked ' danger angle '. 
What single observation might be taken on a ship when within 
possible range of danger to test if it was outside the danger 
zone? 

23. Take three points L, If, Ny and suppose them to represent 
the positions of three lighthouses along a stretch of coast LMN. 
A ship is off the coast, and the angles LOM and MON are found 
to be 80^ and 75^ Construct the position of the ship, give no 
proof, but point out why there is only one solution. 

F^ove the truth of a property of the circle that you employ. 

24. A barometer tube, whose internal diameter is 2 centimetres, 
is 120 centimetres long and is filled with mercury. Find the 
weight of the mercury, being given that a cubic centimetre of 
mercury weighs 13*6 grams, and that the area of a circle is 
0'785 X (diameter)^. .^Jso find the cost of the mercury at 6«. Sd. 
a kilogram. 

25. State how you would proceed if you were required to draw 
about a given circle a quadrilateral, which is to be such that a 
circle may be drawn about it. Briefly justify your method. 

To what extent is the shape of the quadrilateral at your 
disposal? 

26. A canal-lock is to be made 100 feet long and 17 feet wide, 
and to let a boat pass through up-stream the water in the lock 
must rise 8} feet. The sluice to admit the water is to be designed 
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8o as when open to let the water rise the 8} feet in two minutes. 
How many gallons per second must the open sluice let through ? 
A cufa&o foot is 6*23 gallons. 

27. A bed of coal 14 feet thick is inclined at 28'' to the surface. 
Calculate the number of tons of coal that lie under an acre (4,840 
square yards) of surface. A ton of coal occupies 28 cubic feet. 
(The 14 feet is to be regarded as a measurement at right angles to 
the surface of the coal bed.) 

28. An arch in the form of an arc of a oirde 40 feet in diameter 
crosses a stream 80 feet wide. Calculate, to the nearest inch, how 
much the arch rises in the centre, and check your calculation by a 
careful drawing in which 1 inch represents 10 feet. 

29. Draw a circle with centre and radius 8 cm. Make 

at three angles of 50^ Take 5 mm. on your dividers and 

measure the arcs these angles stand on by stepping the dividers 

arc 
along them. Calculate for each the ratio — -7— . 

radius 

Step round the circumference and calculate ^. • How 

radius 

many degrees must an angle contain to make the arc it stands on 
equsJ to the radius ? 

30. If is a fixed point in a fixed line KL. A circle of radius 
1 inch rolls along KL^ and an unlimited straight line MA^ passing 
through M^ always touches it. Show the locus of the point of 
contact. Take M about the middle of the page, and use trac- 
ing-paper, drawing the circle and the tangent on it, the circle to 
be about the midSe of the tracing-paper. 

31. The height of the Peak of Teneriffe is 12,350 feet; the 
depression of the horizon from its summit is approximately 2°. 
What is the diameter of the earth ? 

32. Two wheels, 8 feet 6 inches and 6 inches in diameter, are 
fixed in the same plane with their centres 8 feet apart. Find, in 
any way you please, the length of belt required to go round 
them. 

38. Draw to a scale of 1 inch to 50 yards the roads in front of 
Buckingham Palace from the dimensions given in the sketch 
(Fig. l5). The lengths are in yarda The middle line of the Mall 
goes4^hrough the centre of the memorial enclosure and bisects the 
firont of the palace enclosure at right angles. The middle line of 
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two other roads goes through the centre of the memorial enclosure, 
and is parallel to the front of the palace. 

34. Draw a circle of radius 3 inches, and take any point P at a 
distance of 5 inches from the centre of the circle. Mark four 
points on the circle at distances 5, 6, 7, 8 inches respectively from 
P, and join them to Phj straight lines. Then make a table like 
the following and fill it m. 



Length of line 
ttomP, 


Length of line 
outside circle. 


Area of rectangle contained 

by line and the part outside 

circle. 


5 inches 

6 inches 

7 inches 

8 inches 







What conclusion can you draw from your results? What is 
the length of the tangent drawn from P to the circle? Draw 
the tangent. 
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Ptoye, for the case in which the catting line passes through the 
centre of the circle, that, if from a point outside a circle two 
straight lines are drawn, one of which cuts the circle and the other 
touches it, the rectangle contained by the whole line which cuts the 
circle and the part outside the circle, is equal to the square on the 
line which touches it. 

B5. Two straight lines AC and BD cut one another at iST so 
thatL^^B=53% ^J5r=l-2", BK = 0T\ CK ^ !'&' and 
DK = 2*4". A, Bj Cy D are the angular points of a quadrilateral. 
Measure the angles of the quadrilateral. Show from your 
measurements that it is impossible to describe a circle about 
the figure, and prove the theorem by which you justify your 
conclusion. 

How may the same conclusion be arrived at, from a consideration 
of the given dimensions of AK^ BK^ CJTand DK'i 

36. From a point C outside a circle two straight lines CAB and CT 
are drawn, CAB passing through the centre and cutting the circle in 
A and B, CT touching the circle at T, Prove that the square on 
CT is equal to the rectangle CA,CB, and express this relation 
algebraically, denoting CA by A, the radius of the circle by r, and the 
length of the tangent oy t 

Imagine your figure to represent a section through the centre of 
the earth, supposed to be a sphere of 4,000 miles radius, and C the 
top of a cliff. Show that^ if the height of the cliff is h feet, the 

distance of the horizon from C is approximately V^ miles. 



CHAPTER XIV 

LOGARITHMS 

1. In discussing the Slide Rule and othier methods of 
speedy calculation (chap. XII) we considered two quantities 
X and y so related that y = 1*01^. How far would that 
discussion be altered if instead of 1*01 we used a different 
number, if for instance we used 1*001 ? — In this case also 
we should have a series of indices and corresponding 
powers. For the powers running from 1 to 10 the series of 
indices would be different, there would be more entries in 
our table. The graph made with 1*001 as base would serve 
the same end in just the same way as the graph made from 
1*01. The curve would be the same kind of curve, and 
would differ only in the graduation of the index axis. 

2. Calculate l-OOl^o^^^ l-OOl^ooo, 1*001»<><>«, . . . fer enough 
to give a rough estimate of the number of entries in our 
table. ^The binomial series for 1*001^^^ is 

1 + 1000x0-001 + ^^^ ^ X 0*001^ + ... 

0*999 . 0*999 0*998 
= 1 + 1 + -g- + -2-''"^ + ••*' 

in which we get the fourth term from the third by multi- 

0*998 
plying by — o~"i ^i® ^^ ^^om the fourth by multiplying by 

0*997 

— -. — , and so on, the further successive multipliers being 
4 

0*996 0*995 0*994 m i^- i ^-i u nano 

— =— > —5 — » -. .... To multiply speedily by 0*998, 

0*997, ... , we take them in the forms 1 - 0*002, 1 - 0003, ... . 
The series is 1 + 1 + 0*499 + 0166 + 0*041 +0*008+0*001, 
each term calculated to three places ; the remaining terms 
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do not affect the third decimal place. So the value of 
1-001 i»«o is 2-715. By calculating 2-7152 and 2-7153 ^e find 
1-0012000 = 7-37 and l-OOl^ooo = 20-01. So that there would 
be between 2000 and 3000 entries in our table. 

8. We know that 1-01 28i = 10, so that in using the table 
based on 1*01 we had frequently to add or subtract 231. 
It may be shown that l-00ia»04 = lo, so that with a table 
based on 1*001, it would be necessary frequently to add or 
subtract 2,304. Can you suggest any means of simplifying 
this part of the work? Can you suggest anotiier base that 
would be simpler to work with than 1*001 ? — If we could 
find a number k such that A;^^^ =^ 10, we should have to 
add or subtract 1,000, an easier operation than with 231 or 
2,304. 

4. Expand (l+:r)^^o ^q |^ series, and by substituting 
different values of x find a value that will make (l+a;)^ooo 
equal to 10. ^The series is 

1+1000* + i55^.^+i520x^ii»??«^+ .... 

We have just found that when x — 0*001 the series has the 
value 2*7, so that this value is too small. Trying 0*002, 
0*003, ..., we find 1*002^00 = 7.4 and l*003ioo« = 20*0, so that 
X must lie between 0-002 and 0*003. 

You could in the same way try 0*0021, 0*0022, 0*0023 as 
values of x, but the work is not especially instructive, and 
you may take it on trust that l*0023iooo = 10 pretty exactly. 
In what other ways can you express this relation? — 1*0023 
multiplied by itself 1,000 times makes 10 ; or 1*0023 is the 
thousandth root of 10« 

5. The following is an extract from the table calculated 
on 1*0023 as base : 



Index 


Power 


Logarithm 


1 


1-0023 


0-0009977 


2 


1-0046 


0-0019982 


8 


1-0069 


0-0029868 


10 


1-0282 


0-0099605 


20 


1-0470 


0-0199467 


60 


1-1217 


0-0498767 


100 


1-2588 


0-0997842. 



23d LOGABITHMS 

The numbers 1*0028, ... have also been looked up in a table 
of logarithms, and the logarithm there giyen for each has been 
entered in the third column. Compare the first and third 
columns. Each entry in the last column multiplied by 
1,000 is nearly equal to the corresponding entry in the first 
column. Hence, instead of calculating our table we can 
make use of a table of logarithms. 

For instance, let us calculate 7*76x1*58. The extract 
giyen above is from a seyen-figure table of logarithms ; but 
for the present calculation and for most practical purposes 
a four-figure table is enough. We look up the niunber 7*76 
in a four-figure table and find 0*8899 giyen as its logarithm. 
This tells us that 7*76 = l-0023«»^ As the logarithm of 
1-58 we find 0-1987, so we kAow that 1*58 = l-0023"». 
Hence 7*76 x 1*58 = l*0023«9o x l-0023i»» = l-0023io89 = 
l-0028^«>o X l-0023«» = 10 X l-00238». One thousandth of 89 
is 0*089, and we want from the table a number whose 
logarithm is about 0*089. The table gives 

Number Logarithm 

1*227 0*0888 

1*228 0*0892, 

and from either of these we get approximately 1*0023^' — 
1*23. So that 7*76 X 1*58 = 12*3. 

Calculate in the same way 7*72 -f 1*52, 1*616x1*088, 
1*616-7-1*088, 107x793, 793 -f 10*7, 7*40x7*57, 1525 -r 780. 

Negative and Fractional Indices. 

6. Let us now recall when we first met with indices, 
what we have used them for, and what we have learned 
about them. We first met indices in connexion with an 
old problem of horse-dealing (chap. IX, art. 15). In con- 
nexion with that problem we had to calculate the product 
of 32 2's or 2^^.^ State again in ordinary English, as well 
as in mathematical symbols, the method we adopted to 
lighten the calculation. — ^We separated the 32 2's into two 
batches of 16; in mathematical symbols, we took (2^^)^ 
instead of 2^^. Then we separated the 16 2's of each batch 
into two batches of 8 ; or in symbols we took (2^)^ instead 
of 2^®. How will you write the whole product of 

32 2's at this stage ? When several pairs of brackets occur, 
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it makes the expression clearer to use different kinds of 

brackets. ^The whole product of 32 2's is (2*)^ multiplied 

by itself, which we may write as {(2®)2}3. The last step is 
to separate each batch of 8 2's into two batches of 4 2'8, to 
put (2^)2 instead of 2^ A batch of 16 2's is the product of 
two batches of 8, and so is looked on as (2^)^x(2^)^; this 
we write more shortly as {(2*)2p, And the whole pit>duct 
of 32 2's, being the product of two batches of 16, is 
{(2*)2}2x{(2*)2}2, or [{(2*)a}2]2. 

The next process is the calculation of this number. The 
statement in mathematical symbols of this calculation is 
[{(24)2}2]2 « [{162}2]2 = [2602]2 = 68,0002 ^ 4,600,000,000. 

State this in English without the use of mathematical 

symbols or language. ^We take a batch of 4 2's and 

multiply it out ; the product is 16. Putting 16 in place of 
2^ gives the second mathematical form used. The next step 
is to multiply together the two batches of 4 2's, that is, to 
multiply 2 16's together ; the product is, to two significant 
figures, 260. This corresponds to the third mathematical 
form [2602J2. We have now to multiply 260 by itself ; the 
product is 68,000. Finally, we multiply 68,000 by itself, 
and as the product of 32 2's we get 4,600 million. 

State what operations the symbols (108)2, (102)3, 10«, (32)«, 
(3^)2, 3^® direct you to carry out. Carry out the operations 
and account for the results you obtain. 

7. Indices turned up again in connexion with the Morse 
Code and the Semaphore (chap. X, art. 1). There we had 
such relations as 7io x 7 = 7ii and 2*» x 2 = 2*»+i. State in 
English what these relations mean, justify them, and 
generalize them. State what operations each of the follow- 
ing expressions directs to be carried out, and carry them 
out :— 103 X 102^ 105, 34 X 32^ 32 X 33 X 3*, 3», 3». 

8. Work again through the discussion of indices in chap. 
XII on the Slide Rule, from article 13 onwards. We there 
found that so long as m and n are positive whole numbers 

A. a"* X a^* = a'»+^ ; 

B. a^-^a?^ = a^-'^ when w > w, 

and = Ija^'*^ when m < n; 
0. (a'»)»=-a'»^^ 
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Once more state what operations each of these expressions 
directs to be carried out, and so justify the equations ABC. 

What operations do the following expressions direct you 
to carry out ? Garry out the operations, giving each value 
to two significant figures. When two expressions have the 
same value, explain why : 

(2x3)*, 2«x3«, (3x4)2, 

32x42, (2-r3)«, 2«^3«, 

(3•^2)«, 35 ^2«, (4-r3)2, 

42^32, (3-7-4)2, 32-5-42. 

You find such relations as (2x3)« = 2«x3« and (3-r4)2 = 

32-^42. Qeneralize these relations and justify them. 

More general forms are 

The expression (2x3)^ directs us to multiply 2 and 3 
together, and then to take 5 such products and multiply 
them together. So in the final product there are 5 3's and 
5 2's. And the expression 2^ x 3^ means simply the product 
of 5 2's and 5 3's, so the two expressions are equal. Nor 
have the particular numbers 2, 3, 5 any influence on the 
reasoning ; the index 5 must be a whole number, the num- 
bers 2 and 3 could be fractional. So we know that, m 
being a whole number, (a x Vf^ == a** x h^. The relation 
(a-TT Vf^ ^ a^-^y^ ia justified for integral values of m in the 
same way. 

9. In chapter XII we found meanings for such expres- 
sions as I'Oli, 1-01^ 1*01"", 1-010 ^ In the same way 
show what the following expressions should mean, and give 
their values to two significant figures : — 

20, 2-3, 31, 1000, 100\ 1000-^ 100*«, 36o«, 4-2, 
3-^ l-f2-», 1-^4-2^ 20^2-3, 3ix20-r2-3, lOxlOo^ 
10 .^ 100-5, 102 X 100-5, 103 -f^ 100*5. 

State again how we found a meaning for a negative inte- 
gral index? ^When m = 17, w = 30, the relation B gives 

aP -r a^o = 1 -t- a^3^ i^ut if we pay no regard to the original 
meaning of the relation B and write it in the form appro- 
priate to the case m>n, we have aP -r a'o =» a"^^, -^ye 
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used this to define the negative index — 18, and as &r as we 
could discover this definition led to no inconsistency. 

10. Now let us define any integral negative index — p by 
the equation 

a-^ = 1 -f oP. 

Using this definition put m — 4 and n = — 3 in the three 
equations A^ B, C of article 8, and see if the relations are 

then true. Give a also a numerical value if you like. 

The relation A becomes a^xa''^^^^ a\ and this means ax ax 
axa-riaxaxa) —a; which is true. B becomes a* -^ 
a"3 ~ a^-^^f since to subtract — 3 is to add 3 (chap. VI, 
art. 16). Now if o^ divided by any quantity P is equal to 
a*^, then a^ is equal to a'^ multiplied by JP, so that our 
relation is the same as a^ » a^ x a~^, which means 

axaxaxa^'axaxaxaxaxaxa-T (axaxa), 

or written more concisely, 

cuMa « (Maaaaa -f aaa, 

which is true. When a — 2, this relation is 16 » 128 4- 8, 
when a = O'l it is 0-0001 = 0*0000001 ^ O'OOl. The 
relation C becomes (a*)"^ = a"^^. By definition (a*)"^ means 
1 -i- {a'^xa^x a% that is, 1 -r aaaa.aaaa.aaaa or 1 -r a^^ 
which is also written a"^*. When a = 2, 

a* « 16, (o*)-3 » 16-3 = iy4096 « 0-00024, 
and a-12 « 2-12 « 1/212 = 0-00024. 

When a = 02, 
a* = 0-0016, (a*)-3 = 0-0016*3 ^ 1/0-00163 = 244,000,000. 

Put m s —3 and n = 4 and a = 2 in the five relations 
Ay B, Cy D, Ej and see if they are then true. Bepeat with 
a = 0*2 and with a = 4. 

Does the verification of these formulas for the negative 
index — 3 depend on the particular number 3 chosen ? 
— ^The reasoning is just the same for any other 
number. We will then deal with negative indices 

on the definition at the beginning of this article and on 
the supposition that they obey the laws A, By C, D, E, 
unless and until at any time we meet a case of inconsistency. 

MAW R 
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11. We gave a meaning also to one fractional index 1/2 or 
0*6. It was agreed that a^'^ W4s to be defined by the 
equation a9'^ x a^'* = a, or in other words, that a9'^ was to 
mean the square root of a. Can you find a meaning for 

^0.001 by assuming af^'^^ to obey the laws A, J9, (7, 2), E? 

A gives a^'^^ x a^'^^ = a^'^^. This merely gives us a new 
index 0*002 for which we have no meaning. But if we 
take more factors, if we take 1,000 factors, we get ao-ooi ^ 
aO«>i X ... X aoooi = a\ K this is to hold a^'^^ must be 
a number which, multiplied 1,000 times by itself, makes a ; 
or in other words, a^'O^i is the 1,000th root of a. For 
instance, 100ooi= 1*0023, for we know that 1*0023 multi- 
plied 1,()00 times by itself makes 10. Again, the relation C 
gives (a^'^i)iooo — ^^ which is another way of stating the 
relation we have just dealt with. 

What meanings will you give to a^'^^% a^'^^ a^'^, a^'^S 
flj0-3« a*'824? — ^We have met a0002 ah-eady in the relation 
^aooi X a^'ooi « ^0002. We will use this, which may also be 
written {af^'^^^f = a^'^^^, as the definition of a^'^^ In the 
same way a^'^^ may be defined as a^'^^ x a^'^^ x a^'^\ or 
(a^'^^f, and so for a^'^\ And in the same way a<>07* is the 
product of 74 factors, a^'^^^ ; a^^" the product of 341 factors ; 
and a**®** the product of 4,824 factors. 

Find the values of these numbers when a ^ 10, that is, 
the values of W^, lO^'Oos, lO^'Oo*, loo-074^ ioo.84i^ 104.824^ 

12. Do the laws A, By C, 2), E hold for all the indices 
now defined, that is, for all fractions with 1,000 as denomi- 
nator ? — Suppose m = 0*03 and n = 0*152. Then A 
becomes aP'^ x a®*^^^ — ^0-182^ jf f^j. shortness we write h 

for a^'^\ this is l^x 1^^^ = 1^^^ ; which in this form is 
obviously true. B gives a^'^ -r a^'^^a = ^-0122 ^^ 1 ^ ^^0122^ 
that is, A;3o ^ ;j.i62 ^ j^- 122 or 1 4- h^^, clearly true ; this in- 
troduces the negative fractional index —0*122 and the 
definition of a'^'^^ as l-^a^'^^\ C gives [a^'ozy-is^ = 

^0 '00466^ 

This introduces a new fraction not among those con- 
sidered. We shall return to it. Meantime, is it true that 
(^003)1000 = ^80^ i^ore generaUy, is it true ihfit{aPJ^^^f^ = 

aP? aPP^^ means a^'^^ multiplied by itself i? times, so that 

(aP/iooo)iooo means a^'^^ multiplied by itself i) x 1000 times. 
We may arrange these 1000 X|) factors in batches of 1000. 
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Each batch is then (aO-ooi)iooo or a ; so that the whole 
1000 1? factors make a^, and so (aPyiooojiooo « ^^ Hore 

generally (aPl^ = aP^ and we could have used this as the 
definition of o^^. 

13. Let us include all possible fractions among our indices 
by defining a^l^ by the equation (a^/^* = a ; and by defining 
aPn by this combined with (aV^= aP^ or by (aPl^^ = o^, 
which two definitions we have seen to be equivalent. 

This gives two definitions of dP'^^ according as we take 
0*03 as 3 -f 100 or 30-7-1,000. Are these two definitions 

equivalent? The question is whether {a^l^^^f^^ = a* and 

(^30/1000)1000 ^ ^30 are equivalent. Let us denote the 100th 
rootof abyi), andthelOOOthrootbyg. Now 1000 g's multi- 
plied together make a, and we can arrange the 1000 g's 
in 100 batches of 10. The product of the 100 batches is a, 
so that each batch is the 100th root of a, that is ^^ — j). 
The first relation above is (]^Y^ = a^ or (p^^^Y = ^^ or 
p^^^ = a. The second is (^sojiooo ^ ^30 ^r (giooojso ^ ^30 ^r 

q^^ = a. And we know g^^ = p, so that q^^^ « p^^^, and 
the two definitions are equivalent. 

The lOOfch root of 10 is 1-0233 and the 1000th root is 
1-0023. Calculate independently 1-02333 and 1-002330. 

Consider (a003)o.i52 ^ ^000466 ^ ^n example of the more 

general (aP-^«)'-^« = oP^*"^*-^*. — ^We write P for a^'^\ and 
Q for po-ifi2. By definition Q^^"^ = (po-i62)iooo = pi62. g^ 

that 0^000 X 100 -- /pl62U00 — 7pl00\l52 -. ((^3U62 __ ^3X162 qj. 

^00000 ^ ^66^ But (aO-oo4««)i^^^°° ^ ^466 is the definition of 

^0' 00466^ 

State what operations each expression in the preceding 
paragraph directs to be carried out. 

14. Any number, integral or fractional, positive or nega- 
tive, has now a meaning as an index. The base alone is 
restricted to a positive number, integral or fractional. 
The arrangement of a table of logarithms caii now be 
explained. It is a series of indices and corresponding 
powers, but the base is not 1*0023 although we were able to 
use the table for that base. The base is 10 and the relation 
between the index x and the power ^ is y = 10^. This 
relation is also spoken of as that between a number y and 
its logarithm x, and is written in the form x » log y. 

b2 
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In article 5 we found that the table gave 0*0009977 as the 
logarithm of 1-0023. This we write either as 100-o<x»»" = 
1-0023 or as 0-0009977 = log 10023. To see whether this 
entry tallies with our definition of a fractional iiidex we 
should have to calculate 10»«" and 1-0023^»'<><><>.<><X> and see if 
they are equal. This is laborious, and we can find easier 
wa3rs of checking the table. 

16. As a first check on the table take 0*001 as an ap- 
proximation to 0-0009977. 

The relation to be checked is 
then 10«-^i = 1-0023 or 10 = 
1-00231000, which we already 
know to be true. 

Again, by a geometrical con- 
struction find the square root 

iCt\ I of 10. ^We draw a circle 

on a diameter 11 units long 
(Fig. 1), and divide the dia- 
meter into parts a of length 10 
and h of length 1. At the 
^^^' ^' point of division we draw the 

X chord. Half its length c is V'lO. The angles A and C 
of the figure are equal, each being 90^— J9, and the angles 
J^ and F are equal, each being right. So that we have two 

a c 
similar triangles and -^r or cxc ^ axh or c = 

Va xh ^ V^IO. We could also begin with a diameter of 
length 7 divided into parts of 6 and 2. This will give a 
better result* The size of the figure is also important for 
accuracy. The square root of 10 is 3*16. 

Use also your graph of ^ = 1-01^ (chap. XII, art 8) to find 
the square root of 10. 

We have thus 100« « 8-16 or 0-5 = log 8-16. Compare 
the entry in the table of logarithms. 

16. Use the same methods to find the square root of 

8-16. ^It is 1*78. What is its relation to 10? 

1-782 « 8*16, so that 1*78* = 3*162 ^ iq, or 1*78 = 100-2«, 
or log 1*78 « 0*25. 

Continue by extracting the square root of 1*78, and then 




CHAP. XIV, AETS. 16-18 245 

the root of this root, and so on. Tabulate your results and 
compare them with the logarithm tables. The results are t 

Number Logarithm 

10 1 

3-16 1/2 or 0-6 

1-78 1/4 or 0-26 

1-33 1/8 or 0-125 

1-15 1/16 or 00625 

1-07 1/32 or 0-0312 

1-04 1/64 or 0-0156. 

Now calculate the entry for the index or logarithm 3/64 
or 0-0468. — lO^/** = 101/32+ i/o4 ^ Kfi/^^^Kfl/^ = 1.07 x 
1-04 = 1-11. In this way all the entries could be 

found for which the logarithm is a multiple of 1/64. 

17. By continuing these processes of root-extraction and 
calculation we could make a table of as many entries as we 
please. But the errors of drawing and measuring would soon 
accumulate till the results were useless. An accurate but 
heavy method of constructing a table would be to calculate 
the successive square roots by the ordinary arithmetical pro- 
cess. The methods actually in use for calculating the tables 
are much more expeditious; we shall not discuss them here. 

18. We have now in the logarithm table a means of 
calculating to a considerable degree of accuracy. Use it to 
calculate te 4 significant figures the quantities in chapter XII, 
art. 6, namely, 7-76x1-58, 7-72x1-52, 1*616x1-088, 
1-616 -¥ 1-088, 107x793, 793 -^ 10-7, 7-40x7-57, 1526 ^ 
780, and see how far out our previous calculations of 
these quantities were. The first is 7-76x1-58 = 

100-8899 X 100W87 « 1010886 ^ 10 X lO'^'®^^® = 10x1*226 - 

12-26. With all the steps made separately this is 

7-76 = 10^'9B90 

1-58 « lO®-"^'' 
0-8899 + 0-1987 = 1-0886 

1-0886 = 1 + 0-0886 
101 = 10 

100-0888 :^ 1.226 

therefore 776 x 1-58 = 10 x 1*226. 



_ 
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Bewrito this, using the logarithm notation instead of the 
index notation. It is 

log 7-76 = 0-8899 
log 1-68 = 0-1987 
0-8899 + 01987 = 1 -h 0-0886 

1 = loglO 
0-0886 = log 1-226 

therefore 7-76 X 1*58 = 10 x 1-226. 

19. State the equation 7*76 = lO^ss^^ in terms of loga- 

rithma 0-8899 is the logarithm of 7-76 (to the base 10), 

or shortly 0-8899 = log 7-76. Express 0-1987 and 

1-0886 similarly, and then express the equation 0-8899 + 

0-1987 = 1-0886 in terms of 7-76, 1-68, and 12-26. 

0-1987 = log 1-58, 1-0886 = log 12-26 ; log 7-76 + log 1-68 = 
log 12*26. And if you substitute for 12-26 its value 

in terms of 7*76 and 1-68 ? — ^The relation is 

log 7-76 -h log 1-58 = log (7-76 x 1-68). 

Calculate 7-72x1*52 in the same way, and express the 

result in yarious ways. ^The product is 11*78, and 7-72 

being = lO^^^e^ &c., the equation lO^'S^'e ^ loowis = iQioesi 

is simply another way of writing 7-72x1-52 = 11*73. 
Again, we state the relations as 0*8876 — log 7*72, &c., and 
the equation 0*8876 + 0-1818 = 1-0694 may be written 
log 7*72 + log 1-52 = logll-73, or = log(7*72xl-62). 

The calculation of 7-72 x 1*52 is usually more compactly 
written in such a form as : — 

log 7*72 = 0-8876 
logl*52 = 0-1818 



1*0694 = log 11-73 
7-72x1*52 = 11-73. 

Proceed with the remaining calculations. 

20. We have had several equations like 

log 7-76 + log 1-58 = log (7-76x1-58). 

Oive a general form for such equations and justify it as the 



CHAP. XIV, AKTS. 19-21 247 

equation just written was justified.- — The general equation 

is loga+logh = log{axh). 

To justify it we suppose a number i> found such that a — 
10^, or (what is the same thing) p = log a ; and a number q 
such that 6 = 10« or g[ = log b. Then a x 6 is 10^ x 10^ or 
lO^"*"^, and another way of expressing this relation iap+q = 
log (axh); and since p means log a and q means log by the 
equation we began with is justified. 

21. Some time ago (chap. YI), we discussed what the 
height and diameter of a standard gallon measure must be. 
Such a measure has its diameter and height equal, and has 
a capacity of 277*4 cubic inches. Can you use logarithm 
tables to give these dimensions ? If d is the diameter in 

inches we know that jxdxdxd ^ 277*4, 

^ ^ ^ 277-4x4 2-774x4x100 
or dxdxd = -g:jj2- = gTjjg 

log 2-774 = 0-4431 
log 4 = 0-6021 
loglOO = 2 

3-0452 
log3-142 = 0-4972 

2-5480 
2 = log 100 
0-5480 = log 3-532 
so that dxdxd = S'bS2 

and therefore log d'^logd+ log d = log 353*2. 

The left side of this equation is 3 X log d, and we have seen 
that log 353-2 = 2-6480, so that 

3 X log d = 2-5480 

or logd = 0-8493 

and the table gives 0*8493 = log 7*068 

so that d = 7-068, 
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and boUi diameter and height of the gaUon m e asme are 
7-068 inches. 

Ex. 1. Calculate the height and diameter of a standard litre 
measure whose capacity is 1000 ccm., and whose height is twice 
its diameter. 

22. Compare the method of extracting a cube root by 
logarithm tables with that by means of the graph of o^ 
(chapter VI), and with the ordinary arithmetic method. 
The graph method is only a rough method. The arith- 
metical extraction of a square root is cumbersome, for a 
cube root it is forbidding, and for higher roots the labour is 
so great that to calculate such a number as 2*718^'^^^ with- 
out logarithm tables is possibly beyond the patience of any 
man. Logarithm tables are a great help for multiplication 
and division, but their true value as a labour-saving device 
first appears in root extraction. 

Ex. 2. Calculate the number 2*718'"«. 

28. Can you generalize the relation 

logidxdxd) = logd+logd+logd, 

or (more compactly) log d^ = 3 logd ? K n is any whole 

number log d^ ^ n log d, for this is only the short way of 
writing \og(dxdxd . • .) ^logd+logd-^ • • • 9 there 
being n factors d on the left, and n terms logd on the 
right. Can you deduce this relation from the mean- 

ing of logarithm ?-— Suppose log d = A;, then d = 10*, 
and eP = (lO*)^ = lO^*, so that logd^ = 8*, that is, 
= 8 log d. And so for the case when 8 is replaced by n. 

Is it true that log d^ « n log d if n is fractional ? 

Put log d =^ Jc, then d = 10* and no matter whether n is 
integral or fractional d^ = (10*)** = 10***, so that log d^ = 
9?A; = n log d. 

24. The quantities e and u being related by xr = 10^, look 
out a number of corresponding values in the tables and 
draw the graph of ^er as a function of u from ^er >« 1 to xr =s 10. 
What are the corresponding limits for u? It was stated 
(in art. 1 of this chapter) that the graphs p « 1*01^ and 
y = 1*001^ differed oi^y in the graduation of the ^axis. 
Can you choose such a scale for u that the curve e » 10** 
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will fit the curve y = 1*01*. u runs from to 1, and x 

runs from to 231, so let us try making x = 231 x u 
for all values of x and u. Then iot any value of x 
p « l-Ol* « l-012«i« = (l-0128i)« ; and since l-Ol^" « 10 
this is « 10^. Therefore y — z; and to make x » 231u for 
all values of x and u does make the graphs fit. 

26. Can you explain why our logarithm table was useful 
to give X from y or y from x when y = 1*0023* ? That is, 
how would you make the curve z = 10^ fit the curve 

y « 1'0023* ? X runs from to 1000, u from to 1. If 

X =1000tt for all values of w, then y « l-0023i*«»«* = 
(l-0023i<»of,andthisis = 10'* since l-0028^«x> = 10. To get 
X from the table we multiplied the logarithm there given 
by 1000, so that the relation x » lOOOu expresses exactly 
what we did. 

Ex. 3. Draw the graph oiz^ 10*, not only from u 8 to u ■» 1, 
but for as great a range of values of u as possible. 

Exercises. 

4. In t seconds a body falls 16^^ feet. How many feet does it 
fall in 5 seconds, and how many seconds does it take to fidl 100 
feet? 

5. From a cylinder of wood with a diameter of 11 inches a rect- 
angular beam is cut. If the breadth of the beam is 8 inches, find 

the depth from the formula d = VD^ - 6*, where bis the breadth 
and d the depth of the beam and D the diameter of the cylinder. 

If the strength of a beam varies as hd^, compare the strengths of 
beams 3, 4, 5, 6, 7, 8 inches broad cut from a cylinder 11 inches 
in diameter, and so find, roughly, the breadth of the strongest 
beam which can be cut from the cylinder. 

6. The Board of Trade rule for flat stayed surfaces of marine 
boilers is p = ?i — L^ where p is the safe working pressure 

in lbs. per square inch, t is the thickness of the plate in inches, 
and s is the area of plate supported by each stay in square inches. 

The * pitch' of the stays, a, is ffiven by < = 0'009aVjp for 
steel plates. Assume that » = l'5a^, c = 60, and find the safe 
working pressure which may be used with plates 1 inch thick. 

7. The height of a pint pot of a certain shape is 12*6 cm. to the 
nearest tenth. A litre being 1*76 pints to the nearest hundredth, 
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find the heights of pots of the same shape that will hold 3 decilitres^ 
6 decalitres, and 1 litre. 

8. The population of the United Kingdom was estimated at 
97,802,000 in the middle of the year 1891, and at 41,551,000 ten 
years later. Assuming that population increases (i) by the same 
number of individuals every year, (ii) by a constant percentage 
every year, estimate the population in the middle of the years 1894 
and 1897. 

9. The earth completes a revolution round the sun in 365 days, 
and the planet Venus completes a revolution in 225 days. The 
distance from the earth to the sun is 90 million miles. Find the 
distance of Venus from the sun, assuming; that the square of the 
time of a planet's revolution is proportional to the cube of its 
distance from the sun. 

10. Obtain the quotients 

(y2-3y + 2)-(x2-3a; + 2) ^^ x^^t^ 
y-x y-x 

The limiting values of these quotients when y is put equal to x 
after division are called the differential coefficients of x^ - 3x + 2 
and x^ respectively. Show that the differential coefficient of 
0*2.3^^2 IS 2x-3 and that of x^ is 5a^. 

11. A ladder 7*9 metres long is placed against a wall, the foot of the 
ladder being 3*8 metres from the bottom of the wall. If the height 
of the point on the wall reached by the ladder is x metres, find ». 
given that x^ + 3*82 = 7-92. ^ 

12. The area of the surface of the human body is proportional 
to the square of the height, and the weight is proportional to the 
cube of the height. The loss of heat by the oody varies as the 
surface area, and this loss must be made up bv food. Does a man 
of 150 lbs. or his son of 110 lbs. need more food for this purpose 
in proportion to his weight ? If the father needs 7 ounces a day 
for this purpose, what does the son need ? 

13. Given that the a rea of any triangle the lengths of whose 
sides are a, 6, and c isV«(«-a) («-6)(«-c), where« «= }(a + 6 + c), 
reduce this to its simplest form for a triangle in which a2 » 6^ -f c2, 
and calculate the area when 6 «= 6*78 inches, c = 4*39 inches. 

14. The gas-service pipe to a house 75 feet from the main is 
7/8 inch in diameter. For how manv burners, each taking 5 cubic 
feet of gas per hour, will this serve ? The number of cu bic feet 
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d is the diameter of the pipe in inches, and L is the length of the 
pipe in yards. 

15. A penny measures 1*23 inches across and a halfpenny 1 inch. 
If the thicknesses were in the same ratio, what nraetion (as a 
decimal to the nearest hundredth) would the weight of the half- 
penny be of the weight of the penny ? 

If a pennj weighed twice as much as a halfpenny, and was of 
the same thickness, what would it measure across (to the nearest 
hundredth of an inch), the halfpenny measuring 1 inch ? 

If a disc measures a inches across and 6 inches in thickness, 
then its volume is 0*7854 x a x a x 6 cubic inches. 

16. The time of swing of a pendulum is proportional to the 
square root of its length. If a pendulum 39 inches long swings 
once per second, how many swings per minute will be made by a 
pendulum 6 feet long ? 

17. On a map drawn on a scale of an inch to a mile two points 
are found to be 1*3 inches apart. One point is at the sea level, the 
other at a height of 1,720 feet. Lay off on squared paper to any 
suitable scale the horizontal and vertical distances between these 
points, and by measurement find the length of wire that would 
run straight between these points. 

Having given that 

(distance between the points)^ s (horizontal distance)^ 

+ (vertical distance)^ 

calculate the length of wire in feet to the nearest hundred. 

18. In return for an immediate payment of £o*Ih 17«. 6J. a Life 
Assurance Society undertakes to pay ;^1,000 at my death, reckon- 
ing that on the average a man of my age will live nineteen years 
more. Find, to the nearest tenth per cent, what rate of interest 
the Society pays on the average for money thus deposited with it, 
assuming that a sum of £p invested at r per cent, amounts in n 
years to j£p (1 + r/100)**. 

Investigate the correctness of the formula used. 

19. Find the value of (aV« + 6'/«)i/i04.cV*, where a = 1009*6, 
&» 2419*3, c»5769. 

20. Explain the meaning of a' and a^f^, 

Between what integers does 87^ ^^ lie ? Give reasons for your 
answer. 

21. The formula |> = P^2*718«/2«ooo gives the pressure p of the 
atmosphere in pounds per square inc at a height of a feet above 
sea level, P being the pressure in pounds per square inch at the sea 
level. Find the pressure at the top of Snowdon, 3570 feet above 
sea level, when F » 15. 
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22. Give an aooount in continuous Kngliwh of indices, explaining 
the convenience of the notation for the integral index, and the 
extension from integral to negative and fractional indices. Im- 
portance is attached to the form as well as the matter of the 
account. 

23. A jet of wat er iss ues from the side of a tank with a hori- 
zontal velocity of ^2gH feet per second, where H feet is the head 

of water above the orifice, and g a certain constant. The water 
retains this horizontal velocity unchanged while falling, and in t 
seconds from issuing it falls O'Bo^^ feet. Taking H = 10, and g = 
32, find whereabouts the jet will strike a horizontal plane 100 feet 
below the orifice. 

24. The relation between jp and v indicated by the table 



f>= 4-6 
p= 73 


5-2 

63 


5-8 
55 


6-4 



is suspected to be given by the equation p^ ^ kj where x and k 
are constants. Allowing for slight errors of observation, find, as 
nearly as you can, the values of x and /?, and give the value of p 
oorresponoing to the value 6*4 of v, 

25. If a*" » h^f and b « a*', show that y ^x/c. With the aid of 
the tables of logarithms apply this result to find the values of logc 5 
and log. 211, where e « 2*718. 

26. It is said that any angle ABC can be trisected by the fol- 
lowing method : 

* On tracing-paper draw a circle, centre 0. Produce any radius 
OD to E BO that DE « OD, and through D draw JOT of indefinite 
length perpendicular to 0E» Place the tracing-paper figure so 
that the whole of the circle lies within the angle ABGy arrange it 
so that MN passes through B, one arm of the anele passes 
through E and the other touches the circle. Then pri^ through 
D and 0, and join the points thus obtained to B.* 

Carry out tms construction for an angle of 80°, using a circle 
with a radius of 3 cm. ; test the result with your protractor, and 
either justify or disprove the soundness of the method. 

27. The weight of the model of a bell made of the same metal as 
the bell on the scsale of 5 centimetres to the metre is 26 grams. 
What is the weight of the bell ? 

28. Draw a circle of radius 6*6 cm. Draw a diameter AB and pro- 
duce it to so that BO « 3*2 cm. Suppose a line ori^^inally lying 
along OBA to turn about till it ceases to cut the cacle, CaU 
P and Q its points of intersection with the circle. Make a table 
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like the following. Draw OPQ in the positions named, and fill 
up the table : — 



Position 



Length of CPlLength of C<j 
in cm. in cm. 



Area of rectangle 
CP.CQ in sq. cm. 



WhenLACQ^ 0" - 

lO** - 
20" - 
30'' - 
40' - 
When CPQ is just 
ceasing to cut the 
circle 






>» 

if 
it 
a 



- State the property suggested by the last column. Can you 
explain why the numbers in the last column are not exactly equal ? 

29. On squared paper draw two straight lines AB and AC^ con- 
taining an angle of 35**. Draw in several positions the base of a 
triangle, of which two sides lie along AB and AC, and whose area 
is 4 square inches, and so draw the curve that touches the base in 
aU positions. 

Draw also the curve that touches the base in all positions, when 
the two sides lie along AB and AC, and the length of the perpen- 
dicular from A on the base is 2*3 inches. 

By laying your ruler against the two curves draw the base of the 
triangle tlmt has an area of 4 square inches, and has also the 
perpendicular from A on the base 2*3 inches long. 

Also state how you could make a triangle having a vertical ang^e 
of 36**, area 4 square inches, and perpendicular from vertex on base 
2*3 inches, without drawing any other loci than straight lines and 
circles. 

30. About 3 inches away from the lower edge of a paffe draw 
a horizontal line MN right across the PAgOi and from about its 
middle point X erect a perpendicular Xp 2 cm. long. On the 
tracing-paper draw 10 circles having the same centre, the radii 
being 1, 2, 3, 4, &c., cm. respectively; then place the traoing-paper 
so that the circumference of the smallest cux^le passes through F 
and touches MN, and in this position prick through the centre of 
the circle. Deal with the second and the remaining circles in a 
similar way, determining the positions of the centre points on both 
sides of Jf Jr. Draw a freenand curve through the points thus 
obtained. 

31. Draw a straight line to represent a coast, and two points L 
and if on it to represent lighthouses. Mark a point B to repre- 
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sent a rook in the offing. Measore the angle LBM, If a ship 8 
IB sailing past, prove that she will certainly be out of danger from 
the rook if she is steered so that the angle L8M is always less than 
the angle LEM. 

Draw the coarse of the ship, supposing the angle LSM is con- 
stantly kept at 125^. State your method. 

32. Once in ancient Greek times the problem of making a 
cubical altar of double the volume of an existing cubical altar 
had great importance. Take the edge of the original altar as 
80 cm. and solve it (i) in the Greek fashion by the intersection 
of the graphs y^ = I60x and x^ = SOy, (ii) by the graph y = x^ , 
(iii) by logarithms, and (iv) by the solution of the equation x^ = 2 
as follows : — This equation has a root between 1 and 2 ; by putting 
a; S3 1+0/ find from it another having its roots less by 1. By 
putting y s= 2/10 find an equation in z. This equation has a root 
between 2 and 3 ; find from it an equation in u with its roots less 
by 2, and so on. 
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1. Name any case you have had of a right-angled triangle 

in which you knew a relation between the three sides. 

If C is the centre of a circle, 
AB a diameter, and MO the J. 
let fall on AB from a point M 
of the circumference, we know 
that CM^ = CO^+OM^ (chap. 
Xin, art. 19). Also if C is the 
centre of a circle and OG is a 
tangent to the circle at Q we 
know that 0(?^0€P + aC^ 
(chap. Xni, art. 23). In each 
case what condition must be 
satisfied in order to make such 

a relation true? ^It is enough Fig. 1. 

to know that the triangle is 

right-angled. For suppose ABC a triangle in which B is 





Fia. 2. 

a right angle (Fig. 1). With C as centre draw a circle 
passing through A, and produce BC to form a diameter 
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DE of this circle ; for such a figure it has been proved that 
AC^ — AB^ + B(P. Or, again, with C as centre draw a 
circle through B (Fig. 2), and produce AC to form a dia- 
meter DE of this circle; we know that for this figure 
AC^ = AB^ + BCK Repeat these two proofs, 

Ex. 1. Redraw the triangle ABC on squared paper, and draw the 
squares on AB, BC, and AC, Count the number of little squares 
contained in each of these three squares, and compare with the 
previous result. 

Ex. 2. With 1 cm. or 2 cm. as unit draw a triangle ABC having 
LB « 9(y*, BA = ^ units, BC = 4 units. Find the length of AC 
by measuring, and also by calculation. (This property of the 
numbers 3, 4, 5 has been known from very early times, and is still 
used by builders to square the foundations of a house.) 



2. Draw on squared paper a triangle ABC (Fig. 8) haying 
B = 90^, a » 4, c = 3. Draw the squares on the sides of 

the triangle, and count the 
number of unit squares in- 
cluded in each. In the case 
of the square ACDE on h there 
are fractions to take account of. 
Can you avoid the discussion 
of these fractionsby considering 
where B and E lie ? — ^We go 
from ^ to ^ by going 4 units in 
the direction BA and 3 in the 
direction BC) let us say 4 units 
east and 3 units south. From 
C to i) is also 4 units east and 
8 south. Prove that 

if D and E are found in this way ACDE is a square. As 

ABC and EFA have LB = LF, BC = FA, BA = FE, so 
that the As are congruent and AC ^ AE. The congruence 
gives also U^CA^UFAE, so that LFAE+LBAC'^^ 
LBCA-^IJBAC = 90°, leaving l,CAE also = 90°. In the 
same way CD = CA and LACD = 90°. Thus CD is = and 
II to AE and the figure is a parallelogram. Thus all the sides 
are equal and all i£e angles right. What is the area of 

the square BFHQ of Fig. 3 ? — BF is 7 units long and 



B 


c 


A F 


a 


/ y 


C 




y 



G D 

Fig. 3. 



H 



CHAP. XV, ABTS. 2-4 



267 



the square contains 49 unit squares. Can you express 

the square on b by means of it? — ^We must subtract the 
4 triangular comers, each equal to AABC or six unit 
squares. So that h^ is 49—24 or 25 unit squares. 



^ fl+f- 



3. Generalize the preceding discussion. — ^If BC is a units 
long and BA c units, the length of BF is a + c, and the area 
BFHG is (a + c)^ unit squares. And, the 
area of ABC being ^ ac, we know that 
h^ = (a+c)*— 2ac. Giveadiagram 

showing the squares on a, c, and a-^c, 

and the rectangle ac. Fig. 4 shows 

that (a+c)* — 2ac is a^-^c^; which we 
could have found algebraically by multi- 
plying out {a+c) X (a+c). 

Again, discuss the case of Fig. 5, made 
by drawing lines || to a and c through 

the comers of the square ACDE. GF 

is a— c units, QFKH is (a - c)* square units, and 6* = (a - cf 
+ 2ac. Fig. 6 is composed of the square on a— c, and two 
rectangles each » ac. If instead we divide it by the dotted 



ac 


a« 


c« 


ac 



Fig. 4. 
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Fio. 6. 



line, it is composed of the squares on a and c. So that 
62 « ei* + c*. This also we find by multiplying out (a - c)*. 



4. An ancient Indian geometer, to show how the two 
squares on the sides of a right-angled triangle may be cut 
up and fitted together so as to form the square on the hypo- 
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tenuse, gives such a figure as Fig. 7, and says concisely, 
'Behold I' In modem Europe it is the custom to give 
formal statement and proof. Supply this formal statement 
and proof. 

5. Take any right-angled triangle (Fig. 8) of which AB or 
c is the hypotenuse. Let it move at right angles to the side 





Fig. 7. 



Fig. 8. 



c through a distance c to the position DEF. During the 
motion the side c is continually covering up a new part of the 
paper while the sides a and b are continually uncovering 
parts previously covered. Since the area covered by the 
triangle is always the same, the total area covered up by 
c is equal to the total area uncovered by a and h. Give 
expressions for these areas, first ascertaining the X distance 
between the two positions of a, and the -L distance between 

the two positions of h. Congruence of As shows the X 

distance BG to be a, and the X distance AH to be &. So that 
side a traces out an area of a^, and side b an area of b\ 
Hence once more we have c^ = a^ + bK 

Find the areas traced out by a and b by considering the X 
distances (on Fig. 8) between BE and CF and between 
AD and CF. — If CF cuts AB in the area traced out by 
a is BE X BOf and the area traced out by b is AD x AO. 

Show how to divide the square on c into two rectangles 
equal to a^ and h^. 

6. Draw a right-angled triangle ABC with the 8 squares 
on its sides, as in Fig. 9. Draw CLM \\ to AD, and join KB 
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and CD. Compare as to area the A KAB and the square 

EACH which have the same base and the same height. In 

the same way compare ACAD and 

rectanffle ADML. If ARAB is 

rotated about A in the direction 

of the arrow through a right angle, 

how will it lie? Thus compare 

the areas EACH and ADML, and 

in the same way compare the areas 

BCGF and BEML. 

The discovery of the property 
of a right-angled triangle that the 
square on the hypotenuse is ' 
equal to the sum of the 
squares on the other two 
sides is ascribed to the Greek 
philosopher Pythagoras. The proof 
sketched in this article is given by the Greek geometer 
Euclid. 



\ 
\ 
\ 
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7. We have seen that if a A ABC has C a right angle, 

we can draw a circle with centre B and radius BA, produce 

BC to form a diameter DE, 

and produce AG to form a 

chord AF (Fig. 10), and so show 
that 62 ^ j^(j^ Qp ^ j^Q^ Q^ 

= (c-o)(c+a) = c2-a2, sothat 
(? — a^-\r 6^. Suppose now that 
we know that (^ = a^-{' }fl^ but 
do not know whether the angle 
C is right. Make the same 
construction, and see if you 
can tell whether LC is right. 

^In this case we do not 

know whether CF (Fig. 10) is 

equal to OA. But we know 

that a4.CF=2)C.CJS7=(c-o)(c + a)=:c2-a2. And we 

know that c»«o2 + &a, so that CA.CF^b^, and OF 

= by a A = b. The chord AF is bisected at C, therefore BC 

is ± to AOFi and the angle C is right. 

So that a triangle in which the square on one side 

8 2 




Fia. 10. 
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is equal to the sum of the squares on the other two 
is a right-angled triangle. 




Fig. 11. 



DeteiimnaHon of right^Mgled triangle Jirom varicms 

conditions, 

8. Draw any triangle ABC right-angled at C> and draw 
CD 1 to AB (Fig. 11). Suppose BC to be of length a 

centimetres^ and so on, as 
C marked in the figure. 

How many of these lengths 
do you need to know to 
fix the triangle in size and 
shape? WOl one length 
do, for example o? — One 
length is not enough, for 
we can make any number 
of different triangles all of 
which have the side a of the given length ; and so for any 
other single length. Will two len^hs do? — They do 

in some cases at least, for example a and h. In how 

many ways can you choose two quantities from the five 
a, 6, i?, m, n? — The number of ways is 5x4-r2 or 10. 
Justify this formula 5 x 4 -r 2. Try all these 10 ways. 

9. When the two given sides are a and by orp and n, or 
p and m, the method of drawing the triangle is obvious. 
When a and m are given how do you proceed ? — ^We lay 
down BC of the given length a cm. And D is on the locus 
of points at which CB subtends a right angle, that is, on 
the circle on CB as diameter ; D is sJso at distance m cm. 
from B The intersection of the loci fixes its position. CA 
drawn J. to BC cuts BD produced in A. Name the 
similar cases given by other pairs of the quantities a, h,py 
w, «. — Similar cases are given by the pairs a, p; h, n ; 
by p. 

What cases remain to discuss? — The remaining cases 
are a, n; b, m; m, n. When m and n are given we lay 
down ADBy and C is given as the intersection of the X at 2) 
and the circle on AB as diameter. 
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10. There remains to discuss the case in which a and n 
are given ; or the case in which h and m are given ; the two 
being essentially the same. 

Suppose a « 10*1 and n — 3*2. Lay down BC and find 

the triangle by trial. ^We erect a ± to 5C at C (Fig. 12), 

and take A in suc- 
cession at various 
points on the J.. We 
join AB and let fall 
a ± CD from C. As 
A moves away from 
C the length AD in- 
creases ; and when 

AD = 3*2 cm. 
we have the triangle 
required. Repeat 

this with the help of 
tracing-paper. 

What is the locus 
ofD? How can you 
simplify the preced- 
ing method by the 

help of this locus? And how by the help of this locus 
along with tracing-paper? 

Again, begin by kying down AD = 3*2 cm. — ^We erect a 
1 at D (Fig. 13) and take C at various points on it in 

DnA 




Fig. 12. 




Fio. 13. 



succession. We draw CB JL to CA meeting AD produced 
ia B. Ab C moves away from D CB increases in length. 
The position that makes CB « 10*1 cm. gives the triangle we 
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want. Take C in a great number of positions. In each 

case produce BC, and draw the curve that all these positions 
of BC touch. 

B^gin again with AD, and find the triangle ABC by the 
help of tracing-paper. 

11. Can you, by considering similar triangles or the 
rectangle property of a circle, give a relation between a, n, 
and any third length about our right-angled triangle ABC 
(Pig. 11)? The triangles BCD and BAC are similar, so 

that — = • The circle about ADC has its centre on 

m a 

ACf so that BC is a tangent and a^ =^ m(ni + n). Give 

n its value 3*2, draw the graph of m(m+3*2), and so find 

the value of m that makes this expression equal to a% that 

is, = 102. Use this value of m along with n = 8*2 to draw 

the triangle, and measure a on the triangle. Also use this 

value of m along with a = 10*1 to draw the triangle and 

measure n. 

Multiply out (w + 1 -6)2. — ^It is w^ + 3*2 w + 2*66. If 

you denote »»+l*6 by a?, can you give an equation for x 

corresponding to the equation ♦n(w+8'2)=102 form? 

Since x^ = w^ + 3*2 w+ 2-66, we know that x^ = 102 + 2-56 

= 105. Now calculate x and m. Logarithm tables 

give log 105 = 2-0212, so that log a; = 1*0106, and a; « 
10-2. Hence m + l-6=10-2 and w = 8-6. 

Calculate m for right-angled triangles that have 

i a = 14-2, n = 4*7 
ii a = 12-0, n = 6*8 
iii a = 13*8, « = 10-0 

draw the triangles and measure a on each. Is the triangle 
always possible whatever values of a and n are given ? 

12. We have seen how the value of m may be calculated 
from the equation m^-\-S'2fn == 102. Of course m can only 
be calculated from m^-^mn = a^ when n and a are given 
numerical values. But possibly you can put the relation in 
such a form as to indicate how the calculation is to be carried 
out when n and a have numerical values. ^Put x for 
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W+-5- Then a?* = w2+wn+ -r, so that x^ =^ a'^ '\- -r- or 

J 4 4 

flj = I a^^'^. When ic has been calculated, m is given by 

w = a?—^. Or, without mention oix, we can give m by 



m 






Use the formula just given to calculate m when a ^ 
43-28 and n = 19-62. 



log a <= 1-6363 




logo* = 8-2726 


a* = 1873 


-2 = »•«! 




log| = 0-9917 


*. 


logj = 1-9834 


7 = 96-25 

4 




aH r = 1969 

4 


log(aH^^)= 3-2942 





log ^aH J = 1-6471 y^«H ~ = 44-87 



m = 44-37-9-81 = 34o6 



13. By the help of the theorem of Pythagoras show 

fi 
how from two lines a and ^ units long to draw another 



V 



w« 



a^-K-T units long. Take a « 43*28 and n= 19*62 



m 
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and use 2 millimetres as unit. — ^We draw at right angles 

P(2 «a, and P2? = | (Pig. U). Then QIfi = a^+^ sothat 

QB is the line required. 
Show how, knowing a and n, to draw a line of length 

A/ ®^ + T ■" 2 ' ^^^ ^^^' "^^^ ^^*^ centre 2? and radius 

BPy draw a circle cutting BQ in S*. QS is the length m. 
Does this suggest a means of finding m from given values 

of a and n without any calculation at 

all? Draw a circle of diameter n 

units. Draw a tangent PQ of length 
a units (Pig. 14), and draw through Q 
the diameter QSBT. Then 

QP^ = Q8.QT or a^ = Q5(QSf+w), 
so that Q8 is the length m that satisfies 
the equation a^ =z fn{m + n). 




^ 14. To sum up, we have seen that a 
right-angled triangle is determined by 
any two of the five lengths a, h, p, 
m, n ; and we have seen how in each 
case the triangle can be actually 
made. 

Qtmdratic Equations. 

16. We have seen that w2 + 3-2 w = 102 if w = 8-6, or 
in other words ♦n2 + 3'2w— 102 = if m— 8*6 = 0. Now 

subtract m times w— 8*6 from w^-f 3*2m— 102. ^There 

remains 11*8 w— 102. Now subtract 11*8 times w— 8*6 

from 11*8 w— 102. — ^There remains — 0*6, or, to the degree 
of accuracy we are working to, there remains nothing. Thus 
(m+ll-8)x(w-8-6) = w2 + 8-2w-102. 

Calculate the values of y = m2 + 3*2w— 102 for m = 0, 4, 
8, 12, 16, 20, and draw the graph of y from w = to 
m = 20. — ^The values are 



m ■= 


0, 


4, 


8. 


12, 


16, 


20, 


P" 


-102, 


-73, 


-12, 


80, 


206, 


362. 
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Calculate also the values of ;? = (w+ll'8)(m— 8*6) for 

the same values of t». For m = 12, 16, 20, the values are 

;gr s 81, 206, 368, the differences from the corresponding 
values of y being about what we should expect from the 
roughness of our approximations. For the other values of m 
one of the factors is negative, thus when m =: 0, g = (11*8) 
x(-8-6). 

We saw some time ago (chap. VI, art. 16) the meaning of 
a negative sum of money. To have —5 shillings meant to 
have a debt of 5 shillings. If a boy has 8 sums of --5 

shillings, what is the total sum he has ? He owes 8 sums 

of 5 shillings, that is, 8x5 shillings ; that is, he has 
— 8x5 shSlings. So that in this case 8 x (—5) 

is - (8 X 6). Let us assume that (11 -8) x (-8-6) = - 
(1 1 '8 X 8*6), and generally that a x ( — 6) or ( — a) x 5 is 
— (a X &) ; let us go on this assumption until it lands us in 
an absurdity or contradiction. If it never brings us to this 
pass we shall go for ever on this assumption. 

16. With this assumption calculate the values of ^ for 

w = 0, 4, 8, ^They are 11-8 x (-8-6) or -101, 15-8 x 

(-4-6) or -78, 19*8 x (-0*6) or -12; the differences from 
the values of y being again accountable by the roughness of 
our approximations. So far then the assumption is 

justified. 

Now calculate the values of e or (w + ll'8)(w— 8*6) for 
some negative values of w, namely, —4, —8, —12, —16, 

-20. ^When w =;= -4, z^ 7-8 x (-12-6) = -98 ; when 

m = S, ;er = 8-8x(-16-6) =-68; when w=-12, ^er = 
(— 0*2) x(— 20*6), an expression for which we have no 
meaning. Work on the assumption that ( — a) x ( — 6) 

= a X 6, until you find it leads you astray. ^With this 

assumption, for w = — 12 we have ;er = 4 ; for w == — 16 e ib 
(-4.2) X (-24-6) or 108; form = -20 i^ = (-8-2) x (-28-6) 
= 285. 

Ex. 3. Tou know that when a, b, c, d are positive numbers 
(a + 2»)(c+<2) = ac+ 0(2 + 2)0 +2k{, and that this relation can be 
illustrated oy dividing up a rectangle measuring a + & by c + d. 
Give h and d negative values, see what becomes of this relation on 
our assumption about the product of negative quantities, and 
whether it can be illustrated by a rectangle. 
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17. Now calculate the values of ^ or m^ + 8*2 m — 102 for 
w=-4, -8, -12, -16, -20. — ^When w«-4, yis(-4) 
x(-4) + 3-2x(-4)-102 or 16-13-102 or -99; and so 
for the others, the result being 

fn - 4, - 8, -12, -16, -20, 
y «99, «64, 4, 103, 234, 

and agreeing closely with the values of z. 

Use these values to continue the graph of ^ so as to 
show it from m = — 20 to m = 20. Bead off from the 

graph values of m for which y = 0. ^They are m = 8*6 and 

m= —11*8. The first is the root we had before of the 

equation m^-f 3*2m— 102 = 0. The other, the negative 
value of m, is meaningless for the original problem in which 
m was the length of a line. The same equation might 
turn up in some other connexion in which a negative root 
might have meaning. 

Could you have obtained these two roots othei'wise than 

from the graph? ^Take the expression w*^ + 3*2iw— 102 in 

the form (w + 11*8) (m— 8*6). This will be zero if either 
factor is zero, that is, if m = 8*6 or if m = — 11*8. 

Ex. 4. You have frequently used the graph of a^ for positive values 
of X, By the aid of the assumption that ^-a)x(-fc) = a6 draw 
the graph of x^ for negative as well as positive values of x. 

In the case of sums of money, by attaching a meaning to 
negative sums we extended the applicability of a formula, 
and so attained some economy of writing ; with practice this 
economy becomes an economy of thought also. Here again 
certain assumptions about negative quantities enable us to 
treat t»^ + 3*2 m — 102 and (w x 1 1 '8) {m — 8*6) as equiva- 
lent for all values of m. In these and other cases of exten- 
sion of meaning our ultimate justification is the economy of 
thought that results. 

18. Return again to the original calculation * of the root of 
the equation m^ + 3*29n » 102 and repeat it, remembering 
that ( - a) X ( - 5) == ah. — ^We found that (w + 1 -6)2 = 102 
+ 1-62 = 105, and that 106 = (10-2)2. But since (-10-2) 
x(-10*2) = 10-2 X 10-2, we know that (-10-2)2 = 105. 
Hence the equation (m + 1*6)2 ^ iq^ jg satisfied by making 

* Page 262. 
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either w+l'6=10*2 or w + l-B «-10-2, which give the 
two values m = 8*6 and m = — 11*8. 

Generalize this for the case w»2+ wi»— a^ = 0. ^We have 

(m+w/2)* = a^-hwV^, and since o^-hw^i is equal to 



and also to (- v^a^TnVi) x (- v'aa + wV^), 

we can satisfy the equation by making in + n/2 equal ,jk6 



either \/a*+«74 or — -/a^-f ny4, 

that is, by making m equal to either 

V'a2 + nV4-n/2 or ^ \^a^+nyi-n/2. 

19. Solve the equations : 

a?2-3-2ar-102 = 0, 
r»2 + 3-2a;+102 = 0, 
ic2— 8-2aj+102= 0, 
ir2 + 3-2a; + 10 = 0, 
a?2+3-2a;- 10= 0, 
a;2-3-2ir +1 = 0, 
aj2-3-2a? -1=0, 

giving in each case as many values of re as you can ; and in 
any case when you can find no value of x, explain where the 
method breaks down. In any case where you can find no 
root, draw the graph of the expression, and see if the graph 
also fails to give a root. 

What is the distinguishing feature of the equations among 
the above seven that have no root ? — ^When the last term 
of the equation is positive and greater than 1*6^, there is no 
root. Find generally when the equation ^+aa;+&=0 

has roots. ^We find that (:r+a/2)2 = a74-6. If aVi-h 

is positive so that we can find its square root, we shall get 
roots of the equation. But if & is greater than a^^, ay 4 — h 
is negative and has no square root, and there is no root of 
the equation. 
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OahuMum of right-angled triangle from various data. 

20. We have seen that a right-angled triangle is fixed in 
shape and size by any two of the lengths a, &, p, m, n of 
Fig. 11 on p. 260. Incidentally we have seen how m may 
be calculated from given values of n and a. Show how m 

having been calculated, h Bndp may also be calculated. They 

are given by h^ ^ n {n-^-m) and p'^ « mn. Calculate 

them for a « 10*1 and n « 3*2, and compare with the result 
of drawing and measuring. 

21. In Fig. 11 how many right-angled triangles are 
there? Write down the relation between the three sides 
of each in terms of a, b, p, m, n. Through how many 
points can a circle be drawn? From the four poin^ 
A, B, Cj Dj choose three in all possible ways to draw a 
circle through, and in each case write down the relation 
among a, h, p, m, n that the rectangle property of a circle 
gives. The six relations are 

i {m+nf = a^ + ft^; 
ii a^ = jj^+w*; 

iii h^ =i>2+w2; 

iv p^ = mn ; 

V a^ = m(w+w); 

vi ft^ = n{m+n). 

The triangle being fixed by any two of these lengths, it 
may be possible to calculate the remaining three in terms 
of those two. We have seen how to calculate m, p, h in 
terms of n and a. See if, by means of the six relations 
above, any other pair can be made to serve instead of n and a. 

22. The calculation of m, b, p from n and a was made 
from the equations v, vi^ iv. The lengths being determined 
in this way, the equations i, ii, iii must also be true. Can 
you prove that any quantities a, hjp^ m, n that satisfy iv, v, vi, 

will also satisfy i, ii, iii ? The equations v and vi give 

a^-^h^ ^ m(m'\-n)-\-n{m-^n) = (m + n)^; ivandvgive a^^ 
m^-k-mn = m^+p^ ; iv and vi give b^ = w^ + wn = n^-^p^. 

Can the truth of any three of the six equations be deduced 
from the truth of the other three ? It can in some cases, 
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but not in all. For instance, suppose equations ii, iv, v 
true. These do not contain &, and so, clearly, cannot give 
us an equation that does contain h. Are the equa- 

tions u, iv, y independent, or can one of them be deduced 
from the others? — ^We have seen that ii follows from 
iv and v, and in fact any one of the three follows from the 
other two. 

Verify that any three independent equations from the six 
(that is, three such that one of them does not follow from 
the other two) are sufficient to establish the whole six. 

23. Two lengths being enough to fix the triangle in shape 
and size, how many data do we need to fix it in shape alone ? 
Will one length do ? — ^A length will not do, but the ratio 
of two lengths will. How many ratios do the five 

quantities a, 6, p, *n, n give. — ^We may choose any one of 
the five for denominator, and each denominator has the other 
four quantities for possible numerators, so that there are 
twenty ratios, 

Ex. 5. Draw four right-angled triangles whose shapes are fixed by 

£ = 0-5; £ = 3; !? = 2-3; « = 1. 
a n n n 

Express the other ratios in terms of- . — ^By dividing 

every term in each of the equations i-vi by a^ we have 

equations that give -,—«-. The ratio — is the re- 

ciprocal of , and we get - , — > — by multiplyinff 

- » - > - by — • And so for any other denominator. 
a a a m 

Ex. 6. Give all the other ratios when — = 0'5. 

a 

Ex. 7. A right-angled triangle ABC is made from an equilateral 
triangle ABD by drawing BC X to AD. Calculate the ratios 

AC BC, BC BA AC AB ^u ^ • .u • * k i 
AB' AB' AC' AC' BC' BC' ^hat is the size of each angle 

of the triangle ABC ? 
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Ex. 8. A right-angled triangle ABC is made by cutting a square 
ACBD along a diagonal. Calculate the angles of the triangle, and 
the six ratios of its sides. 

P 
24. Can you express the ratio - in terms of an angle ? 

It is called sin B (chap. IX, art. 32). Oan you express 

any other ratios in terms oi B? - is cos A &nd ^ is 
tan£ (chap. XI, arts. 10, 13). 
The triangle is fixed in shape by the one ratio - or sin£. 

So cos B and tan B are also fixed. Can you express them in 
terms of sin 5? — ^The relation jj^+w^ = a^ gives 

(1)"+ ( j)' -= 1, or (8inS)«+(oosB)» = 1, 
which expresses cos £ in terms of sin B, It giy«s also 

(sin 5)2 



or (tanJ5)2 = 



1- (sin 5)2 

For shortness of writing it is usual to write sin^ B instead 
of sin 5 X sin 5, or (sin Bfj and so with the other ratios ; 
so that the relations given are written : — 

cos2£=: l-sin2£; 
sin25 



tan2£ = 



l-sin2J5' 



Ex. 9. Express sin B and tan B in terms of cos By and sin B and 
cos B in terms of tan B. 

Ex. 10. Look up the tables for sin 40% and use the expressions 
just given to calculate cos 40° and tan 40^, and compare with the 
values given by the tables. Further check all three ratios by 
drawing a triangle with angles of 90* and 40**, measuring its sides, 
and calculating the ratios. 

26. Suppose you are asked to make a right-angled triangle 
with a perimeter of 30 cm., that is, with the sum of its three 
sides 30 cm. in length. How will you do it, and how far is 
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its form at your disposal? ^Draw two lines OX and CY at 

right angles. Make a loop of thread measuring 80 cm. round. 
Drive in a pin at C, and another at some point A of GX. 
Put the loop over these two pins, and stretch the loop to the 
furthest point on CY that it will reach. Many triangles ai*e 
possible, for A may be taken on CX anywhere less than 
15 cm. from C7. State the condition that the perimeter 
is 30cm. in terms of a,hjin,n,p. ^It is a + 6 + w + w«30. 

Suppose the triangle is to have a perimeter of 80 cm. and 

an area of 20 sq. cm. ^By means of the loop of thread we 

can find the length of CB for any position of A, and calcu- 
late the area. We draw a graph giving the area as a function 
of the length CA, and read off a value of CA that makes the 
area 20 sq. cm. 

Another way of finding the triangle of given area and 
perimeter is to take any value of GA, to find the correspond- 
ing value of GB that gives the triangle the required area, 
and to measure the perimeter of the resulting triangle. We 
thus get a graph of the perimeter as a function of GA, and 
from the graph we read off the value of GA that gives the 
required perimeter. 

State in terms of a, &, m, n, p the conditions that the peri- 
meter is to be 80 cm. and the area 20 sq. cm. ^They are 

a + b + m + n^ SO and a6/2 = 20. 

26. How would you, without any geometrical construc- 
tion, calculate a, &, m, n, p for the triangle that has 
a-^-h + m + n = 30 and ab/2 = 20? It will be well by 
means of the relations that always hold among a, b, m, m, p, 
to get rid of some of these quantities. Try getting rid of 
mandn. — ^We know that (m + «)^ = a^ + ir, and the peri- 
meter condition a+b + m + n = 80 gives 

(w+w)2 = (30-a~6)2, 

so that (30 - a - bf == a* + bK 

Can you now, without further regard for m, n,p, find from 
the relations ab = 40 and (30— a— 6)^ «a^ + 62 what values 
a and b must have ? — ^We could take any value for a, calcu- 
late from ah = 40 the corresponding value of b, and repeat 
for a number of values of a. We could then calculate the 
value of (30— a— 6)2— a^— 6^ foreachpairof valuesof aand 
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b, and ahow this quantity also in a graph as a function of a. 
A value of a that makes this expression (30 "-a—hf—a^^h^ 
equal to gives a triangle for which a+& + 9»+» = 80 and 
db/2 = 20. 

You could also take any value of a, and calculate from 
(30— a--fe)2 « a*+&2 the corresponding value of h. You 
could then calculate db— 40 for each pair of values, and draw 
the graph of a&— 40 as a function of a. A value of a that 
makes a&— 40 = gives the triangle we seek. 

Having in either way found a, how do you calculate the 

remaining quantities 5, w, w, p ? ^The equation a6 — 40 = 

gives ft. Then a+6 + w+n = 30 gives m+n. Then 
i> = a6/(in+«), w* = a^— J?*, n^^h^—p^ give p^ m, n. 

27. Prom the equation (30— a— 6)^— a^— fe^ «= calculate 

b when a = 2, 4, 6, 8, 10, .... ^When a = 2 the equation 

is (28-6)2-4-&2 « 0. We multiply out (28-6)2 ^nd 
get 784-566 + 62, so that the equation is 780-566 «0; 
and 6 is = 780/56, that is, « 13-9. When a « 4, the equa- 
tion is (26-6)2-16-62 = 0; it simplifies to 660 = 526 
and gives 6 = 12*7. Similarly for other values of a. Can 

you, without giving a a numerical value, simplify the equa- 
tion (30— a— 6)2— a2_52 __ q^ g^ ^y^^^ ^y^^ ^^^ simplification 

will be available for all numerical values of a ? (30 — a — 6)2 
multiplied out is 900-60a-606 + a2 + 62 + 2a6, so that 
the equation is 900 — 60 a — 60 6 + 2 a6 = 0. This is equiva- 
lent to 606-2a6 = 900-60 a, and to 

900-600 
^" 60-2a ' 

Using the relation in this last form we can substitute any 
value of a and at once easily calculate the corresponding 
value of 6. 

Can you, from the equations a-f6+m + n = 30 and 

ah » 40, calculate a and 6 without the help of graphs? 

We have seen that these equations can be put in the form 

, 900-60O J ^ 40 
60— 2 a a 

Each of these equations gives 6 when we know a ; and 
when a has the right value the two equations give the same 
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value of h. Let us find what value of a will make the two 
equations give the same value of h. Let us find a value pi 
a that makes 

900-600 ^ 40, 

60-2o " a ' 

or that makes (900-60 a)a = (60- 2 a) 40 ; or that makes 
900a-60a* = 2400-80a; or 60a»-980a + 2400 = 0; or 
<^^— ^^+40 s 0. We now have the quadratic equation in 
its simplest form, and we proceed to solve it in the usual 
way, 

- 66-69-40 
= 26-69 
(a-8-167)2 = (6-166)2 
so that a-8-167 = +5-166 or =~6-166 
and a = 8-167 + 5- 166 = 13-333, 

or = 8-167-6-166 = 3-001. 

Take 13-33 and 3 as approximate values for a, show that 
for each of these values the two equations for h give the 
same value for b, and find what this value is. 

Tabulate all the solutions you have found for a right angled 
A that has a perimeter of 30 cm. and an area of 20 sq. cm. 

28. Of the following data for making six right-angled 
triangles, determine in each case whether the triangle can 
be made, and whether the number of solutions is definite. 
When there are an indefinite number of solutions, explain 
why the two data are not enough to fix the triangle ; when 
the number of solutions is definite, find the number of 
solutions ; and when the number is 0, explain what difficulty 
occurs in the attempt to find a triangle that satisfies the 
conditions : 

1. a+&+w-fw«30, a+6 = 17. 

2. a&«40, 900-60(a + ?>) + 2a6 = 0. 

3. a + 6+in + w = 30, 900-60(a + 2>) + 2a6 = 0. 

4. a-f 6+w+n = 30, ab « 100. 

5. a + 6 + tw-f n = 30, a = &. 

6. ah = 40, a = 5. 
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We conclude that any two independent conditions fix 
a right-angled triangle, that each condition may give the 
value of one of the quantities a, b, m, n, p, or may give 
a relation among these quantities. 



EXEBCISES. 

11. It is required to mark out with tape on a plot of grass 
a rectangle of 26 yards by 12 yards. What ought the length of its 
di^oual to be to the nearest foot ? 

Explain how a knowledge of this length would help you to lay 
out tne rectangle truly, and state the geometrical proposition of 
which you have made use. 

12. Draw a triangle ABC, having L^ a right angle, UB 36% and 

AB 12 oentimetx^s long. Bisect 
BC at D and join AD. Measure 
the length of AC, and calculate 
the len^hs of all the other lines 
and the sizes of all the other 
angles in the figure. 

13. The frame represented in 
the rough sketch in Fig. 15 
supports a table ; ABCD is a 
square 12 inches in the side, and 
each prolongation AK^ BL, CM, 
DN of a side is 3 inches ; the 
legs are at IT, L, Jf, N, and the 
comers of the table are at the 
same points. What is the shape 
of the table, and what are its 
dimensions to the nearest tenth 
of an inch ? Justify your statement. 

14. With your protractor make an angle of 38°, and find by 
drawing the sine and cosine of the angle. 

Che(£ your results by calculating from them sin238° + cos^38°. 

15. Figs. 16 and 17 are two different arrangements of five 
pieces of cardboard (four congruent triangles and a square). Show 
that Fig. 17 has the form of two squares placed side by side. 

Hence or otherwise show how two squares may be joined 
together, and the resulting figure cut up and re-joined into a single 
square. What kind of triangle do the sides of the three squares 
form ? Justify your answer. 




Fig. 15. 
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16. Draw two circles in contact and a common tangent (not 
the one at the point of contact of the two circles). Draw three 
more figures, varying the radii. On each figure measure in centi- 





Fia. 16. 



Fig. 17. 



metres the radii R and r of the touching circles, and the common 
tangent T. Make a table like the following, filling the first three 
columns from your measurements and ouculating the last two 
columns from them. 





R 


r 


T 


Area of 
square on T 


Area of 
rectangle 4i^r 


Fig. 1. 
Fig. 2. 
Fig. 3. 
Fig. 4. 













What inference can you draw from the last two columns of your 
table ? Attempt to justify it geometrically. 

17. Two ships A and B were steaming at 12 and 18 knots respec- 
tively, A going due east and B due north. B crossed ^'s direction 
east of Aj and ten minutes afterwards A crossed the track of B, 
south of ^. If i> represent the distance in nautical miles between 
the ships at m minutes after the first event {m being less than 10) 
prove that 

131)2 = 36 + (r3m- 4)2. 

For what value of m is (l*3m - 4)2 zero ? Is it ever negative ? 
For what value of m is 36 + (l'3m-4)2 least, and what is this 
value ? What is then the length of Z> ? 

Make a diagram to a scale of 2 inches to a nautical mile, showing 
the positions of the ships at the moment B crossed A*s direction 
and at intervals of 1 minute thereafter up to 10 minutes. Measure 
the distances and plot them on squared paper, representing 

T 2 
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1 minute by 1 inch and 1 nautical mile by 2 inches. From this 
find by inspection the time at which the ships were nearest to one 
another, and their distance apart at that time, and compare with 
your previous results. 

A knot is a speed of one nautical mile per hour. 

18. Make a A having angles of oO"" and 90**. From it measure 
the sine, cosine, and tangent of 60^ 

Draw any right-angled triangle ABC right-angled at C, and 
express the sine, cosine, and tangent oi B in terms of the sides 
a, %, c. From known relations between a, 2>, c express sin B and 
cos J9 in terms of tan B, In the case ot B ^ S(f verify these 
relations from the values found above. 

19. Make an angle whose tangent is 0*462. Calculate the sine 
and cosine, and check your results by measurement of your figure. 

20. A litre measure is 14*2 cm. high. What must be the height 
(to the nearest millimetre) of a hsJf-litre measure of the same 
shape ? Among measures of the same shape the volume varies 
as tne cube of the height. 

21. A projectile whose weight is w pounds and diameter d inches 
strikes a wrought-iron plate when moving at the rate of v feet per 
second. Assuming that the penetration p (in inches) is given by 
the formula 






find the penetration when d = 13*5, w «= 1250, and v ss 2016. 

22. A water main is 2 feet in diameter. How many gallons are 
contained in 1 mile of it ? And at how many miles per hour must 
the water flow in it to supply a population of 63,000 with 38 gallons 
per head in 12 hours ? (1 cubic foot = 6*2 gallons. The area of 
a circle is 0*79 times the square of the diameter.) 

23. Along a line AXB of indefinite length set off ^X «s 8 cm., 
XB = 4 cm., and describe a circle with AB as diameter, naming 
the centre 0. Draw CXD at right angles to AB, cutting the circle 
at C and D. Calculate the lengths of OC and OX, and show that 

XC s= V32 cm. Use your figure to find to the nearest tenth the 
square root of 32. 

If the length of AX be denoted by a and of XB by ft, state in 
its simplest form the value of XC, justifying your statement by 
geomemcal reasoning. 

24. The volume of a sphere varies as the cube of its radius. If 
the mass of Saturn is 1/3502 that of the Sun, and its density 0*52 
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that of the Sun, find the diameter of Saturn (supposed spherical), 
that of the Sun being 866,400 miles. 

25. The law for the growth of an electric current in a circuit 
when the voltage rises suddenly to a value V is given by 

where C is the current in amperes, t the time in seconds, and 
V, B, L are certain constants. Take V = 100, -B = 5, L = 0*05, 
and draw a curve showing the connexion between C and t for 
values of t ranging from to 0'05. Take e «= 2*718. 

26. The safe width of a dam at a depth of x feet below the 

water level is a / k — tttt^o r ^^et. How wide should a dam be 

'V 9 + (003xa:) 

at a depth of 25 feet below the water level ? 



CHAPTER XVI 



CALCULATION OP A TRIANGLE 

1. We have seen (chap. V) that a triangle is determined 
by any three of the six quantities o^ &, c, A, B, C; except 
the three angles. We have seen that the sum of the three 
angles is always 180°, so that a knowledge of two angles is 
as good as a knowledge of three ; the three amount only to 
two independent conditions. So that we may say that any 
three independent quantities of the six a, b, c, A, B, C, fix 
the triangle. 

We have seen (chap. XV) for a right-angled triangle that 

any set of data that enable 
us to draw the triangle 
enable us also to calculate 
the triangle. Is this true 
of all triangles ? 

2. Let us suppose we 
know a side a and two 
angles A and B of the tri- 
angle ABO (Fig. 1). Draw 
the X p. Suppose the 
lengths of the various lines 
of the figures to be given 
in centimetres or any other unit by the numbers a, &, 
mj n, p, as shown in the figure. Write down all the 
relations you know among a, b, p, m, n, A, B, and see if 
you can by means of them calculate the parts b, c, C, m^ 
fly Py from the known parts a, A, B. — First, we know 

= 180-^-J5. Then cos JB « - and sin J5 = ^ give 

a a 




Fia. 1. 
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m and p. Knowing p we get h from ^^sinA and n from 
- = cos J.. Finally, c = w» + n gives c. 

Ex. 1. Carry out these calculations for the case a » 14*72, 
A = 58'4, B =: 46*3, the length being in centimetres and the angles 
in degrees. Check your results by drawing and measuring. 

3. In general we do not want m, n, p, but only by c, 0. 
Can you rearrange the equations found so as to give h 
and c without mention of m, n, p ? These equations give 

P 1 » -r^ i t I 1 tt Sin S -- 

h — -7^—2 and p = asm J?, so that o = — ; — r-. For c 

am A ^ smA 

we have c — m+^i, m = acos£, n — &cos J., so that 
c ^"a eos .B + & cos J.. If you wanted c without calcu- 
lating 6, can you express c in terms of a, Ay £? ^Putting 

asin£ * , i_ « . asinJJcosJ. 

— -, — r for we have c = a cos J? H ; — =5 

sm-4 smJ? 

sin J. cos J9 + cos J. sin J? 

or c = a X ; — 1 • 

sm^ 

This expression for c is heavy to use in calculation. Can 
you find a better? Try the relations that would result 
from dropping a J. from AoxB instead of from G. The 

J. let fall from B is equal to a sin C, and also to c sin A^ so 

• f^ 

that c = — : — 7- , C being known at once from G « 180— 
smJ. 

-1— B. The X let fall from A gives c = — : — =7 , not so 

^ smJ? 

good because & is not among the original data. 

Use these relations, which may be written in the form 

g 6_^ c 

sin A sin B sin C ' 

to find 6 and c when a « 14-72, -4 = 68-4, B = 463. — 
Looking out sin 58*4 and sin 46*3 in the tables we get 

1472 X 0-7230 

0-8517 ' 
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which we may aimply multiply and diyide out, or we may 
logarithms, thus : 

log 14-72 =11679 

log 0-7230= 0-8591-1 



1-0270 
log 0-8517 « 0-9303 -1 

log 



b = 12-49. 



h = 1-0967, 

And so for c. 

In this work you have looked up two entries for each 
angle, namely for B 

sin 46-3 =07230 

log 0-7230 = 0-8591-1. 

But in another place the tables give the logarithm of sin 
46-3 as a single entry. This is the table called, not very 
appropriately, 'logarithmic sines.' The actual entry is 

log sin46-3 = 9-8591, 

which is greater by 10 than the value already found. To 
enter 0*8591 — 1 would make the table clumsy ; for compact- 
ness the logarithm of every sine, cosine, and tangent is 
shown in the table with 10 added. 

4. To survey a piece of land two points A and B 500 




metres apart are taken; and to fix a point C the angles 
CAB = 19°-5 and CBA = 123° are measured (Fig. 2). Cal- 
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culate the distances of C from A and J5. Since A-\-B-\-G 

= 180°, C = 37°-5. The relation a/sin A = c/sin gives 
(in metres) a = 500 sin 19°-5/sin 37°-5 « 274. The angle B 
is obtuse, and we have no meaning for the sine of an obtuse 
angle; but if we draw AD J. to CB produced, we have 
42) = c sin ABB and also « & sin 0. The angle ABD = 180° 
-5=57°, so that & = 500sin577sin37°-5 = 689. 
You had for Fig. 1 the relation c = a cos J5 + 6cos-4. 

What corresponding relation is there for Fig. 2? Draw 

CF -L to AB produced. Then & cos A is AF. We have no 
meaning for cos By since B is obtuse, but a cos CBF is BF. 
So that c = 6 cos J. — a cos CBF, 



6. The meaning of sine and cosine can be extended to 
cover obtuse angles. Let OX and OF be two lines at right 
angles (Fig. 8). Let us agree to consider all lengths measured 
along OX or parallel to OX 
positive, and all lengths Y 

measured along or parallel 
to the opposite direction 
OX^ negative. In the same 
way all lengths in the di- 
rection OY are to be con- 
sidered positive and all in 
the reverse direction OY' 
negative. Let a line OP 
lie at first along OX and 
then turn in the direction 
of OY through an angle of 
19°-5. Draw PM 1 to 
OX. The sine of 19°-6 is 
MP/OPf and the cosine of 

19° '5 is OM/OP, OM and MP being positive because they 
lie in the directions OX and OY. Use this to find sin 19°*5 
and cosl9°'5, and compare with the values given in the 
tables. 

So fax our definitions agree with the former ones. Now 
let OP turn from OX through 123° to 0P\ and draw P'M' 
1 to X'OX. M'P' is still positive, but OM' is negative as 
it lies in the negative direction OX'. Draw the figure 
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making OP' » 10 cm., and measure OM' and M'P'. Still 
taking as our definitions 

sin 128° « WP'IOP', cos 123° = OM'/OP% 

give their values. P'M' is 8*4 cm. and OM' is 5*4cm., so that 

sin 123° = 8-4/10 = 0-84 and cos 123° = -5-4/10 «- 0-54. 

How will you find cos 123° from the tables? The tables 

give angles from 0° to 90°. The angle P'OM' is 180°- 123° 
» 57°. The cosine of an acute angle is positive, and cos 
57° is simply the length 03f divided by the length OP', 
without regard to the fact that CM' is negative. Cos 57° is 
5*4/10 or 0*54, by measurement ; or more accurately from 
the tables, cos 67° - 05446. Thus cos 123° = -0-5446. 

6. In view of these extended definitions, see what cor- 
responds for an obtuse-angled triangle (Fig. 2) to the relations 
a/sin A « 6/sin B = c/sin C and c = a cos B-^-h cos A for 

an acute-angled triangle. Sin J? is CFfCB, and is positive, 

so that a sin ^ B CF = h sin A, Also AD is = cainB and 
is also = h sin C, so that the relation a/sin A » &/sin B 
== c/sin C is true for this triangle also. Cos B, however, is 
negative, and is = ^BF/a, so that BF = — ocos JB. Thus 
c — AF— BF = h cos J. -f a cos B, the same relation as before. 

Our extended definitions thus prove convenient. It saves 
space in the memory, or in the notebook, to be able to use 
the old formulas instead of keeping a second set. 

Ex. 2. Draw a few triangles and measure their sides and angles, 
a, b, c being the lengths of the sides of a triangle in centimetres, 
and Ay B, C the values of the angles in degrees, calculate and 

compare -j> "B> 7i ^^^ ®*^^ triangle. 

Calculate the angles and sides of one of the right-angled triangles 
made by cutting in half an equilateral triangle 10 cm. in the side, 

n h ^ 

and compare j* n? tv* ^^ ^^^ same for the triangle made by 

cutting a square 10 cm. in the side along a diagonal. 
Are the sides of a triangle proportional to the opposite angles ? 

7. In the case of triangles fixed by two sides and an 
angle, what classes are to be distinguished (chap. V) ? Oiven 
a, h, A, how will you calculate B, C, c? — ^The equation 
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a/sin A = &/sin B gives B. Then J. + J?+ C « ISC' gives (7, 
and c/sin C = a/^mA gives c. 

Draw the triangle for the four cases a » 12*48, 6*76, 3*42, 
2*84, all four cases having A ^ 20 and h » 10. Then calcu- 
late the triangle for each case. Remembering that every 

value of sin J? that gives an acute angle for the value of B 
gives also an obtuse angle, we have the following results : 

a B C 

in cm. in degrees in degi-ees 



12-48 / 1^'^ 

D /O . . . . ^ j^Q.g 



. 144*1 
impossible 

. 129-6 
10*4 

70*0 

impossible 



3*42 .... 90*0 . 

2*84 .... impossible 

In the case when B « 164*1, the sum of A and B is greater 
than 180, so that Cis impossible and the only triangle possible 
for a « 12*48 has B « 15*9 and C = 144*1. In the case 
when a = 2*84 the value of sin B is greater than 1, and no 
angle has a sine greater than 1. so that there is no triangle 
with a = 2*84. These results agree with the results of 
drawing. 

Of all possible values of a, which give two triangles, which 
give one, and which none, when 6 = 10 and -4. »= 20 ? 

Generalize the result? ^When a is greater than or equal 

to 10 there is one triangle ; when a lies between 10 and 8*42 
there are two triangles ; when a = 8*42 one triangle ; when 
a is less than 3*42 no triangle. The general results are : — 

a>h 1 triangle 

h > a > h sin J. .... 2 triangles 

a ^ b sin A .... 1 triangle 

a < & sin ii . . . . triangle 

8. Given &, c, A, how will you calculate a, B, C? Write 
down again all the relations between a,h,p,. . . , and choose 

the useful ones. Sin A = p/b gives p, and cos A =» n/b 

gives n. Then w = c— w gives m. Then tan B ^p/m 
gives JB. And m/a^ cos £, or jp/a » sinJ?, gives a. 
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Solve the triangle A ^ 20f 6 = 14, c = 6. We have 

p = 14 sin 20 = 48 ; n = 14 cos 20 « 13*2. This gives n 

greater than c, a ease we did 
not contemplate. Draw 

a triangle (Fig. 4) in which n is 
greater than c, and see how 

^ you would solve it. ^Denote 

the exterior angle at B by Q. 
p and n are given as before, 
m is now «— c. Q is given by 

":, :_-«-°_..'r-^'" tang =i)/m, and^isl80-§. 

Fig. 4. a is given by m/a = cos Q or 

fn/a = — cos B or p/a = sin Q 
or p/a — sin B» For the case in question this gives m = 7*2, 
tan Q = 4-8/7-2 = 0-67, Q = 34, o = 7-2/cos 34 = 8-7. 
'^^at meaning would you suggest for tan J9, when B is 

obtuse ? In accordance with the extended definitions given 

to the sine and cosine (art. 5), let us suppose OP to rotate 
from OX through the angle B and drop PMl to OX (Fig. 3) ; 
then tanj8 is MP/OM; the directions OX and OY being 
positive, the opposite directions negative. When the angle 
is obtuse MP is positive and OM negative, so that the 
tangent is negative. How will this definition apply 

to the solution of the triangle -4 = 20, 6 = 14, c == 6 ? 

Tan B = — p/w = — 4'8/7'2 = —0-67, and by drawing an 
angle whose tangent is —0*67 we find the angle to be 146°. 
Or the table gives 0*67 = tan 34, so that B = 180-34 « 146. 
We can thus solve the triangle without mention of Q, 

Write down the formulas you would use to solve this 
triangle, without mention of Q, and compare them with 

those you gave for an acute-angled triangle. ^The formulas 

differ only in the sign of m. And if you reckon m 
positive when F lies on the name side of B as A, and nega- 
tive when it lies on the other side? The formulas are then 

identical in form. 

Here, again, by our extended definition of tan B we have 
the formidas for the solution of a triangle exactly the same 
for acute- and obtuse-angled trianglea 

0. There remains the case in which the three sides a, h, c 
are given, and the angles A,ByC are to be calculated. What 
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expressions have you for A and B in terms of a, h, p, m, n 
(Fig. 1) ? — -Cos A = n/b, sin J. « p/h, cos B ■* w/a, sin B 
= p/a. So that if you can calculate m, n, p, you know 

how then to calculate A and B. Write down all the rela- 
tions between a, h, p, m, n, c, and see if you can find tn, n,p 

from a, 6, c, ^The relations are a^ « w^+i?^, h^ = w^+i)^ 

c = m-^-n. Let us try to get rid of m and p^ and so have 
an equation for n. The second and third equations give 
^ = 6^— w* and m — c—n. We put these values for j) and 
m in the first equation and have a^ = (c— w)2 + (62— w^) or 
a2 = c8— 2cn+&2 or w =* (&^ + c^— a2)/2c Knowing n we 
can then calculate niy p^ A^ B, C. 

The following way is rather more convenient. Since 
a2 = p2 + ^2 an<j ^,2 = ^2 ^ ^2^ jt foUows that a^-^b^^ 'nfi—nK 

Since w + w = c, m^— w^ = {^—n) (m-f w) = c(w— n). So 
we calculate m and n from m— n = (a— &) (a^-mc and 
n» -f fi s= c ; then J. and ^from cos.^ = n/& and cos B « m/a ; 
and C from the angle sum property. Use this for the case 
a = 5-846, h = 8-722, c = 9-104. 

n-n. = (1±1(^) = ^^^^^ - 4-603, 

c 9-104 

n+w « c « 9-104, 
so that n == 6*853 and m = 2-250. 
Then cos^ = w/6 = 6-858/8-722 and A = 88-2, 

cosJB = mla = 2-250/5-846 and ^ = 67-4. 
Finally = 180-^-5 = 74-4. 

Check these results by drawing. 

10. If you wanted to know C only and not A and B, how 

would you shorten the work ? ^We should not draw the J. 

from C but from A (or from B). The former procedure 
would then bring us first to values of cos C and cos B (or of 
cos C and cos J.). 

Find the greatest angle of the triangle when the sides are 

6-840, 8-722, 18-764. The angle from which the 1 is drawn 

is the last one we come to, so we draw the J. from one of 
the smaller angles (Fig. 5). The triangle is obtuse, so our 
formulas may need revision, n is negative when F and B 
lie on opposite sides of ^, so that if the numerical length of 
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AF h k, fi = -A. We have now a^-b^ « w^-F and 
m = c-\'ky so that a^— 62 = («ji+A?)c or ni+ife = (a+fe)(a— 6)/c. 




If we use n instead of k, the equations for m and n are 
c = w + w and w— n = (a+6)(a— 6)/c, as before. Thus, 

m-n = (a+6)(a-&)/c = 22-486 x 5-042/6'340 = 17-87, 

ni + w = c = 6*340, 

whence w = 12*10 and n « — 5*76 ; 

and -cos^ = -fi/6 = 5*76/8-722 = cos48-7. 

Thus J. is an obtuse angle that has the same numerical 
value of the cosine as 48*7, so ^ « 180 - 48*7 = 131*8. 

11. Can you tell from the given values of a, &, c whether 
a triangle is right-, acute-, or obtuse-angled, without calcu- 
lating the angles ? ^We know already that if a^ + c^ = b% 

the angle B is right. Also we have seen that in all cases 
a^—l)^^(^^n)c and c = in+n. Hence, in all cases, 
a2— &2 = (2i»— c)c or 2mc= c^-^a^—h^. Now JPmay lie 
(see Fig. 6) to the left; of B, in which case m is positive ; it 
may lie to the right of B, in which case m is negative ; and 
it may coincide with B, in which case m is zero. When 
c^-^-a^ > h^ we know from 2mc = a^-^-a^-^b^ that m is 
positive, that F lies to the left of B, and therefore the 
angle B is acute. When <^+a^ <b^ we know that m is 
negative, F lies to the right of B, and L^ is obtuse. When 
^^a^ = j)i the formula shows that m « 0, that F coincides 
with B, and LJ5 is right ; which we knew already. 

Need you in this way consider each angle separately to 
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determine the nature of the triangle ? ^Only the greatest 

angle can be right or obtuse, and the greatest angle is 




opposite to the greatest side. So let us call the greatest 
side b ; then the triangle is acute-, right-, or obtuse-angled, 
according as c^ + a^ is >, =, or <.hK 

Ex. 3. Taking as the lengths of two sides of a triangle 5 and 
10 cm., and taking in succession as the length of the third side 16, 
14, 12, 10, 8, 6, 4, 2 cm., draw all the triangles you can, and find by 
calculation what kind of triangle each is. When no triangle can 
be drawn, explain why. 

Ex. 4. Two rods 5 and 10 cm. long are hinged together, and 
the free ends joined by an elastic thread. Show in a graph the 
length of the tnread as a function of the angle between the rods. 

Give another graph showing the area of the square whose side is 
equal to the thread, as a function of the angle between the rods. 
Show on the same diagram the sum of the squares on the two rods. 
For what values of the angle between the rods is the single square 
greater than the sum of the two, and for what values is it less ? 

12. In Kg. 6 ^^is called the projection of BC on 
BA, In general, if Xs Pp and Qq are let fall from the two 
ends P and Q of a line on another line X (Fig. 7), pq is the 
projection of FQ on X Also positive directions being 
chosen for PQ and X, for instance, those marked by arrow- 
heads in the figure, the projection pq is considered positive 
if it runs in the positive direction of X and negative if in 
the other. Can you express the projection in terms of the 

angle between PQ and X ? If A is the angle between the 

positive directions and I the length of PQ, then pq = I cos A^ 
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and the algebraic sign looks after itself, since cob A is positive 
when A is acute and negative when A is obtuse. 




Express the projection n of & on c in terms of the angle Aj 
and in place of the relation found between a, h, c, n give one 

between a, 6, c, A, Since n «= 6 cos -4, the relation 2 nc = 

b^'\-(^'~a^ becomes 2hcco& A ^h^-^-^—aK Write 

down an expression connecting a, b, c, B, and one connecting 
a, h, c, C 

13. Draw any triangle and the three J.s from the angles 
on the opposite sides. Find, by experiment, whether the 
three ±s are usually concurrent, that is, meet in one point. 

In any triangle ABC draw the Is BE and CF (Kg. 8) 
meeting in 0. Pick out any set of four points through 




Fig. 8. 



which a circle will pass ; a number of points through which 

a circle will pass are called concyclic. The angles BFC 

and BEC are both right, so that the circle on BC as diameter 
passes through B, F, E, C. For the same reason the circle 
on AG as diameter passes through Ay F, 0, E. Join 
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AO and JPJE7, and mark all equal angles that you can discover. 
Produce ^0 to meet BC in 2). What can you tell of the 
angle AJDB? — ^We know that the angles marked 1 and 2 
are equal because jB, F, C, E are concyclic ; and that the 
angles 2 and 3 are equal because A^ F, 0, E are concyclic 
The equality of the angles 1 and 8 follows, and shows 
D, B, A, £ to be concyclic. Therefore LADB is » LAEB 
and so is a right angle. Thus AO produced is the L from 
A on BG] that is, the three J.s are concurrent or meet in a 
point. 

From measurements of your figure calculate the areas 
OA,OD, OB.OE, OaOF, AF.AB, BF.BA, BD,BG, 
OD.CB, CEjCAj AKAC. What relations hold (experi- 




Fia. 9. 



mentally) among them ? Consider AF as the projection of 
AC\ OE as the projection of DC or OA^ and so on ; and so 
justify the experimental results. 

14. Draw any triangle ABC with the squares on the three 
sides (Fig. 9). Draw the L from each vertex on the opposite 
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side and produce it to divide the square on that side into 
two rectangles. What rectangle property do you get from 

the circle through B, F, Ey C? That AF.AB=i 

AEJLC. Pick out a rectangle drawn on your figure 

equal to each of thesa Bepeat for the two circles on AB 
and AC as diameters. What area of the figure is equal to 
a*+b^— c^? — ^We have seen that the two rectangles marked 
Pare equal, as are the two marked Q, and the two marked R, 
We haye then to subtract P+ Q which makes c^ from the 
sum of Q+JR (which is a^) and P+JR (which is b^). The 
remainder is 2 JR. Express B in terms of sides and 

angles of the triangle. One rectangle marked Biaax CD, 

the product of a and the projection of & on a ; the other is 
h X OE, the product of h and the projection of a on h. The pro- 
jection CD IB = h cos C and the projection CE is »= a cos C. 
So from either rectangle we have B ^ db cos C. 

Tou thus arrive again at the equation c^ = a^ + &^ — 2a5cos C7; 
which is an extension of the theorem of Pythagoras that 
c^^a^^l^ ^hen C = 90°. In Pig. 9 join GC and HA, and 
compare the triangles GBC and ABH with one another and 
with the rectangles marked Q, and so give a proof after the 
manner of Euclid's proof of the theorem of Pythagoras, that 
the square on one side of an acute-angled triangle is 
less than the sum of the squares on the other two 
sides by twice the rectangle contained by one of 
these sides and the projection on it of the other. 

16. Beconsider the preceding article for an obtuse-angled 
triangle. 

Calculation of the area of a tricmgle. 

16. A set of data that fix a triangle, fix the area and 
enable us to calculate it. The most useftil expressions for 
the area are in terms of the three sides and in terms of two 
sides and the included angle. Express the area in terms of 

5, c, A. ^The area is half the product of the base and the 

height, pc/2 (Fig. 1 or 4). And p ^hBiaA, so that the 
area is ^hcsinA. 

Find an expression in terms of the three sides. ^We 

must express p in terms of the sides. We have p^ » a^-^m^ 
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while m is given hy 2 cm ^ c^+a^— 62^ This expression 
forn» shows that (a + n»)2(; is equal to 
2ac+c2+a2-62 or (c+a)2-fe2 ^r (c+a + fe)(c+a-&) ; 
and that (a— m)2c is equal to 

2ac-c2-a2+62 ^^ 62_(c_^)2 ^^ (6-c+a)(6 + c-a). 
Therefore 4c22?2 or 2c(a + m).2c(a— m) is = 

(c+a + 6)(c+a-6)(6+a-c)(6 + c-a). 
And the area or ^qp is 



V 



a + 6 + c ft + c—a c+a— 6 a+6 — c 



2 2 2 2 

The symmetry of this expression in a, &, c is a check on 
its correctness. We get the same result no matter which 
side we choose as base. Use the formula to calculate the 
area of a triangle whose sides are 13, 10, 8 cm. Also 
measure one of ^e angles and calculate the area from \hcx 
sin A, Also draw a perpendicular and use \^pc. See how 
closely your results agree. 

A quadratic equation, 

17. The relation a2 = 62^^_2&ccos^ between a^hyC^Ay 
enables us to calculate any one of these four quantities when 
we know the other three. Use it in the following cases, and 
compare it for rapidity with methods already given : 

(1) a = 4-36, h = 9-00, c = 6-32 ; 

(2) h = 7-20, c = 5-68, 4 = 118 ; 

(3) a « 3-64, h = 7-42, A = 28. 

Consider how, when a, h, A are given, the different cases 
arise of two solutions, one solution, and no solution. The 
equation for c is c2— 2 6c cos -4 = a^ — h^ or 

(C-6 C0S4)2 = a2-62^.52 cos2 A 

Since sin2 A + cos2 ^ = 1, the right hand side of the equation 
may be written a^—t^sin^A ; and the equation itself 

(c— &cos-4)2 = a^—h^ma^A. 

For this to give any value at all for o, the right side 
must be positive, that is, a must be > & sin A* For such 
values of a the equation always gives two values of c. But 

* Discuss the case a = 6 sin ,^. 
u 2 
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a negative yalue of c is useless as the side of a triangle. 
Both values of c will be positive when 

h COS A > ya*— &* sin^ -4, 

that isy when &*cos* J. > a^—h^mn^A 

or &*(cos*-4 + sin*^) > o^ 

or h^ > a? 

or h > a* 

And when a>h there is only one positive value of c and 
one triangle. 

Triangle given by co-ordinates, 

IB* The position of each vertex of a triangle may be given 
by its distances from two X lines or axes OX and OT (Fig. 10). 

These distances are 
called co-ordinates. 
In Figure 10 the co- 
ordinates of J. are 5*06 
and 2*16, the co-or- 
dinate measured || to 
OX being given first ; 
the co-ordinates of B 
are 9*14 and 7*70; the 
co-ordinates of C are 
- 2*96 and 4-68. The 
co-ordinate —2*96 is 
negative because it is 
not measured in the 
direction OX, but in 
the opposite direction. Similarly, any co-ordinate measured 
in the opposite direction to OT is negative. 

Can you calculate the length AB and the angle that AB 
makes with OX (or with a parallel to OX) ? — If AM is drawn 
II to OX we have a right-angled triangle in which 

AM = 914- 506 = 408 and BM = 7*70 - 216 = 5*54. 

Whence AB^ = 4*082+5*542 = 47*3, and AB = 6*88. And 
tan BAM « 5*54/4-08, so that UBAM is 58^*6. 

Calculate the lengths of the other sides and the angles 
they make with OX, and so the angles of the triangle. 
Check by drawing. 




Fig. 10. 
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In this case a triangle is fixed by six data, the six co-ordinates. 
In the cases previously discussed three data fixed a triangle. 

What makes the difference ? ^The six co-ordinates fix the 

triangle in position as well as form. Three conditions are 
enough to fix the form by itself. 

19. In most of the previous discussions the triangle has 
been given by the specification of three of the elements 
a, b, Cj A^ Bf C. But the three conditions may be given in 
various ways. Discuss, in each of the eight following cases, 
whether a triangle can be made to satisfy the conditions, 
and whether there are an indefinite number of different 
triangles that satisfy the conditions or only a finite number. 
When there are an indefinite number of solutions, show that 
we have not three independent conditions. 

1. a + & + c = 40, A+B+C= ISO, A = B. 

2. a + 6 = 20, & + c = 30, A+B+C-=170. 

3. Triangle to be equilateral and have a perimeter of 

40 cm. 

4. Triangle to be isosceles, have base of 10 cm., and height 

of 13 cm. 

5. Base » 14 cm., height 10 cm., vertical angle 70^ 

6. h + c == 9, c-^a = 11, a+6 = 10. 

7. a+6 — 12, a = c, asin-B— &sin-4. = 0. 

8. B+C^ 110, 0+4 « 130, ^ +5 « 120. 



Exercises. 

5. To find the breadth of a straight river two points A and B 
are taken on one bank 115 yards apart. From these a point Con 
the further bank is observea, and it is found th&tLABCJs= ^O^'and 
L^AC » 64^ Draw a figure on a scale of 1 inch to 20 yards, and 
find from it the breadth of the river. 

6. A point P lies 3 miles from a point in a direction 81^ north 
of east, another point Q lies 51 miles from in a direction 57'' 
north of east. Calculate the distance between P and Q to the 
nearest tenth of a mile. 

7. Prove the accuracy of the following geometrical construction 
for determining the roots of the quadratic x^-px-\-q^O: * Draw 
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OX ^p ; draw XZ and OY perpendicular to OX, making XiZ <b q 
and OY ss unity ; join FZ, and on it describe a semicircle, cutting 
OX in A and B, OA and OB are the required roots.' 
Solve the equation o:^ - 3*5 a? + 2 = in this way. 

8. For printing a circular, a printer's estimate is 1^. 9(2. for 50 
copies, or 2«. 8(2. for 100. Presuming each of these estimates to 
consist of (i) a charge for setting up the type, independent of the 
number of copies printed, (ii) a charge for printing and p^aper, 
proportional to the number of copies printed ; find what his estimate 
for printing 1000 copies would be. 

9. The given numbers are known to follow approximately the 
law y ^ a-^-hx. Determine the probable values of a and h. 

y = 0-65, 0-91, 1-26, 169, 1-77, 2-13. 

a: =1-5, 3 0, 5 0, 7*5, 8, 10. 

10. In a certain experiment the following values of x and y were 
obtained : — 



X . . 


1-0 


1-7 


2-6 


3-8 


4-2 


6 


7-8 


10 


y . • 


4-30 


5*38 


6-63 


8-64 


9*26 

1 


1205 


14-84 


18-25 



Determine the probable values of y when x was 3, 5 and 8, and 
exhibit them in a table. 

Assuming that there is a simple law connecting x and y, find the 
law, and check your results by means of it. 

11. The sides of a rectangle are p and a inches in length. 
From anoint within the recUngle four straight Unesare drawn per. 
pendicular to the sides ; find the sum of these lines in terms of ^ and ^. 
Prove that the sum is the same for all positions of the point within 
the rectangle. 

If the point is outside the rectangle, and perpendiculars are 
dropped from it on the sides, produced if necessary, show that the 
sum of the perpendiculars can still be expressed in terms of jp and q 
by regarding some of the lines as positive and others as negative. 

12. Multiply together x+a, x-^h, x-^-c and arrange your result 
by bracketing together like powers of x. 

Describe your result in words and deduce from it the result of 
multiplying ^ + a, x-h and x-^e together. 
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13. Criticize the following reasoning : 

25-45 = 16-36, that is, 52-2x5x|» 42-2x4x) r 
therefore 

5«-2x5x| + (f)2 = 42-2x4xf + (|)2, thatis, (5-t)2-(4-|)2; 
therefore 5-fe=4-|; 

therefore 5=4. 

14. Show that 

and give the values of x for which ot^ + jxr + g « 0. 
)^nbat values of x satisfy the equation when 

1> = - 01 and gr » - 0*3 ? 

15. The tangent of an angle which lies between 90'' and 180** 
is - 2 : ^tate and carry out a construction for finding the angle, and 
determine its sine and cosine. 

16. Draw a field ABCD in which AB = SO metres, ^C = 94m., 
AD = 78 m., LCAB = 42', L.CAD = 46^ 

Could you find the area of a quadrilateral field if you knew the 
lengths of the sides ? Why ? 

17. A tunnel has to be bored through a mountain connecting two 
places A and B. To get from ^ to J9 over the mountain I have to 
walk 4 kilometres upwards at an angle of 23** and then 2 kilometres 
downwards at an angle of 34^ with the horizon, the path being all 
in one vertical plane. Find the length of the tunnel, the difference 
of level of its two ends, and the inclination of the tunnel to the 
horizontal. 

18. It is noticed that when the elevation of the Sun is 22° the 
shadow of the summit P of a mountain falls at Q on the seashore. 
A distance QB of 800 feet is measured horizontally at right angles 
to PQ and the angle PBQ is then found to be 73''. Calculate the 
height of P above sea level. 

Also find the height of P by drawing. 

19. From the top of a hill of height 874 metres above the level 
of an adjoining lake the angles of depression of the top of another 
hiU and of its reflection in the lake were found to be 11° and 26° ; 
(the hiU top in the reflection is vertically below the actual hill top 
and is as far below the lake surface as the actual top is above). 
Find the height of the second hill from a drawing to a suitable 
scale. 

Also calculate the height of the second hill, having eiven that its 
ratio to the height of the first hill is sin (d^ ^d)-T sin ((? + i), where 
d and d' are the two angles of depression. 

20. Solve the equations y 0*4^7 » 3*2, a;+0*6y « 12, and verify 
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the solation by plotting, on squared paper, the graphs of the equa- 
tions. 

21. Plot on squared paper the following sets of values of x and 
y, which are in inches : 

X . .3-8 4-4 5-2 61 69 76 82, 

y . .0-9 1-7 3-3 48 5-8 7*2 8-1. 

There being a relation of the form y '^itx+b which is approxi- 
mately satisfied by these values, find what the relation is. 

22. When a body is thrown up in the air with a velocity of 96 
feet per second, its height above the ground t seconds after it was 
thrown is 96 1 - 1 6 <^ feet. Find its height after 1,2, and 8 seconds. 
When is it again at the same heights as at these times ? 

28. When a photograph is to be taken, the plate on which the 
picture is made must be placed at a distance x from the lens, this 
distance being connected with the distance y of the object from the 

lens by the relation - + - «» 7, where/is a length depending on the 

lens used. For /"«> 4 inches, find the distance of the plate from 
the lens when the distance of the object is (1) 6 feet, (2) 20 feet, 
(8) 100 feet, and show that the distance of the plate for 100 feet is 
nearly the same as for any greater distance. 

24. At sea level water boils at 212° Fahrenheit. At a height JET 
feet above sea level the boiling point is lowered B degrees Below 
212°, where B and H are connected by the approximate formula 
H » b20B+B^. At what temperature will water boil at the top 
of a mountain 8,500 feet high ? 

26. A road is to be cut in the side of a hiU that slopes at A 
degrees to the horizontal. The breadth of the road is to be c yards, 
and the slope of the ground behind the road is to be B degrees to 
the horizontal. Find an expression for the amount of earth to be 
removed in making I yards of the road. 

Also calculate the number of cubic yards of earth removed per 
yard of road when c » 80, .i •» 40, ^ » 75. 

26. The weight of rails suitable for a given railway is obtained 
from the formula 

fr=17(L + 00001Lp2)2/3 

where W » weight in pounds per yard, 

L s greatest load on one cUiving-wheel in tons, 
V B greatest speed in miles per hour. 
Find the vaJue of W when If » 8 and v » 55, these numbers 
being given to the nearest integer. 

27. A pint measure is 12*4 cm. high to the nearest mm. Find 
what must be the height of a litre measure of the same shape. 
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AmoDg measures of the same shape the volume vajies as the cube 
of the height. A litre is 1 '76 pints to the nearest hundredth. 

28. ^ is a hill top, B and C two points at sea level 3,000 feet 
apart. It is found that LABC = 55* SO' and LACB^ 82", whUe 
the elevation of the hill top viewed from C \s 12°. By drawing 
find the height of the hill above sea level. 

29. The area of the opening under the arch of a bridge is some- 

4F 

times calculated from the formula -g- \/ (0*626 F)^ + C^ where V 

is the height of the arch and C half the distance between the ends 
of the arch. Calculate this area to two significant figures when 
F» 12 feet and C >= 16 feet. 

The area evidently lies between that of a rectangle of the same 
base and height and that of a triangle of the same base and height. 
Use this fact as a rough check on your result. 

80. Find out with as little work as possible whether a 2-inch pipe 
through which water is running at 4 miles an hour is large enough 
to fill a bath holding 15,000 gallons within 10 hours. A 2-inch pipe 
has, roughly, a cross-sectional area of ^ square inches, and a cubic 
foot is 6'23 gallons. 

81. To find the height of a tower on the further side of a river, 
a base of 165 yds. was measured up 

the slope of a hiU from a station on 
the same level as the bottom of the 
tower. At the upper station the 
angles of depression of the lower 
station, the top, and the bottom of 
the tower, were respectively 47^ 19*, 
and 27*. Determine the height of 
the tower in any way you please. 

32. The comer (7 of an estate was 
specified as being 90 links from a 
certain reference tree, in a direction 
40*15' south of east. The comer C 
was moved later 150 links to the 
south. What was its correct specifi- 
cation then ? 

33. A survey line AB is run as 
shown in the sketch (Fiff. 11). The 
length of each part in links is shown. 
The angle written against each part 
means the angle it makes with the 
north, measured round from the 
north to the east. Find the direction Fig. 11. 
(or bearing) and distance of B from A, 
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34. Draw any triangle. Taking any side as base, make on it an 
isosceles triangle equal in area to the original triangle. Measure 
the two perimeters, and see which is greater, and establish the result 
by genenJ reasoning. 

Take now the isosceles triangle, consider one of the equal sides 
as base, and make on this base an isosceles triangle equal in area 
to the former isosceles triangle. Is the perimeter increased or 
diminidied? 

Show that by continuing in this way the perimeter of the triangle 
is in general continually reduced, the area remaining unchanged. 
Is there any case in which the perimeter cannot be reduced ? 

What is the shape of a triangle of minimum perimeter for given 
area? 

35. Take a loop of string and stretch it with three pins into a 
triangle. Try by moving a pin to increase the area of the triangle. 
Then move another pin, ana so on. Establish by general reasoning 
how each pin must be moved to increase the area. In what case 
is it impossible to increase the area ? 

What is the shape of a triangle of maximum area for a given 
perimeter? 



CHAPTEE XVII 

SOLID GEOMETRY 

1. We found experimentally (chap. VII, art. 14) that a 
line standing on a plane might be X to the plane, that is, ± 
to every line in the plane that passed through the foot of the 
line. Must this remain simply the result of experiment, or 
is it capable of proof ? 

Draw a pretty large square ABCBy and on each side of 
it as base draw an isosceles triangle, all four triangles being 
congruent (Fig. 1). Cut out the whole figure and fold it 
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along the sides of the square. Turn the triangles about the 
creases till their vertices meet and you have the pyramid 
OABCB (Fig. 2). Does the height of the isosceles triangles 
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matter? — ^The vertices of the triangles will not come together 
if the height is too little ; the height must be greater than 
half the side of the square. 

2. Now draw the diagonals AC and BD of the square 
base of the pyramid, meeting in M. How does the line 
OM lie with regard to the base ABCD? — It appears to 




Fig. 2. 

be X to the base. Can you prove it J. to any lines 

on the base ? OM will be shown -L to AMG if we show 

As OMA and OMC congruent. OA is the line in which 
OiA and O^A of Fig. 1 unite, OC is the line in which 0, C 
and O4C unite, and we know all the lines OiA, O^A, O^C,,.. 
are equal ; so that OA » OC* Again, the diagonals of a 
square bisect one another, so that MA = MC, Lastly, MO 
is a side of each triangle. Therefore the triangles OMA and 
OMC are congruent^ and the angles OMA and OMC are 
equal, and OM is X to AMC. A similar proof shows OM 
to be X to DMB. 

Draw across the base, through M, any line PQ. Can you 
show this line to be ± to OM? Show As CMQ and AMP 
congruent and CQ « APj then show As GOQ and AOP 
congruent and OQ » OP; and then proceed by the comparison 
of As OMP and OMQ to show that OM is ± to PMQ. 

It has been proved that OM is X to every line through 
M in the plane ABGD ; so that the existence of a per- 
pendicular to a plane is established. 
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3* How would you cut out a sheet of paper to fold into 
a pyramid on a base that is rectangular but not square ? — 
The isosceles triangles of Fig. 1 must have the sides 
OiAf O^Af OiBf,,. all equal; but the As are not now all 
congruent, the bases being unequal. How does the 

line from the vertex of the pyramid to the centre of the 
rectangular base lie? — ^It is X to the base, and the proof 
runs as before. 

If you know a line to be X to one line in a plane do you 

know it to be X to the plane ? ^No. For instsmce, the axle 

of a cart is a line in a horizontal plane, and every spoke 
is X to the axis, but the spoke is not usually X to the 
horizontal plane. In fact each spoke is X to the horizontal 
plane only twice in a revolution of the wheel, once pointing 
right upwards, and once pointing right downwards. 

If you know a line to be X to two lines in a plane, do you 
know it to be X to the plane, that is, X to every other line 
in the plane? — Suppose OM ± to AC and BB (Fig. 3). 
Cut off MA, MB, MC, ML, all of the same length. Then 
As OMA and OMC have MA = MC, LOMA - L^OMC, 
and OM is a side of each, 
so that the triangles are 
congruent and OA ^ QC. 
In the same way OA, OB, 
OC, OD are all equal, and 
is the vertex of a pyramid 
on the rectangle ABCJD as 
base. Now take in the 
plane any other line and 
let it cut BA in P and 
BC in Q. By considering 
As MBA and MBC, and 
then As MBP and MBQ, 

we find MP » MQ ; by considering As OBA and OBC, and 
then As OBP and OBQ, we find OP » OQ. Therefore As 
OMP and OMQ are congruent, and OJlf is X to PMQ. Thus 
OM is X to every line in the plane that contains AC 
and BB. 




Fig. 3. 



4. Suppose that in Fig. 3 a line 8MB is drawn X to MO. 
Will this line lie in the plane ABCB ? — Think of the plane 
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K that contains MO and SMB. It cuts the plane ABCD in 
some line TMU. So we have the plane K containing the line 
MO, the line 8MB which is X to MO, and the line TMU. 
Further, MO being J. to every line in the plane ABCD, is J. 
to TMU. Since in the plane K there is only one line through 
If X to MO, SMB and TMU must be the same line. That 
is, any line SMB X to MO must lie in the plane ABCD. 

6. Suppose AMC and OM two rods soldered together at M 
at right angles. And suppose that the rod AG, while keeping 
its ends at A and C, turns round and carries OM with it. 
What kind of surface does MO (produced indefinitely) sweep 

out? It looks like a plane. Can you prove that 

a line turning about a fixed line and always x to it traces 

out a plane ? Suppose MO and MO^ in Fig. 4 two positions 

of a line turning about AM and a ways x to it. Think of 

the plane P that passes 
through OM and O'M. 
Since iO is X to OM 
and to CM it is X to 
every line in P that 
passes through M; in 
other words, AM is X 
to the plane P. And 
we know that any line 
Fig. 4. X at JM" to MA lies in 

this plane which is J. 
to MA. Therefore any third position (/'M of the rotating 
line lies in the plane P determined by OM and O^M. That 
is, OM sweeps out the plane P. More shortly put, two 
positions of OM determine the plane P X to AM ; and any 
third position of OM, being X to AM, also lies in the plane P. 
So that OM sweeps out the plane X to AM. 

6. How does the end of the rod MO move as MO 

rotates round AMC? is all the time in the plane P, 

and is all the time at the same distance from M. 

We first met the circle as the path of a point at a con- 
stant distance from the foot of a tree (chap. I). It appeared 
later that for the path to be a circle the point had to remain 
on the ground (chap. VII, art. 4) ; the complete locus of a 
point moving at a constant distance from a fixed point being 
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a sphere. Oive now a complete definition of a circle. — It 
is the path of a point that moves in a plane and keeps at 
a constant distance from a fixed point in the plane. 

And what is the path of 0? — By the definition the path 
of is a circle. 

7. Fig. 5 shows a triangular pyramid, in which the edges 
AB, BCf CD have the same length, say 10 cm. ; also the 
angle BCD is right, and AB is X to the plane BCD. Suppose 
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the pyramid has a covering of paper, which is slit along 
BAf ACy CD, and spread out. Draw carefully this spread 
out covering (Fig. 6), arranging the size of the angle A! CD 
so that the covering will fold up again and form a pyramid. 

Calculate the lengths of the various edges, use these lengths 
to draw the figure carefully on stiff paper, and make a 
pyramid. — Since ^J5 is X to the plane BCD, U4-BC = W, 
KsAAC^ •= AB^ + BC^ - 200 sq. cm., so that 40 - 14-14 cm. 
The angle BCD being right, we get in the same way BD » 
14-14. That -4J5 is X to BCD gives also ULBD - 90^ so 
that AU^ « ABP^ + J52)2 - 800, and AD - 17-32. 

Do these calculations tell you anything of VJLCD'l — 
They give us AD^ « .iC^ + CD\ so that the angle ACD must 
be right. 



804 SOLID GEOMETRY 

8. Let us now take our paper pyramid, set it on BCD as 
base, and at the point C put in a pin CK parallel to AB. 

What do parallel lines mean? ^When all the lines dealt 

with were in one plane (chap. II, art 2) we saw that when 
two lines were ||, a ± to one was always ± to the other, 
and the J. distance between the || lines was the same all 
along. Later, in dealing with figures not all in one plane 
(chap. VII, art. 18) we found that for lines to be ||, they must 
in addition lie in one plane. 

We had AB X to the plane BCD, and have drawn OK || to 
AB. Is CK also J. to BCD ? — If we can show CJT to be X 
to two lines in BCD, we shall have shown it to be X to the 
plane. Since CB falls across the parallels BA and CK, the 
angle KCB is 180° - LABC or 90^ We have still to show 
CJT to be X to CD. CK being || to AB is in the plane ABC. 
Now DC was made X to BC, and we have seen that it is also 
X to CA ; it is therefore X to the plane ABC that contains 
these lines, and therefore to CK which lies in this plane. 
Thus CK has been shown X to two lines in the plane BCD 
and so X to the plane. So we have proved that if one line 
is perpendicular to a plane all lines parallel to it 
are also perpendicular to the plane. 

9. State and prove a converse to this theorem. ^All 

perpendiculars to a plane are parallel to one 
another. Take our paper pyramid again, and now suppose 
the pin CK set X to the plane BCD (Fig. 5). CK and 
CD are therefore at right angle& We know also that CD 
is X to the plane ABC. Therefore CK lies in this plane. 
We now have CK and BA in the same plane and both at 
right angles to BC ; they are therefore parallel. 

Show how, given any two Xs to a plane, to arrange a 
pyramid about them so as to prove them parallel. 

10. The top of your desk is a plane. Set up X to it a 
pencil or penholder by means of a pin in the end of it. 
Taking the cover of a book for a second plane, try in what 
variety of ways you can place a plane through the top of the 
pencil. Then set up a second equal pencil X to the desk. 
In what variety of ways can you place a plane thtotigh the 
tops of the two pencils? — ^The plane may rotate round the 
line joining the two tops of the pencils, and any position it 
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rotates to will do. If a third equal pencil is added, 

what variety is left? None; the plane must rotate till 

it contains the third pencil top ; this position is the only 
possible one. The only motion possible is one of sliding 
over the pencil tops. 

U. Call the pencils AB, CD, EF (Fig. 7). Compare the 
triangles ACE and BDF. — AB and CD being X to the same 
plane, the desk, are || to 
one another. And they 
are equal. Therefore 
ABDC is a parallelo- 
gram, and A Oand BDbxq 
also equal and paralleL 
In the same way AE 
and BP are equal and 
parallel, and so are CE 
and DF\ so that the 
triangles are congruent. 

How do the pencils 
stand with regard to 

the second plane, the cover of the book, which we will 
call Q? — ABDC is a rectangle, so that ABiB JLio BD , in 
the same way AB is shown to be X to BF. It is X to two 
lines in the plane Q, and so X to Q. In the same way the 
other pencils are shown to be X to Q ; or otherwise, we 
know ttiem to be || to AB, and they are tiierefore X to Q. 

Let us call the plane of the desk P. Can you tell any- 
thing of the perpendicular distance apart of P and Q else- 
where than at the pencils ? — ^At any point GmAC suppose 
GH drawn || to AB and meeting Q in JBT. QH therefore lies 
in the plane ABCD and BD produced will i>ass through H. 
Now ABHQ is a parallelogram since AB || OH and AQ^ 
BH. So that GH^AB, and GH being M^ is J. to the 
two planes P and Q. So that GH is the distance apart of the 
planes, and the distance apart anywhere on a prolongation 
of AC, CE, or EA is the length of a pencil. 

Find the distance apart measured from any point K in 
the plane P. — -Join K to A, cutting CE in X. Then we 
know that the distance apart at L is the same as at A, and 
we find the distance at K from those at L and A just as w^ 

MAIB X 
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found that at O from those at and A. So that the distance 
apart is everywhere the same. 

Such planeSy whose perpendicular distance apart is every- 
where the same, are said to be parallel planes. 

12. Just as the points B, D, F determined a plane, so do 
Bf A, Cj or nearly any three point& When are three points 
not enough to determine a plane ? — A plane is not deter- 
mined by passing through A, Q G, for it may turn about the 
line ACQ. Gfenerally three points in a Ime do not fix a 
plane. Name some other sets of points in Fig. 7 
that do fix planes. 

How would you measure the angle between two planes, 
say between ABO and ABE? — On the analogy with an 
angle contained by lines we might suppose the plane ABC 
to turn about the pencil AB till it lies flat on ABE, and 
call the angle turned through the angle between the 
planes. How would you measure this angle with a 

protractor? Your proposal needs to be made more definite. 

The turning brings J. C to lie along AE; we could take 

the angle CAE turned through by the line AC 9S the 
measure of the angle between the two planes. Is 

the result the same as if you took the angle turned 
through by BD? ^Yes, for As ACE and BDF are con- 
gruent, so that LDBF = L.CAE. Would it do to 
take the angle between the two positions of BC? — ^By 
experiment that would be a smaller angle ihan CAE. If 
jiC-» AEf this angle made by BC would be CBE, and we 
can show it to be smaller than CAE. For CAE is the vertical 
angle of an isosceles triangle on base CE and with sides 
of length CA. The ACBE has the same base, but longer 
sides of length CB. 

13. Then give a measure of the angle between two planes 
that is the same for all ways of taking the measurement. 

Suppose any third plane drawn at right angles to the 

intersection of the given planes. The angle between the 
lines in which the third plane cuts them is the angle 
between the given planes. This measure is always the 
same ; for let us call AB the intersection of the given planeSi 
and call C and E two points on their intersections by the 
third plane. Draw CD and EF parallel and equal to AB. 
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Then as before we find that BDF is a plane X to AB, the 
intersection of the given planes, and that tiie angle DBF is 
equal to L.OAE. Thus we get the same measure of the 
angle between the two planes whether we take the third 
plane through A or through J9. 
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Position of electric lamp. 

14. An electric lamp L hanging from the centre 
ceiling by a wire to is drawn aside and held so by two 
s and ty that go from 
the lamp to two corners 
A and B of the ceiling 
(Fig. 8). Make a model 
by attaching three 
strings to three points 
at the same level, e.g. 
three comers of an open 
box. For different 
lengths of the two 
strmgs, what is the 
locus of all the points 
the lamp may occupy? 

A sphere whose 

radius is w and whose 

centre is the point where the wire is attached 

ceiling. What is the 

locus when the lengths s and 

to are given ? ^The locus is 

the points common to the 
sphere of centre Cand radius 
w and the sphere of centre 
A and radius 8, and it looks 
like a circle. Suppose 

J. (/joined and XJf drawn ± 
bom L io AC {Fig. 9). The 
lengths iv and 8 being given, 
does the position of M vary 
for different positions of the 
lamp ? — ^The triangle ACL 
is fixed in size and shape by 
ACf 5, w ; thus L.CAL is fixed. 

X 2 



C of a 
strings 



to the 




Fig. 9. 



The ALAM is fixed in sice 
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and shape by s, LXAMj iJLMA ; thus the length AM is 
fixed. So that ilf is at the same distance from A for all 
positions of L, and ML remains in the same plane ± to 
AMC. Since the constancy of f\ALM shows the length 
LM also constant, the locus of X is a circle. 

When the length t is given also, what possibilities are 
there for L ? — L must be at an intersection of the circle 
just discussed and the sphere with centre B and radius t. 
It may happen that there are two intersections, or one, or 
none. When there is no intersection the strings are not of 
suitable length to support the lamp. 

16. When there are two intersections, are they both suit* 
able positions for the lamp ? One position is in the room* 
The other is above the ceiling so that it would not light the 
room ; further the strings would have to be stiff to hold the 
lamp there, they would have to be rods and not strings. 

When you see the image of a lamp in a mirror, how does 
the image lie with respect to the lamp ? — ^As far as we can 
judge the image lies as j&tr behind the mirror as the lamp is 
in front, and the line from lamp to image is X to the 
mirror. Let us adopt this as a definition of image 

even when the surface is not a reflecting one. Are the two 
intersections Li and L.^ of the sphere and circle the images 
one of the other in the ceiling ? that is, is the line LiL^ 
perpendicular to the ceiling and bisected by the ceiling? 

Take first the question of perpendicularity of the line L1L2 
(Fig. 10). Can you name two planes of which L^L^ is 

the intersection ? ^We have 

seen that when the distances 
to and 8 are given ML rotates 
in a plane X to AMC; let us 
call this plane P. By con- 
sidering the locus of L when 
8 and i are given but not to, 
we find the path of X to lie 
in a plane X to AB, say the 
Fig. 10. plane Q. The pointe Li and 

2/2 lie in each of these planes 
P and Qf and therefore lie on the intersection of these planes 
P and Q ; so that the line L1L2 is the intersection. 
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Id. We have seen that the line on which the two possible 
positions Li and L^ of the lamp lie is the intersection of two 
planes P and ft P being X to AMG and Q J. to ANB. What 
angles do these planes make with the ceiling ? — Let OM be 
the intersection of the plane P with the ceiling (Fig. 11) 
and MD a line in the plane 
P and X to OM. MC is 
also X to OMy so that the 
angle between P and the 
ceiling is LDJfC And 
UDMC is right since CM is 
X to the plane P; so thatP 
is X to the ceiling. In the 
same way the plane Q is X 
to the ceiling. 

Let be the point where P, Q, and the ceiling all three 
meet. If OE is a line in the plane P and X to OM, how does 
OE lie with regard to the ceiling ? — P is X to the ceiling, 
that is, OE is X to a certain line on the ceiling ; and OE is 
also X to OM. So 0£ is X to the ceiling. If OF 

was drawn in the plane Q and X to ON, how would it 

lie with regard to the ceiling? It would also be 

X. Then are OE and OF the same line ? Suppose 

OE X to the ceiling and OQ any other line. Suppose the 

plane through OE and OG to 

meet the ceiling in XOY (Fig. 

12). Then EOX and EOT are 

right angles, so that GOX and 

GK)T are not, and GO is not 

X to XOY, and therefore not 

X to the ceiling. Thus there is 

only one X to the ceiling at 0, 

and OE and OF are the same 

line. This line OE or OF is 

therefore the intersection of the 

planes P and ft that is, it is the line LiL.^. And we have 

seen that it is X to the ceiling. 

17. One of the conditions necessary to make Xi and L^ 
images of one another is established : the line LiL^ is X to 
the ceiling. Can you establish the other, namely that L1L2 




O 
Fig. 12. 
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is bisected by the ceiling? — ^We know that when w and 5 
are given the path of the lamp Z is a circle in a plane P X 

to AMC, and we have just seen that 
the line L1L2 is X to the line OM in 
Li/^ X which P cuts the ceiling. 80 wo 

have (Fig. 18) the chord L1L2 of a 
circle with centre M, and MO ± to 
the chord. Therefore MO bisects the 
chord, L1L2 is bisected by the ceiling, 
and Li and X2 are images of one 
another. 

Fig. 13. 18. Suppose that we wanted to 

calculate the position of the electric 
lamp, say to calculate its distance OL ^m the ceiling 
(Fig. 10), the distance ON of from AB, and the distance 
AN of N from A. Suppose the relative positions of AB 
C given by their distances a h c apart. How would you 
proceed ? What quantities would you calculate in succes- 
sion? To answer this enumerate at every stage all the 

quantities you are in a position to calculate. From a 6 c we 

can calculate the angles A B C of the triangle ABC. From 
the length of AC, of the wire LC, and of ihe string LA we 

can calculate all about the triangle LAC 
(Fig. 9), including the ± LM from L on 
CA and the distance AM. In the same 
way the lengths AB AL BL give us AN 
and NL (Fig. 10). 

Tou have now enough to draw the 
quadrilateral ANOM ; you have AN and 
AM, the angle NAM, and the angles at 
N and M which are right. Enough to 
draw is presmnably enough to calculate. 
How will you do it? — We might pro- 
duce MO to meet AN in T (Fig. 14). The 
right-angled triangle AMT, in which AM 
and LA are known, gives MT, AT, and LT. 
Then j^^ is known because it is AT'^AN. 
Then the right-angled triangle TNO, in 
which OT' and UT are known, gives NO an d TO. TM - TO 

now gives us OM ; and OA is known as VAM^ + MO^. 




Fio. 14. 
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You have now AN and NO. Only OL remains. The 

triangle LOA (Fig. 10) has LO right, OA has just been 
calculated, and AL is the given 
length a; so that OL is given 
by OL^'-LA^'OA^ 

19. It is seen that we can cal- 
culate all we want about the 
figure. The methods could per- 
haps be improved upon. For 
instance, what do you know of 

the four points A NOM? ^They 

lie in a circle on ^0 as dia- 
meter (Fig. 15). And if 
KM is a diameter of this circle, 

what do you know of AKMN? KM = OA and 

LMKN = LMAN. So you can calculate MN from 

MN^ = MA^ + NA^ - 2MA.NA cos MAN, 

and then AO or KM from 

MN « KM sin MKN. 

If you happen to want to find LO only, this is a consider- 
able saving. 

Ex. 1. Taking AB = 17, BC = 14, CA = 12, LA ^13, LB = 11, 
LC = 9, all in centimetres, find by drawing the distance of L from 
the plane ABC. 

20. Assuming that a triangular pyramid, whose height is 
h cm. and whose base has an area of 8 sq. cm., has a volume 
of ^hS c. cm., show how you could calculate the volume of 

the pyramid from the lengths of the six edges. ^This is the 

problem of the electric lamp over again. Suppose L the 
vertex of the pyramid and ABC the base (Fig. 10). We 
have seen how to calculate XO, the height of the pyramid. 
And we knew before how to calculate the area of a triangle 
from the lengths of the sides. 

Position of chair, not on floor. 

21. Some time ago (chap. II) we discussed the conditions 
necessary to fix the position of a chair on the floor. How 
many were needed ? Give the conditions in two or three 
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different ways. If now we remove the restriction that the 
chair must stand on the floor, how many conditions are 
necessary ? How many conditions fix the position of one 
pointy say one leg, of the chair in space ? — ^We could fix it, 
as we fix the lamp, by the intersection of three spheres, that 
is by the distances from three points. Or we could fix it by 
three co-ordinates, such as the distances from the floor, the 
west wall, and the south wall. Or in other ways ; in every 
case three conditiona 

22. How many conditions will the second leg take? — It 
will take a total of three, like the first leg. But one condition, 
its distance from the first leg, is already known ; so that it 
needs only two more. And for the third leg how 
many? — ^The first two legs being placed, the third has 
already two loci fixed for it ; it lies on a sphere of known 
radius, of which the first leg is centre, and on another sphere 
with the second leg as centre. One condition more fixes 
it. How many more conditions for the fourth leg ? 

^The fourth leg, and every other point of the chair, is 

already fixed by its distances from the three legs already 
placed. 

Summarize and generalize your results. The position 

in space of any solid body is fixed by six conditions. 
It is fixed as soon as three points are fixed, the 
first of which takes three conditions, the second 
two, and the third one. The position of any fourth 
point may be specified by its distances from these 
three. 

Conditions that fix a framework. 

23. Suppose we are dealing with a body whose size and 
shape have to be fixed as well as its position. For instance, 
return to the electric lamp, and suppose ABC (Fig. 8) a 
triangular framework of rods from which the lamp hangs, 
and suppose we are required to determine all the lengths 
AB,„.ALf...f as well as the position of the whole frame- 
work. How many conditions will fix the dimensions of the 
framework, and how many its position? — For the dimen- 
sions six, one for each length ; for the position of the frame- 
work six, as we found for the chair. And if we 



CHAP. XVII, ARTS. 22-25 818 

considered dimensions and position together? — The fixing 
of each point takes three co-ordinates or other conditions, the 
four points take tweWe conditions. 

24, Suppose, again, that we have a framework DABC 
(Fig. 16) made of six rods 
hinged together; the old D 

figure with the strings sup- /\V 

porting the lamp replaced by / \ N^ 

rods. Make a model witti / \ \^ 

rods. If one rod DC is re- / \ >v 

moved, what degree of free- / \ \^ 

dom has the frame ; that is, a vj* ""V ^^ 

if we keep one part ABC ^^'•v^^ \ y^ 

still, what motion is possible ^^^^^^^ \ y^ 

for the rest? — DAB can ^^v^/^ 

rotate about AB^ and the B 

position of DAB is settled FiO. 16. 

when the distance DC is 
given ; that is, the system has one degree of freedom. 

When a second rod DB is removed also, what freedom is 
there? — DA may point in any direction. To give one 
distance DB removes part of its nreedom, to give DO&q well 
settles the position of DA. There are two degrees of 
freedom. Give another way in which the position of 

AD might be specified. — Suppose a plane to coincide with 
ABC, and then turn about AB till it contains D ; the angle 
turned through gives one condition. Suppose a line in this 
plane to turn about A from coincidence with AB to coinci- 
dence with AD ; the angle it turns through gives a second 
condition, and the two specify the position of AD. Or the 
position AD may be specified by the angles DAB and DAC. 

26. If the two rods DC and AB are removed from the 
complete frame, what freedom has the frame ? — ^The motion 
is not easy to describe ; let us discuss the amount of freedom. 
Giving one distance DC removes part of the freedom, and 
giving the second distance AB removes it all. Beckoning 
as before that the number of degrees of freedom is the 
number of constraints that must be applied to remove the 
freedom, we have two as the number of degrees of freedom. 
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If DO AB and AD are remored so that AC CB and 
BD are left, what freedom is there ? — AC being held still, 
CB may point in any direction ; that is, CB has two degrees 
of freedom. The position of CB being settled, BD may point 
in any direction, that is, BD has two degrees of freedom ; a 
total of four degrees for the system. Otherwise, the rigid 
tetrahedron with AC fixed has one degree of freedom, and 
the removal of the three rods adds three more degrees of 
freedom. 

2d. Take a system of five points joined together by rod& 

How many conditions fix its 
size and shape? — ^Begin with 
the points. (Fig. 17) ; it may 
be put anywhere. Next take 
B; it may be put an3rwhere 
at the proper distance from Aj 
one condition. C must be at 
the proper distances from A 
and By two conditions. D*b 
position is fixed by the dis- 
tance from ABC, three con- 
ditions. J^s position is also 
fixed by the distances fix>m 
ABC, three conditions. 

The total number of conditions is nine. 

Check this by counting the conditions to fix the system 

in size, shape, and position, and the number to fix it in 

position only. 

27. If the five points are joined in every possible way how 
many rods are there? If you were given tefi rods from 
which to make the frame, could you in general fit the frame 
together? — The frame is fixed by nine rods. If we follow 
the same order of building up as before, the distance apart 
of D and E is settled before we try to add the tenth rod. 
The tenth rod will fit in only if it happens to have the 
right length. 

Suppose a frame made of five points joined by ten rods. 

What freedom is given by the removal of one rod ? ^None, 

since the remaining nine rods settle the form. And 

by the removal of a second rod ? ^This gives one degree of 
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freedom, and the removal of every further rod adds a degree 
of freedom up to a certain point. Beyond that point it is 
not constraints but moving parts that we are removing. 

Ex. 2. If n points are joined, two and two, in aU possible ways 
by rods, how many rods are there, and how many are wanted to 
fix the form of the frame ? How many conditions does it take to 
fix the position of the frame, and how many to fix form and 
position ? 

Ex. 3. Remove the rods in any order from a tetrahedral frame 
(four points joined by six rods) and discuss at what point you begin 
to remove moving parts and not constraints. 

Ex. 4. A doll is jointed with ball and socket joints at the 
shoulders, elbows, hips, and knees. How many degrees of freedom 
has it? 

Tetrahedron. 

28. Consider the triangular pyramid or tetrahedron 
OABC (Fig. 18). If it has a thin cover which is slit 
along OA OB and OC, and spread out, what will it look 




like ? If such a piece of paper as Fig. 19 shows is cut out 
and folded along the dotted lines AB, BC, CA, in what 
circumstances can O H K he brought together? From 
such a piece of paper make a model of a tetrahedron and 
use it for the following discussion. 

Let a plane parallel to the base ABC cut the pyramid 
in the triangle DEF, Compare the pyramids OABC and 
ODEF as far as you can. — Consider the lines AB and DE. 
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They never meet, however far produced, for they are in 
panJlel planes ABO and DEF. At the same time they are 
in the same plane OAB ; so they are parallel lines. There- 

Qjy QV T)E 

fore As OAB and OJDE are similar and 77-^ = 77= = -j-^ ; 

UA UJo A.JS 

similarly each of these ratios is equal to 777^ i =-7= and 777 • 
^ ^^00 BO OA 

Whence also DEF and ABC are similar triangles. Thus 
the two pjrramids are bounded each by four triangles, Hie 
triangles being similar in pains. 

29. Is the angle between two faces of one pyramid equal to 
the corresponding angle of the other pyramid ? For short- 
ness denote the faces of OABC by o, a, h, e^ eaeh small letter 
denoting the face opposite the corresponding capital. The 
faces Of h, c are faces of the small pyramid dso ; denote its 

base by p. ^The angles between a and h, between b and c, 

between c and a are the same for the two pyramids. We 
have to see if Loc = Lpc,* Suppose OP drawn -L from 
on the base 0. In the plane draw PB ± to AB, and 
consider the plane through 0, P, B, which we will call m. 
The X at 12 to is II to the ± PO, and therefore in the same 
plane m. The plane m is therefore X to the intersection 
AB of the faces c and 0, and the angle PBO is the angle 
between c and 0. Further, let m cut p in SQ; then 2)jS£7, 
being || to AB^ is also X to m, so that 08Q is the angle cp. 
And BP and SQ, being in the same plane m, and in || planes 
and Pf are paurallel lines. Therefore the angles OSQ and 
OBP are equal ; and the angle between two faces of one 
pyramid is equal to the corresponding angle of the other. 

80. Suppose the area of the base ABO to be iS sq. cm., the 
height OP to be J7 cm., and the distance OQ of the section 
from the vertex to be hem. What is the area of the 
section ? Suppose the section has an area of s sq. cm. Then 

s^^abXaoXh) ^^ ^ = ^a^- 

Now let OP be divided into n equal parts, and through 
every point of division let a horizontal plane be drawn, that 

* L oc means angle between planes and c. 
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is, a plane U to the base which we will suppose horizontal. 
The pyramid is thus cut up into slabs. What is the area of 
the section by the t*'^ plane, that is, the plane at distance 

— from the vertex? — The area is ( — / hYs or -. S. 
n ^ n / ^ fir 

If these slabs had vertical faces in place of their sloping 
faces, we could calculate their volume. Let us suppose 
pieces added to their sloping faces so that each slab, instead 
of narrowing from base to top, has the same area at the top 
as at the bottom. What is the volume of the slab that 
stands on the t*^ plane, including the additions? Its height 

1 f^ 

ia -H and so its volume -« H8. Now give an ex- 

n fr ^ 

pression for the volume of the n slabs, including additions. 

12^ n^ 

— The volume is -« 21/8+ -^H8+...+ -oHS, or more 

compactly written -y (1 + 2^ + 3^ + ... + n^). 

81. The expression is not yet in a usable form. We can 
put it into a better form by a method which seems at this 
stage a mere trick, but which you will perhaps see later to 
be an application of the Integral Calculus. Multiply out 
(r+l)»-r». In the equation (r+l)»-r8 = 3r« + 3r+ 1, 
put 1, 2, ... n in succession for r, and add up the left sides 
of the equation and add up the right sides.-*— We have 

(1 + 1)8-18 = 3x18 + 3x1 + 1, 
(2 + l)«-28 = 3x2a + 3x2 + 1, 
(3 + l)«-3» = 3x3a + 3x3+ 1, 



(n+l)8-n* = 3xna + 3xn + 1. 

When we proceed to add we notice that (1 + 1)^ or 2^ occurs 
in the first line and - 2^ in the second line, 3^ occurs in the 
second line and - 3^ in the third, and so on. So that for 
the left-hand side we have nothing left but - 1^ from the 
first line and {n + 1)^ from the last, and the sum is 

(w+ 1)8-1. 

The right side of each equation contains three terms. Take 
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the first term from each and add them. What do you get ? 
— The sum of these terms is 8(1 + 22 + 8*+ ... +n2), con- 
taining the number we want to simplify. Denote 
this number 1 + 2* + ... +n2 by iS2 ^ ^^^ ^^^ ^^^^ ^^ ^^® 
first terms is SS.^* Take the second term from the right 

side of each equation, and find their sum. ^This sum is 

8(1 + 2 + 3+. .. + n). Call this 3 iSi. What is the 

sum of the third terms ?— -Each is 1, and there are n of 
them, so the sum is n. 

32. You now have the equation 

[n + lf-l^SS^ + BSi + n, 

and if you had a compact expression for Si this would give 
you one for S^- If you repeat the work just done, but 
using (r+l)2-r2 instead of (r+l)*-r*, at what result 
do you arrive ?— We have 

(1 + 1)2-12 = 2x1 + 1, 
(2+1)2-22 = 2x2 + 1, 
(8 + 1)2-32 = 2x3 + 1, 



(n+l)2-»2«2xn+ 1. 

The sum of the left sides is (n+ 1)2 - 12. The sum of the 
first terms of the right side is 28if where Si means 

1 + 2 + 3+ ... +n 

as befora The sum of the second terms is n. So that we 

have the result 

/ t\9 ^ no o n2+n »(n+l) 

(n+ 1)2-1 = 2iSi + » or fifi = — «— or=— ^^— -• 

Put this value for Si in 

(w+l)3-l = 3^2 + 8flfi + «, 
and find an expression for ^2. The equation becomes 

n» + 8n2 + 3w- 3iS2+ — ^ — ' +»^> 

or 3iS,-i»{i»2 + 8n + 8-?-^^^^-l} = in(2w2+3»+ 1). 

. ., . „ 2n» + 8n2 + w 

so that So = s • 

^ 6 
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Ex. 6. Solve the equation 2n^ +3h + 1 » 0. Use your results to 
express 2n^ + 3n + 1 as the product of two factors, and to express 5, 
as the product of three factors. 

rro 

88. We had the expression -3 (1 + 2H32+ ... +»^)forthe 

volume of the pyramid together with certain small addi- 
tions. And now we have an expression for 1 + 2^ + ... + n^. 
By means of this give a simpler expression for the volume, 
and by taking n = 10, 100, 1,000,000, see how the volume 
depends on the number of slabs the pyramid is cut into. 

2n^ + 8n+l 
The expression is ^— h H8. When n = 10 the 



6«2 
600 



231 
multiplier of HS is ^^ or 0*386 ; when n *= 100 it is 



0AQA1 

or 0-33835. When n = 1,000,000 the multiplier is 



60000 



2 X 10^2 + 3 xlOHl 1 . 

or r + 



6x10^2 ^' 3 ' 2xl0« " 6x10*2' 

the second term a£Fects only the sixth or seventh decimal 
place, so that the value ^ is very approximate. 
By putting the expression for the volume in the form 



(3 + 2-n + 6W>) *^ 



it is made obvious that the greater the number of slices we 
cut the pyramid into the more nearly ^ HS gives the 
volume including the additions. How does the volume of 
the additions, considered by themselves, vary with the 
number of slices? Imagine all these additions lowered 

vertically till they rest on the base of the pyramid. 

When resting on the base of the pyramid all the additions 
fit inside one another and occupy part of the volume of a 

slab of the thickness of a slice of the pyramid, that is - ^, 

and whose area is the base of the pyramid. So their total 

volume is less than - HS^ and it diminishes as n increases. 

n 

So that by increasing the number of slices we can show 
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that to any degree of accuracy we choose ^H8 is the 
volume of the pyramid. 

Ei. 6. Show tliat if two pyranidB of 
equal baae-area and equal height stand 
on the same plane, they are cut by any 
plane g to the baaes in aectione of equal 
area. 

Deduce that pyramids of equal height 
and baee-area have the aame volume. 

Ex. 7. Aasuming that pTTamids on 
the Bsme baee and of the same height 
have equal volumee, show how to cut up 
the prism of Fig. 20 (bounded by two || 
planea, and three other planes J. to them) 
mto three pyramids equal in volume. 
Work with paper models. (See Fig. 21, 
showing the dissected prism, and note 
that a pyramid CABE would have the 
same base and height as FtAaBsEa-) 




FiQ. 20. 



Qmgmence. 

84. Can two tetrahedra ABCD and A'B'CI/ that have 
the eix edges equal in pairs be brought to have each pair 
of edges coinciding ? Actual matoriaj tetrahedra would, of 




course, get in one anoUier's way ; assume that they penetrate 
one anoUier as freely aa ghosta — Place A' on A and A'B" 
along AB ; the lengths being equal B" lies on B. The pos- 
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sible path for Cf is now a circle, the intersection of a sphere 
with centre A and radius AC or A'ff^ and a sphere with 
centre B and radius BC or B'C* And G lies on this circle ; 
so we can rotate the second tetrahedron till G' coincides with 
C This is all the fitting we can do; the tetrahedron 
A'BfCI)' is now fixed, 2/ lies at an intersection of three 
spheres whose centres are A^ B, G and radii AD, BD, GD 
(since these are equal to A'l/, B^D% (fD% There are two 
intersections of these three spheres and D is at one of them ; 
so that ly may or may not coincide with 2>, 

The tetrahedra may be equal as two right hands are (two 
ghostly right hands), so that they will fit together point 
by point, line by line, and face by face ; they are then said 
to be congruent. Or they may be equal as a right and left 
hand are, or a right hand and its image in a mirror, so 
that though they correspond point by point, line by line, 
and face by face, and have corresponding lines equal in 
length and corresponding faces congruent in the sense of 
plane geometry, yet they cannot be fitted together ; they are 
then said to be images of one another. 

Ex. 8. Show that when the tetrahedra are like right and left 
hands, iX is the image of D in the base ABC (see the discussion of 
hanging the electric lamp). Show also that every point of the 
edge ^U is the image in the base of a point on AD. 

35. Give some other ways of specifying a tetrahedron 
than by the lengths of the edges. If you include angles 
between edges and angles between faces, how many quantities 

have you to choose fi*om? We could specify the base 

ABG by three sides, two sides and an angle, or one side 
and two angles, as we saw in discussing triangles. BGD 
could now be specified by two sides more, or one side and 
one angle, or two angles. . Then ABD could be specified by 
the length AD, or the angle ABD, or the angle between the 
faces BGA and BGD. The figure is thus specified by six 
data, as before. The figure has six edges, twelve angles 
between edges, and six angles between faces — twenty-four 
quantities to choose from; and any six independent ones 
will serve as a specification. 

86. We saw that a plane parallel to the base of a tetra* 
hedron cuts o£f a smaller tetrahedron having every edge pro* 

HAIB Y 
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portionally reduced from the c<Nrre8ponding edge of the 
origiiial tetrahedron^ and having every angle equal to the 
corresponding angle. If two tetrahedra ABCD and EFGH 
(Fig. 22) have all their edges in proportion, that is, if 
EFjAB » FOfBC » , can you place them so that E lies 
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on A, while EF, EG, and EH lie on AB, AC, and AD^ Is 
the base FQH then || to BCD ? Denote the face opposite to 

A by a, the face opposite to 6 by ^, and so on. Place E on 

Ay and £[F along AB as AF. Turn the face h or EFO about 
AB to lie fiat on the face d or ABC, so that EQ Ues to the 
same side of AB as AC does. We know that EFjAB 

= FGfBC = OE/CA so that the As are similar, and 
LFEQ » L^^C, and therefore EQ lies along ^C; say as 
AG\ 

This fixes the position of the tetrahedron EFQHy9JxAH]ie& 
at one of the intersections of certain three spheres. Does 

either of these intersections lie on AB ? Through F' draw 

F'K II BD, meeting AD in K. Since ^^/BF = BDIFH 

'= BA/HEy As c and ^ are similar ; and since F'K || BD, 
As c and ^LjP^JBT are similar. Hence As g and AF^K are 
similar ; and having EF = ^J*^^ they are equaL Thus 
KA = HE and -KP' = ffiP, so that K lies on two of the 
spheres that fix the position of H. Again, since As h and 
/have their sides proportional, they are similar, and L.CAD 

= LGEH. So that As / and AG'K have AG' = EG, 
AK = EHy L.G'AK = LGEH; thus the As are congruent 
and G'K = GH. So that K lies on the third sphere, with 
centre G^ and radius GH% 

We shall discuss later what happens when H does not fall 
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at IT. WhenlTdoes fall at JST, are the bases e and a parallel? 

Draw a plane through P' || to the base a. It cuts face d 

in a line || to BC, that is in FQ^ ; and it cuts fiace o in 
a line || to BD, that is in F^K. So that the base e takes up 
a position || to base a. 

Images. 

87. Two points A and a being images of one another in a 
plane, and two other points B and b images of one another 
in the same plane, compare 

the distances AB and dbu 

— ^Let Aa meet the plane 

in C, ^ in 2> (Fig. 28). 

By the meaning of image 

CA ^ Ca and DB ^^ Db; 

and Aa and Bb being ± to 

the plane, they are J. to CD 

and are in the same plane. 

Suppose the plane figure 

ACDB rotated about CD till 

it lies flat on aCDb. Since 

both LACD and LaCD are 

right, and CA ^ Ca, CA 

must lie along Ca and coincides with it. So does DB with 

Db. Thus AB coincides with aib and is equal to it. 

Is the straight line ab the image of the straight line AB^ 
or is the image of AB perhaps curved ? — ^Take a point P on 
AB. To find its image we suppose a J. PE drawn to the 
plane, and produce it its own length to p. This J., being || 
to AC, is in the same plane with AC, namely, in the plaiie 
contiuning A C and APB. This plane contains CD and ab, so 
that PE cuts these lines, say in E and j/. Also the rotation 
of ACDB about CD brings P to the point /, and so Ep'^EP. 
Therefore i>' is jp, the image of P. And the straight lines ab 
and AB are images of one another. 

88. Take any triangle ABQ and its image aibq (Fig. 28 *). 

Are the angles A(^ and aqh equal? The As have 

sides equal in pairs and so are congruent, and L^QB = 
Ljaqh. Is the angle contained by two lines equal to 

the angle contained by their images ? — ^Join two points on 

* The figure shows the vertices of the As, but not all the sides. 

Y 2 
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Fig. 24. 



the l^gB of the fint ang^e and make a triangle. We tiius 

rednoe the problem to that 
just diflenssedy a A and its 
imaga 

If we take the image of 
every point of a plane, do 
these imageB form another 
plane ? — Suppose we fix 
the positions of the first 
phine by three points in it^ 
ABC (Fig. 24)1 Then we 
know tiiat the images of 
these points, and the lines 
joining them are threepoints 
a h c and the lines joining 
them. Take 2>, any other 
point in the plane ABCL 
Draw a line through it^ 
cutting two of the former lines in E and F. The images of 
D E F Bie three points d € / in a straight line, and sinee 
e and / lie in the plane dbc^ so also does dL Thus every 
point in the plane ABChaa its image in the plane (ibc 

80. Is the angle between two planes equal to the angle 

between their images? 
— ^Let AB {Fig. 25) be 
the intersection of the 
planes Pand Q, AC and 
AD lines in the two 
planes J. to AB, so that 
L.CAD is the angle be- 
tween the planes. Tsike 
the images a h c d of 
these four point& Then 
the planes dbc and dbd 
are the images p and q 
of the planes P and Q. 
The As ABC and dbc 
are congruent, so that 
Lcdb is ^ LCAB and 
is right. In the same way LJab is right, so that Lead is 





Fig. 25. 



CHAP. XVII, AETS. 39-41 825 

the angle between the planes p and q. The As CAD 
and cad are congruent, so that LCAD « LcocJ, that is 

SimtkLTity. 

40. Betum now to the tetrahedra J.£(7I> and EFGH with 
all their edges proportional (art. 36). Take 2/, the image of 
2> in the face d^ and compare the tetrahedra ABCB and 

ABCjy (Pig. 26). ^The previous discussion shows that (A, 

B, C being all their own images in the face d) the two figures 
have all their corresponding sides and angles equal. 




D F 




Fig. 26. 

Consider again where IT may lie when the fiEice h is applied 
to AFOr, — ^We saw that a point K on AD is one of the 
intersections of the three spheres that determine the position 
of H, ABCU being the image of ABCD^ the same discus- 
sion shows also that a point IC on AD^ is the other inter- 
section of the three spheres. It shows further that FGt'K' 
is II to BCDt. 

Thus it is seen that if two tetrahedra ABCD and EFOtK 
have their edges proportional, the smaller can be applied to 
the greater, or to an image of it, so as to fit it as if it was 
simply a part cut from it by a plane parallel to its base. 
When the smaller tetrahedron fits the greater like a piece cut 
off, when it is simply a smaller copy of the greater, they are 
said to be similar. In the other case, one tetndiedron is 
similar to the image of the other. 

41. Suppose a figure of five points ABCDE joined by lines 
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and speeified by the sides of the AABC, the distances of 
D from the points A B Cy and the distances of JE 
from the points ABC. Suppose a second figuie €^>cde 
specified by corresponding lengUis, every pair of correspond- 
ing lengths being equal. Are the two figures either con- 
gruent, or images one of the other? ^We apply Aahc to 

i\ABC. Then d may lie at 2> or at its image 1/^ and e may- 
lie at E or at its image If. If d coincides with 2> and e with 
Ey the figures are congruent. If d and e coincide with 2/ 
and E^y one figure is the image of the other. But if d 
coincides with D and e with E% one figure is neither con- 
gruent to, nor the image of, the other. 

42. Oive the corresponding properties for two such 
5-point figures that have the nine lengths in question 

proportional instead of equal. ^One figure may be similar 

to the other, or similar to its image, or it may be that 
neither relation holds. 

Can you suggest a method of specification that will exclude 

the third possibility ? If we choose the AABC so that 

D and E lie on the same side of it, and impose the condition 
that d and e are to lie on the same side of hdbCy abcde must 
be similar either to ABCDE or to its image. 

Can you suggest a specification that will make the figures 

similar? Tike an ordinary right-handed corkscrew or 

screw-nail. Suppose our figure solid, so that it will hold 
a corkscrew or screw-nail, and bounded by the plane ABC^ 

Screw the instrument into the plane ABC 
at right angles, naming the points ABC 
in such an order that the direction of 
rotation is from ^ to ^, from ^ to C> and 
from C to A (Fig. 27). The screw is at the 
same time going through the plane towards 
D and E. Hake it a condition that a screw 
screwed through the plane ahc in this way 
should also go through the plane towards 
d and e. Then, when we come to fit the figures together, 
there is no choice of position for d and e, and the figures 
must be similar. 
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Oirek and Sphere. 

48. Consider in particular two figures of frequent occur- 
rence, the circle and the sphere, and let us try to find 
expressions for certain lengths, areas, and volumes. 

Suppose two circles of different radii drawn, and radii 
OA OB ... oa oh .»» drawn in each at intervals of a degree 
(sketch in Fig. 28). Join AB BC ... ah he,,.. The figure 
ABC ..., a plane figure bounded by a number of straight 
lines^ is called a polygon, and the distance it measures 
round, AB+^C7+...y is called its perimeter. Compare 





Fig. 28. 



the Zis OAB and oah^ and compare the perimeters of the 
two polygons ABC... and ahc.... — ^The angles AOB and 
adb are equal as each is 1 degree, and AO/BO « ao/ho as 
each ratio is unity ; so that the triangles AOB and aoh are 
similar. And ciJling the two radii B and r, AB/R « ab/r. 
Also there are 360 triangles, OAB OBC.y all congruent, 
so that the perimeter P of the polygon is 360 x AB ; the 
perimeter p of the second polygon is 860 xa&. Hence 
P/B « p/r^ 

44. The perimeter of the polygon ABC... is for most 
purposes the same as the perimeter or circumference of the 
circle. But if We want a polygon that will fit the circle 
closer we may suppose the angle AOB a hundredth or a 
millionth of a degree, or even less. What relation have we 
then ? — Just as before P/B ~ p/r, and the smaller we make 
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the imgksuiOJSaiid ao5 the mare exactly do P and p bec(»ne 
the perinifliefB of the circles. 

The ratio of the circumference of a circle to its radius, 
which has heen shown to be the same for all circlec^ may be 
found in various ways. You found it some time ago 
(chap. TV) experimentally. Calculation by methods you 
do not yet know gives it as accurately as we like ; it is 
about 6*28. The ratio of the circumference to the diajneter, 
which is half this ratio, has a special symbol ir. Its value 
to greater accuracy than we are likely to want is 8*14159. 

Ex. 9. Assuming that when x is the number of degrees in a small 

angle mnx^ j^ - -^(70^) » show that in article 43 AB is 

2£ sin 0*5% and find by how much the ratio P/B differs from 2v 
when the angle AOB is 1**. 

46. Find expressions for the areas of the A OAB and the 

polygon ABC ..., and deduce one for the area of a circle. 

Draw 0^ 1 to AB, and the area of AAOB is ) OMxAB. 
The polygon contains 360 congruent triangles, so that its 
area is ^OMxABxSW or ^OMxP. The smaller the 
angle AOB the more nearly does OM become equal to By 
the more nearly does P become the perimeter of the drcle, 
and the more nearly does the polygon coincide with the 
circle ; so that the area of the circle is ^B x 2vB or irBl^. 

Ex. 10. Using the expression ^OA. OB em AOB for the area of 
A AOB, find by how much the area divided by E^ differs from ir 
when the angle AOB is l*". (See Exercise 9.) 

Ex. 11. Draw radii of a circle at intervals of 18^ there being 
thus 20 radii or 10 diameters. Cut out the circle and cut it in two 
along one of the diameters. Cut each semicircle along the nine 
radii to the circumference, but not through it. Spread out each half- 
circumference as straight as you can, and in this form fit the two 
pieces together so as to give an area roughly rectangular. What 
are its length and breadth? 

Ex. 12. Draw a large circle or a quarter of a circle on squared 
paper. By counting squares calculate 

area of circle -r- square of radius. 

46. What is the nature of the curve in which a sphere is 
cut by a plane through its centre ? — ^All the points of the 
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curve lie in a plane and at the same distance from a point 
in the plane ; that is, the curve is a circle. 

What is the section by 
any other plane ? — ^Let OM 
be the L from the eentre 
of the sphere on the plane, 
P any point on the inter- 
section of the sphere and 
plane (Fig. 29). OJP is the 
radius B of the sphere, and 
the angle OMJP is right, so 
that MJ^^B?-Om, and 
the length MP is the same 
for all positions of P. This 
section is also a circle ; its 
radius is less than that of 
the central section* 
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47. Let us now discuss the area of a spherical surface 
and the volume of the space enclosed. With the circle we 
showed first that the ratio of the perimeter to the radius 
was constant, and we might proceed similarly here. For 
the area of the circle we might have proved that the ratio of 
the area to the square on the radius is constant, and then 
found the value of the ratio ; we did both at once by finding 
the expression Trt^, which shows the ratio to be constant, and 
at the same time gives its value v. It is on this latter plan 
that we shall treat the sphere. 

Suppose the centre of a sphere, ABC the section by a 
plane through (Fig. 80), 02) a line 1 to the plane ABC. 
Suppose a line^ always || to OD and always meeting the cir- 
cumference of the circle ABCy to travel round ; it ti-aces out 
a surface called a cylinder; OD is called the axis of the 
cylinder. Suppose a plane X, J. to OD^ to cut the cylinder 
in the curve EFG and the sphere in the curve HKL. What 

are these curves? We know already that the section of 

the sphere is a circle. The axis of ttie cylinder cuts the 
plane X in a point TTat the same distance from every point 
of the section EFQ of the cylinder, so this section is also 
a circle. 

Suppose another plane F, ± to OD, to cut the cylinder in 



330 



SOLID GEOMETEY 



MNJP and the sphere in QB8. The planes Z and F eut 
a strip from the cylinder and a strip from the sphere. These 
strips we will now compare. Call the radius of the sphere r, 
and the distance between the planes X and Y h, and give 
expressions for. the length and breadth of the strip cut from 
the cylinder.— Suppose a plane through OD to cut the 
iq[>here in the line AQH (line not drawn in Fig. 30) and the 
cylinder in the line AME. The breadth EM of the strip is 
smiply hy the distance between the planes. The length is 
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the circumference of the circle EFG or of the circle ABC ; 
it is 27rr. 

Now join QH, and from draw OT J. to QH and there- 
fore bisecting it. Denote the angle TOD by w. What is 
the relation between EM and HQ? — -iJSHQ « w, so that 
EM « HQ sin w or HQ » h/ain w. Suppose a plane 

through T and ± to OD to cut OJD in U. Giye an expression 

for the length TU. LTUO being a right angle, TU « TO 

X sintv ^ s Binic*. Now suppose l^OUT to turn 

about OD, carrying QH with it. What sort of surface does 

QH trace out? H moves along the circle HKL and Q 

idong the circle QB8, so that HQ traces out a strip not unlike 

* Denoting TO hjsiS'^r approximately when the strip is narrow. 
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the strip cut by the {Vlanes X and Y from the sphera The 
strip cut by these planes from the sphere would be traced by 
the rotation of the arc QH of the circle AQH^ and not the 
chord QH. 

48. Consider the strip t)raced by the chord QH, and taking 
its area as given approximately by its breadth QH, multiplied 
by the length of the path trac^ by T, give an expression for 
the area ; and compare with the strip cut from the cylinder. 

TU being ^ ssinw, the kngth of the path of T is 

2Trsamw. We have seen that QH «= h/sin w. So that the 

area is 2ir5 sin w X -^; — or 2-^5^ or approximately 2iir^. 

We haye seen that the strip of cylinder has a length 2Tsr 
and a breadth h, so that its area is ^itrh. 

In what circumstances do the areas of the strips traced by 
the arc QH and the chord Q^ differ greatly, and when little? 

^When Q and H are far apart, the arc and the chord 

separate widely about the middle, and a comparison of the 
areas traced by them is not easy. But when Q and H are 
close together the curvature of the arc is slight, and the strips 
pretty nearly coincide. For instance, if the sphere 

you were considering was the Earth, you could take the 
strips a mile wide, that is, take Q and H a mile apart, 
without finding a sensible difference between the arc and 
the chord and between the corresponding strips. 

Let us consider more closely the area of the strip traced 
by the chord QH, Suppose QH pro- 
duced to meet the axis OD in F. 
How do you know QH produced 
will meet ODt Consider the sur- 
face traced out by QF by rotation 
round the axis 0D\ this surface 
is called a cone. Suppose a sheet 
of paper of the form of this cone slit 
along VHQ and spread out. What 
form has it then (Fig. 31)? Such 
a figure bounded by an arc of a circle 
and two radii is called a sector of Fig. 31. 

the circle. Give an expression for 
the area of the sector in terms of the radius VQ^ x and 
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the length I of the arc. — ^We divide up the area by a great 
number of radii into pieces approximately triangular, and 
so find the area to be ^xl. 

Consider the cone traced out by VH^ and the sector into 
which it spreads out. Express the area of the sector in terms 
of the radius VH » y and the length m of the arc Hence 
give the area of the strip into which the surface traced by 

HQ spreads out. ^The area of the strip is the difference 

between the sectors, namely ^xl — ^ym. Show that 

the two sectors are similar, and express x and y and the area 
of the strip in terms of { m and HQ « f. ^The similarity 

X y . 

gives 7 "" — t and we have x—y *» t These two equations 

give X and y in terms of I m t; namely, y » and 

X -8 ; • We have then for the area of the strip —27— x t 

Prove now that the expression 2itsh used for the area 
traced by the chord QH was not merely an approximation, 
but was accurate. 

Ex. 18. Suppose the radius of the circle QRS of Fig. 80 to be 
5*6 cm. and tne length VQ to be 7*8 cm. Calculate the angle of 
the sector into which the cone spreads out. 

Draw the sector, cut it out and make the cone from it. 

49. It appears then that two planes ± to OD and pretty 
close together cut from the sphere and the enclosing cylinder 
strips of approximately equal area. Can you deduce a method 
of finding the area of the whole spherical surface ? ^We con- 
ceive drawn a series of planes J. to OD and cutting the 
whole sphere into pretty narrow stripe. Each strip is equal 
in area to the corresponding strip of the cylinder. So the 
whole area of the sphere is equal to the part of the cylinder 
enclosed between the two planes that bound the sphere. 
These planes enclose a length 2r of the cylinder. Slit the 
cylinder along a line || to i£e axis OD^ and the area we want 
spreads into a rectangle, measuring 2irr by 2n Its area is 
therefore 4irr*. 

We have shown that, approximately, a iq[>here of radius 
r cm. has a surface of area 4?rf^ sq. cm. ; the form of the 
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result ahowing that the ratio of the area to the square on 
the radius is constant, and that the constant value of the 
ratio is 47r or about 12*6. 

The result is not proved to be accurate. The narrower 
we make a strip the smaller is the possible error for that 
strip. But the narrowing of the strips increases their 
number, and so (when we are discussing the whole sphere) 
increases the number of errors. For complete proof it is 
necessary to ascertain which e£fect is greater, the reduction of 
the individual error or the increase in the number of errors ; 
but this cannot be done here. As a matter of fact the 
expression ^irt^ is accurate. 

60. To calculate the area of a circle we divided its 
circumference into many parts, small enough to consider 
straight, and so divided the area into As. Can you find 
the volume of a sphere in a similar way ? — ^We divide up 
the surface of the sphere into a network of triangles so 
small that each may be considered a plane triangle. Each 
of these triangles forms with the centre of the iq[>here a 
tetrahedron. The height of the tetrahedron is the radius 
of the sphere, and its base the triangle, so that its volume 
is ^ r multiplied by the area of the A. The total volume 
is therefore J r multiplied by the sum of the areas of 
the As, that is, by the area of the sphere or 47rr^. So the 
volume of the sphere is Jrx4irf® or fTrr^. 

This formula shows the ratio of the volume of the sphere 
to the cube on the radius to be constant, and shows this 
constant value to be f tt or about 4*2. 

51. Assuming 4vf^ to give the area accurately, can you 
tell whether f ^r^ gives the volume accurately?-— Consider 
the sur&ce of the sphere divided up into triangles. Let us 
replace these triangles by the plane triangles ttiat have the 
same angular pointa We now have a figure bounded by 
plane faces. [It is called a polyhedron.] This figure can 
now be divided into pyramids with vertices at the centre 0, 
and the volume of each is the base area multiplied by the 
distance of from the base. These distances differ a little 
one from another. Suppose ri the greatest and r2 the least ; 
and suppose 8 the sum of the base areas. Then we know 
the sum of the volumes of the pyramids to lie between 
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iriS and fr^A Now suppose the divisicms of the spherical 
surface to become smaller and smaller. Our polyhedron fits 
the sphere more and more exactly as the divisions become 
smaller. The plane As, whose total area is S> fit the surface 
more and more accurately, so that 8 becomes more and 
more nearly = 4^^^. And the distance of each plane tri- 
angle &om the centre of the sphere (including fi and r^ 
becomes more and more nearly equal to n GRierefore the 
expression ^rx4irf^ for the volume of the sphere is 
aecumte. 

Other methods of ^^ee^ficatkm. 

52. We have already (chap. YII) had co-ordinates as a 
method of giving the positions of points. Consider again 

a lamp L hung from three 
points A B C oi the ceiling. 
Let us take as co-ordinate 
planes the floor, the north wall 
and the west wall, and as co- 
^'^^ ordinate axes Ox running south, 

^^'' Oy running east, and Ofs up- 

wards (Fig. 32). The co-ordi- 

nates of a point will always be 

> y given in the same order so that 

-, to get from the origin to the 

'^'^^ point (1-7, 1-2, 2-0) a point 

Fig. 32. must travel 1'7 units in the di- 

rection Ox^ 1*2 in the direction 
Oy, and 2*0 in the direction Oz. 

The co-ordinates of the lamp being (1*7, 1*2, 2*0), and 
the co-ordinates of the three points of suspension (0, 0, 3*4), 
(0, 2-2, 3*4), (2*8, 1*3, 3*4), and the unit a metre, calculate 
the distances apart of the points of suspension, and the 
distance of the lamp from each. 

58. Another method of specification is by projection on 
two planes at right angles. The projection of a point on 
a plane is the foot of the JL let isXl from the point on the 
plane. Suppose the lamp X, the points of suspension 
A B C, and every point of the suspending strings projected 



West 
Wall 
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on the north wall and also on to the floor. Now suppose 
the wall turned about its base XY into the horizontal plane. 
Taking Fig. Bd to represent floor and wall and the projections 





on a scale of 1/100, find the distances apart of the points 
A B Cj and the length of each suspending string. 

A projection on a horizontal plane is called a plan, a 
projection on a vertical plane an elevation. 

54L Tdki/mes of sim%Uxr solids. We have seen that a tetrahe- 
dron of height H and base-area 8 has a volume Fequal to 
^ H8 ; the units of length, area, and volume being the linear, 
square, and cubic centimetre, or any other corresponding set 
of units. Suppose a second tetrahedron to be similiEur to the 
first, the ratio of similarity being h, so that every dimension 
of the second tetrahedron is k times the corresponding 
dimension of the first. What are its height, base-area, and 
volume ? — ^The height is JcHy the base-area JfiS (diap. IX, 
art. 88), and in consequence the volume ^xJcHx J? 8 or 

When two tetrahedra are similar and the height of one is 
twice, or three times, the height of the other, show how the 
greater may be cut up into smaller tetrahedra each congruent 
with the smaller given one. 
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Show how to divide two similar pyramids on polygonal 
bases into similar tetrahedra, and compare their volumes. 
Show how to divide two similar solids, bounded by plane 
faces, into similar pyramids, and compare their volumes. 

Show how to extend the result to similar solids bounded 
by curved surfaces. Tou thus arrive in another way at the 
result of article 35 of chapter IX, that the volumes of simQar 
solids are as the cubes of their linear dimensions. 

EXEBCISES. 

14. In a pyramid OABCD the base ABCD is a square a inches 
in the side. The centre of the base is M and the Ime OM is per- 
pendicular to the diagonab AMC and BMD of the base and is h 
mches long. N is the middle point of AB, By considering in 
succession the right-angled triangles ABC^ AMOy ANO, find 
expressions for AMy AO^ ONy and the area of the face ABOy in 
tenns of a and 5. 

15. If a parallel be drawn to one side of a tnangle so as to 
cut the other two sides, show that it will divide them in the same 
ratio. 

The volume of a cone of height h and radius of base a being 

ivaVif find the expression for the volume of a truncated cone of 
eight hy radius of oase a, and radius of top h, 
A chimney of solid brickwork is 120 feet high ; the radii of its 
base are 12 feet external, 9 feet internal, and of its top 6 and 5. Find 
the volmne in cubic feet. 

16. A 45** set square resting on a table is turned about its 
hypotenuse as a hinge throush an angle of 56"*. Represent the set 
square, full size, in plan and elevation in the new position, taking 
the hypotenuse as 6 inches in length and ^jarallel to the plane of 
elevation. 

17. Determine the height of a mountain O, the following data 
being given : — a base line AB 3000 ft. is measured in the horizontal 
plane and the angles CAB and CBA are observed to be 55** 20^ and 
98** W respectively, and the angle of elevation of C from B 

is 10** r. 

18. The two faces of a burning glass are parts of spheres of radii 
a and d, and the diameter of the glass is c. Find an expression for 
the thickness of the glass at the centre. 

19. A tent is supported by two upright posts with a bar fastened 
"across them at the top. Discuss how many ropes should be used 
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to hold this frame in position, and how the ropes should be 
placed. 

20. A drawing board ABCD 8loi>es at an angle of 35** to the 
horizontal ; the lower side BC is horizontal, and is a point in it ; 
OP is 10 inches long, lies on the drawing board, and makes an 
angle of 40* with BC. Find the veHical height of Pabove BCy and 
deduce the slope of OF, 

21 » The plane of a coal seam dips at 22* to the horizontal, 
and the thickness of the seam measured vertically is 5*4 feet. 
Calculate the thickness measured at right angles to the faces of 
the seam. 

22. An excavation is made in the side of a hill of regular slope, 
the bottom being horizontal and 54 feet square, and the sides 
vertical. One comer of the bottom is on the original ground sur- 
face, the adjacent ones are 4 feet and 2 feet below the original 
surface, and the opposite comer 6 feet below. How many cubic 
feet are removed ? 

Showthat there is a relation between the depthsof the four comers, 
so that it would be sufficient to give the depths of three. And find 
an expression for the volume removed in terms of the depths of the 
comers. 

23. Showthat if three planes meet so that the three angles between 
their lines of intersection are right angles, then the three planes 
are perpendicular to one another. 

If OA OB OC are the three lines of intersection of three planes, 
and the angles AOB and BOC are right, while L^COA ^ 55 , what 
are the three angles between the planes ? 

24. The line A of steepest slope up the plane face of a hill rises 
28 in 100 (28 vertical, 100 horizontal). Determine graphically the 
slope of a path B which makes with A an angle of 40*. Give your 
answer as so many in 100, stating your result to the nearest integer. 

25» To determine the distance between two points, P and Q, 
observations are taken from two points, A and B, 400 feet apart ; 
the four points not being in one plane. It is found that 

UPAQ = 87*, LTAB = 94*, LQAB = 25*, 
UPBA = 53*, LQBA = 129*. 

Find, by drawing or by calculation, the distance between P and Q, 

26. Smir points ^ ^ C D are in the same plane; A and B 
inaccessible, and lying on the same side of CD, Their distance 
apart is to be determined from the following observations : 

CD - 200 ft., CDB = 80*, DC A = 120*, ACB = 65*, ADB =60*. 

Determine the distance AB by drawing and by calculation. 

MAIH Z 



1 



388 SOLID OEOHETBY 

27. How many degrees of freedom have (1) a triangle of jointed 
rods, not confined to one plane, one side held ; (2) a jointed 
quadrilateral, confined to one plane, one side held; (3) the same 
quadrilateral when not confined to one plane ; (4) a fiail when the 
end of the handle is fixed ; (5) a doll fitted with hinge joints at the 
hips and shoulders ; (6) a doll fitted with baU and socket joints at 
hips and shoulders ? 

28. A straight bar 2 feet long is suspended horizontally by two 
vertical strings, each 2 feet long, attached to its ends. Tne bar is 
twisted round its centre, the st^mffs being k^t tight, and the bar 
horizontal, till the centre is raised a foot, llirough what angle is 
the bar twisted ? 

29. The following statements contain obvious errors ; show how 
to detect them with the least possible work. Tou are not to 
rectify them but to indicate why you consider them wrong. The 
last figure in each result is to be regarded as approximate. 

(a) (0-339697)2 = M53937. 

(b) The side of a regular pentagon* inscribed within a circle of 
diameter 4*7 in. is 2*34 in. long. 

(c) The area of a triangle with sides 10 cm., 14 cm., 15cm« is 
98 sq. cm. 

(e) If one root of the equation a^ - lOo? +17=0 is 2*17^ the other 
must be 7*43, 

30. A garden 1,000 square yards in area is watered with a hose 
that delivers 5 gallons a minute. How long will it take to deliver 
water that would cover the garden to a depth of a quarter of an 
inch if it did not run away ? A gallon is 277 cubic inches. 

31. The amount of water which can be carried off by a circular 

drain pipe, whose diameter is D feet, is ^ . cubic feet per 

minute, where A « 454*3 and C « 1*005. Find, with as little work 
as possible, whether a drain pipe 21 inches in diameter wHl suffice 
to carnr off 2,000 cubic feet per minute. 

Find in mUes an hour the average speed of the water in the pipe, 
the area of the cross-section of the pipe being 0*785 x X^ square 
feet. 



* A pentagon is a rectilinear plane figure with 5 sides, a 
polygon is a rectilinear plane figure with any number of aides. 
A pentagon, or any polygon, is caued regular when all its sides 
are equal and all its angles are equal. 
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32. Figure 34 shows a road that is to be made. The breadth of 
each part is marked on the figure, and the length CE is also given; all 
these in links. The bearings of various lines are given, by the 




Fig. 34. 



angles the lines make with the north measured round to the east, 
From these data draw the figure to scale and see if there are data 
enough and not more than enough. Then calculate the lengths 
AB and CD. 



a 



its 



z2 



ADDITIONAL EXEKCISES 

Length, Area and Vdlume. 

1. Compute to two significant figures, the diameter and cross 
sectional area of a specimen of copper wire, one mile of which 
weighs 4 lb. One cubic inch of copper weighs 0*32 lb. 

2. A reservoir, with vertical walls, has an area of 1,432 square 
yards. It is supplied by a pipe, 3 square feet in section, through 
which water flows at the rate of 1 mile an hour. Find how much 
the water will rise in the reservoir in one hour. 

3. Calculate the weight of a cast-iron pipe from the following 
dimensions: — ^Inside duuneter 15 inches, thickness 0*8 inch, ana 
length 8 ft. Density of metal = 465 lb. per cu. ft. It is assumed 
that there are no flanges or other enlargements at the ends. 

It is required to coat a mile of such pipe inside and outside with 
some protective material at the rate of 20 sq. ft. for 7d, Calculate 
the cost. 

4. It is desired to dig a trench 4 feet wide with vertical sides 
and horizontal base across a piece of ground, the contour of which 
is given by the following measurements. The bottom of the trench 
is the datum line. Calculate the volume of earth excavated in cubic 
feet. 



Horizontal measurements 
along datum line in feet. 





5 


13 


21 


28 


83 


40 


45 


52 


Height of surface above 
datum line in feet. 





5 


8 


10 


7 


5 


8 


5 






6. A river basin of a square miles receives a rainfall of b inches 
per 24 hours, half of which drains into the river ; whose section, 
where it leaves the district, is c square yards. Find a formula 
for the velocity of the river at this point, in feet per second, 
supposing the whole process to be steady, and the speed of the 
water in the river to be the same at all depths. 

Give a numerical value to your answer when a = 180, h = 1/8, c =s 
160. 
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6. Draw a circle 5 inches in diameter. This represents the end 
of a log of timber to a scale of half size. Inscribe in it any 
rectangle whose width may be called b and depth d. If this 
rectangle represents a possible joist which may be sawn out of 
the log, its strength Jf is given by Jf » dOOhdP, Find M for six or 
eight possible rectangular joists which may oiQja^ out of the above 
log. Then by plotting M vertically and h honz^tally determine 



s 



what width (b) wiU produce the strongest joist. 

7. ABCD is a rectangle of paper whose sides Ife 3 inches and 
2 inches long. Draw such a rectangle and the four creaait that 
could be made by folding it so that a short side lay al^w^a long 
side. r 

Prove that the intersections of these four creases with ||ne 
another are the comers of a square, and that the area of this square 
is half a square inch. 

8. Draw a right-angled triangle with equal sides and with 
hypotenuse equal to 1 *3 inches. On the other side of the hypotenuse 
construct a square. 

Compare the area of the triangle with that of the square. 

If the figure thus drawn represents the end-view of a haystack 
whose breadth is b feet and length 8 feet, what is the volume of 
the stack in cubic feet ? 

9. Find the area of the field drawn in Fig. 1 to a scale of 1 inch 
to 120 yards ; copy the figure, and from the result of your calcula- 
tion or otherwise draw a 



a 



f 



d 



e 



line parallel to ab that 
will divide the figure 
into two equal parts. 

If df is bisected in g 
and ac in hy give reasons 
for thinking that a 
straight line through g 
and h divides the figure 
into two equal parts. 

10. A swimming-bath 
has length I metres, 
breadth b metres, depth 
at shallow end h metres, 
and at deep end h+Je 
metres. Find expres- 
sions (in litres) for the 
quantity of water in it when the water is x metres deep at the 
deep end, distinguishing the cases when the sloping bottom b 
covered and when it is not. 



Fig. 1. 
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For the cue in wbidi I = 14-73, (» 7*88, Jk « 0-84, and it » 1-04, 
dxmw a gn^th ahowing the qnantitj of water for ▼aiions depths 
(acalea:— draith, 4iiidieatol metre; Toliniie, lindi to 20,000 HtreB). 
Show how this gn^ih enablea yea to tell the depth of the water at 
any tune when the bath is being filled, if the rate of inflow of water 
is given ; and, taking the rate of inflow as 60,000 litres an hour, 
find the depth after half an hoar, after 1 hoar, and after 1} hoars. 

11. A man playing 5 holes of a golf ooorae walks first 260 yds. due 
east, then 140 yds. 20" sooth of east, then 900 yds. due soath, 
then 200 yards 40" west ctf north, then 220 yds. 90" west <tf sooth, 
thus airiving at the fifth hole. Draw the plan of the ooorse to a 
scale of 100 yds. to the indi, and find from it how far the fifth hole 
is from the start. 

12. Draw a circle of radios 2 inches. Take a diameter AB^ 
and divide it into ten eqoal parts. Call the points of division 
Ci Cj . . . O,. Draw the set of chords A^-^i AC^f^ ... at rijg^t 
ani^ to ABj meetingthe drcomference in D, E^ D, E^ &c F\ 
and GjBxe the feet of the perpendicolars let fall from Ci on AD^ 
and AEi reflectively. Similaiiy let fall perpendicolars C^ and 
C^Gf on AD^ and AEf, and so on. 

Kaw a fair corve throogih all the F and G points thos obtained. 
Measore the greatest breadth of the carve uid write down yoor 
resolt. How woold yoo obtain more points on the corve if re- 
qoired ? Where do yoo think the curve cots the line AB ? 

13. A ladder 20 metres long is set against a hoose, the bottom 
of the ladder being 2 metres from the wall, and a man goes 14 
metres op it. Then the ladder slips. I^w on a scale of 1/100 the 
path of tne man as the ladder slips. 

14. Draw a horizontal line ABC from left to ri^ht, BC renre- 
sentinff 60 feet to a convenient scale. Above ^ is a moond on 
which 18 sitoated a tower whose foot we will call D and top E. 

It is observed that the an^e uUBZ) == 20", the angle ^CZ> » 16", 
and the angle ACE «= 26". Draw this figure to scale as accorately 
as yoo can, and measore from yoor drawing the height of the 
moond AD and the height of the tower DE. 

Check yoor resolts tngonometrically, that is, by calcolation. 

16. The wheel in Fig. 2 is 5 inches in diameter and makes one 
revolotion per second. On the knob A^ which is fixed to the 
wheel, rests a door 16 inches high, free to slide between vertical 
goides. Showinagraph variations doring 2 seconds in the height 
of the centre C of the door above the bottom of the wheel ; repre- 
sent the height foil size, and a second by 4 inches. 

Give an expression for the height of C in terms of the position 
of^. 
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Show what change would be necessary in the graph if the door 
rested on the hub B all the time the knob A was below B. 




Fio. 2. 




Fig. 3. 



16. Fig. 3 shows a quarter of a desim which is symmetrical 
with respect to the lines OB and OE, Prick off the figure and 
complete the design. 

17. ABCD (Fig. 4) is a frame of four jointed rods, standing in 
a vertical plane on a table. The rod AB is fixed to the table. 
Draw the frame from the given dimensions, and show by thick lines 
the paths that C and D are at liberty to trace out, and indicate 




briefly the reasoning by which you determine the limits of each 
path. 

By the help of tradng-paper, or otherwise, draw the path which 
P, the middle point of CD, is at liberty to trace out. Find fnxn 
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the path the jgKMBitioiis in which P is nearest to and farthest from O, 
the middle pomt of AB. 

18. * Within every parallelogram, no matter of what shape, 
there is a point such that all lines drawn through it from boundary 
to boundai^ are bisected at that point.' Find in any way you like 
the position of this point, and give a geometrical proof of the above 
statement. 

19. Prove that parallelograms on the same base and between 
the same parallels are equal in area. 

How could this be verified by means of a pack of cards or a 
pile of slates ? 

From this illustration deduce the corresponding property of 
parallelepipeds. A parallelepiped is the solid figure bounded by 
three pairs of parallel planes. 

20. Make a quadrilateral ABCD, given that AB = 4 inches ; 
BC = 5 inches ; C2> = 6 inches ; LABC = 90** ; and LB CD = 75". 

Find the area of the figure. 

If the figure represents an estate on a scale of 5 inches to the 
mile, what is the area of the estate in acres ? 

21. Draw a rectangle ABCD having AB = 6 inches and BC = 
2 inches, and bisect its angles bv lines meeting At P Q B S (see 

rough sketch in Fig. 5). By measure- 
ment and by general reasonmg, deter- 
mine what land of a qua<kilateral 
PQRSiB. 

If AD were to remain constant while 
AB changed in value from to ADy 
show that the area of the fi^;ure PQRS 
(formed as before) would change in 
value from ^AD^ to 0. 

22. Draw a fair-sized figure of five 
sides, and find its area in square 
inches, by reducing it to a triangle of 
equal area, and then finding the area 

•p t' of the triangle by construction. 

23. Fig. 6 is a sketbh of a frame- 
work made of six rods each 8 cm. long, the rods AB and CD being 
joined to the middle points of the other four rods. All the joints 
are hinged so that P and Q may be brought together or pulled 
apart. 

Draw a straight line KLy and suppose the point P of the frame- 
work held at the point K while Q is moved to and fro along the 
line ICIu Draw tne path that jE would trace out. 
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Proye that whatever the shape of the frame the four compartments 
are equal in shape and size. 

How would you use another rod to lock the framework, that is, 
to keep its shape from changing ? 




Fig. 6. 



3 C 



Fig. 7. 



24. Draw a square 5 inches in the side (as in the sketch, Fig. 7). 
Join B to the middle poiiits of DA and Z)(7, and Z> to the middle 
points of BA and BCy and find from measurements the area of 
BQDF^ 

P^oye that BPDQ b a parallelogram and calculate its area. 

25. ABC is a triangle haying AB «= 3 inches, AC^h inches, 
L^ = 90**. Z> is a point on jBO, DE is a perpendicular let fall on 
AB^ and DF a perpendicular let fall on AC. Draw the triangle, 
and from your figure fill up a table like the following : — 



Length of BE 



0*5 inch 

1 „ 
1-5 „ 

2 inches 
2-5 

3 







Area of rect. BEx, CF 



State and proye the relation that would hold for a perfect figure 
between the rectangles AEDF and BE x CF, whatever the lengths 
of AB and AC, and whatever the position of D, 
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Angles*, 

26. Take two points A and B 12 cm. apart to represent two 
pcMnts on a coast. From A and B four saccessiYe positions of a 
ship 8 are obsenred as follows : 

(1) SAB^9er, 8BA = 38* ; (2) SAB = 65% 8BA = 30^ 
(3) 8AB^db%8BA = dar; (4) 8AB^23r, 8BA = SV, 

(a) Plot the positions of the ship. (6) AHsnming that the ship's 
course is composed of two straight lines, find how near sne 
approached the shore, (c) Assuming that she sails equally near 
tne wind on each tack, draw a line showing the direction of the 
wind. 

27. AOB is an acute angle ; from a point P, either within or 
without the angle, the line PQ is drawn perpendicular to OA and 
the line PR perpendicular to OB, Show that the angle QPR is 
either equal or supplementary * to the angle AOB. "Proye both 
cases. 

State and prove any one proposition you have made use of. 

28. ABCD is a rectangular piece of paper, 9 cm. by 5 cm. FE 

is a line drawn across it (see 
Fig. 8), FD = 2 cm., and angle 
AFE^ 7(r. EK and EL are 
creases formed by folding EC 
and EB against EF. Dnw a 
figure to represent the piece of 
paper full size, and in each ai^e 
of the figure EKDL write its 
value. 

Prove that whatever angle EF 
makes with AD^ two angles of 
Fio. 8. the figure EKDL are supple- 

mentary, so long as the creaiaed 
lines cut the sides CD and AD, 

29. AB and AC (Fig. 9) are two plane mirrors, and DE and 
GH are two parallel rays of light falling on them and reflected 
in the directions EF and HK^ so that th e an gle AED «= the angle 
BEF and the angle AHG ^ the angle CHK. Prove that (1) the 
angle between the mirrors « the sum of the angles AED and AHG ; 
(2) the angle between the two reflected rays ^Fand HKIb twice 
the angle between the mirrors. 

* Two angles that together make up 180*" are called supple- 
mentary. 
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30. In Fig. 10 OADB is a square, and OAPB a (juadrant. Think 
of two lines each moving unifonnly and both starting together from 




Fig. 9. 

the position OA ; one, MN, moving parallel to OA^ and reaching its 
final position BD, in the same time that the other, OF^ takes to 
revolve about to its final position OB, Their point of inter- 
section C traces out a curve. Obtain this curve for a quadrant of 
radius 9 cm. Give the value of the angle AOC when MN has 
moved (a) 3*2 cm., {b) 6*4 cm., and compare these angles. Copy 




Fio. 10. 

the angle XJZ, use the curve for dividing it into two parts in 
the ratio of 2 to 3, and state your meth<^; the angles may be 
transferred by means of tracing-paper. 

Tfiomgles. 

31. Make as many of the following triangles as you can. In 
cases where you cannot, state a property of triangles to explain 
the impossibility. 

(a) Sides, 5 cm., 5 cm., 9 cm. 

{b) Sides, 5 cm., 4 cm., 10 cm. 
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(<;) Angles, eO% 40", 90^ 

(d) Angles, W, 2Kf, \W. 

(«) One ang^e, 50°, side oppoeit^ 8cm., another side 7 cm. 

32. Take three points P Q E^ and suppose them the mid pmnts of 
the sides of a triangle. Constmct th^ triangle and prove the 
theorem on which your oonstmction depends. 

33. ABCD (Fif;. 11) represents a rectangular sheet of paper the 
comer Dof which is to be tamed down so that the crease linelCY shall 
make an uigle of 30° with AD, Draw a fairly large figure showing 




Fig. 11. 




Fig. 12. 



the position of MDN when turned down, and indicate how dy the 
new position of Z>, is determined by drawing. If ^X is now drawn 
at 4(r to AB and so as to cut Jfd, state, with reasons, what angle 
it must make with Md, 

34. In Fig. 12 abed is a rough drawing of a sheet of paper, 
4*5 inches by 7 inches. The comer b is folded down to meet the 
side adiak uk such a way that the creased line ^passes through 
0, which is 1*5 inches from a. Give a careful drawing half -size ; 
show the exact position of the part turned down, and find by 
measurement the length of ^and the size of the angle kef. 

35. ABC and A'B'Cy are two different positions of a paper 
triangle in the same plane and with the same side of the paper 

r'ifds. Find a point which is equidistant from A and A' and 
from B and B'. Join to -4 ^' jB ^ C C?', and then 
prove that the angles AOA' BOB' and COC are all equal, and 
that is equidistant from C and CT. 
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36. Fig. 13 is a rough sketch of a triangle ABC drawn on tracing* 
paper. The tracing-paper is pinned down by a pin at P, and then 
rotated through a right angle 

in the direction of the arrow. 
Draw a figure to the dimensions 
given, showing both the original 
triangle ABC and its new position 
abe. State how you determine 
the points a h Cy and show what 
angle ac makes with AC. 

37. A triangle ABC is cut out 
of paper to the dimensions shown 
by the rough sketch in Fig. 14. 
llie corner A is turned down so 
that A falls on the line BC and 

the crease line KL makes an angle of 30** with AB. Sketch a large 
figure (which need not be to scale), calculate and fiU in the values 
of all the angles. Then draw the tri- 
angle ABC to the given dimensions, 
obtaining by geometrical construction 
the position of the crease KL and of 
the point a. State ^our method and on 
what geometrical principle you rely. 

38. ^^ is a straight canal, C a cottage, 
and T a trough. CA and TB are ±s 
drawn from C and Tto the canal, AB » 40 
yards, AC^Sl yards, BT=12 yards. 
A man has to take a bucket from C, fill 
it from the canal, and carry it to T. 
Find by drawing, to a scale of 1 inch to 
10 yards, how far the man walks if he 
fills the bucket at ^ ; if at B ; and how 
far for five or six other points on the 
canal. 

At each point you have taken on the 
canal draw a perpendicular representing 

on the same scale the distance the man walks. Through the ends 
of these perpendiculars draw a smooth curve, and from this curve, 
or otherwise, find the point at which the bucket should be filled tp 
make the journey from C to T as short as poadble. 

Determine this point also by geometrical reasoning. 

Specification of Figures. 

39. One side AB of a field ABCD runs from east to west {A east 
of B)y and is 150 yards long ; AD runs north-west and is 40 yards 




Fig. 14. 






». 
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long, and BC niiu north-east, and is 90 yards long. Draw an 
aocnrate plan of the field (stating what scale you adopt), measure 
the length of CD, and find the area of the field in acres. 

There is a spring in the field, distant 85 yards from A and 35 
yards from C Find its position on the plan (explaining your 
method), and measure its distances from B and D. 

40. Prove two triangles equal in all respects when the three sides 
of the one are known to be equal to the three sides of the other. 

In Fig. 15, amftwmJTig that the lines are all unequal, and that AB 
is parallel to DC, and AE parallel to J?D, state what is the least 





Fig. 16. 



number of measurements that must be made in order that the 
figure may be reconstructible from these measurements alone 
without alteration of shape or size. 

Name any two wholly distinct sets of measurements, either of 
which would suffice. 

41. A surveyor gives the following dimensions of a four-sided 
field ABCD :—AB = 1130 links, BC = 1370, CD = 1440, DA 
« 1040, BD « 1960, CA = 1470, L CAD = 67** 30'. Draw the field 
without using the values given for BD and (L4, and state the steps 
of your drawing. Check your work by measuring BD and CA, 

42. Two sides of a triangle are 3 inches and 4 inches long, and 
one angle is 30**. Sketch figures, with dimensions marked, showing 
that four different triangles answer to this description. State how 
you would determine which of these four has the greatest area, 
and with help of your instruments find approximately what this 
area is. 

43. A surveyor fixes the position of a rectangular building 
ABCDy measuring 320 links by 218 links, as follows : — ^When he 
has gone 1,248 luucs along a straight road to P (Fig. 16), he is in 
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line with the shorter side AB and A is 142 links away. When he 
has gone 1,360 links, ^ is 75 links away ; and when he has ^ne 1,415 
links ^ is 88 links away and he is in une with the long side AD of 
the building. Take a line wiUi a point P on it to represent the 
road and the point P , and draw the building on a scale of 1 inch 
to 100 links, stating how you do so. 

Do you need all the data given? How many could yon do 
without ? Use these extra data to check the accuracy of your work. 

44. Two quadrilateral figures ABCD and PQB8 have AB =; PQ, 
BC ^ QBj €D^ B8, and DA « SP. Are the quadrihiterala 
necessarily equal in aU respects ? If so, give the proof ; if not, add 
any fifth hjnpothesis you think necessary, and then prove the 
equality of the figures. 

45. Criticize the proposition that three measurements are 
sufficient and necessary to determine a triangle uniquely in shape 
and size. 

46. You are to obtain copies of the circle and regular hexagon in 
Figs. 17 and 18 by pricking through the least possible number 






Fig. 17. 



Fio. 18. 



of points that will enable you to complete the figure with your 
instruments. State your method in each case, and give the 
geometrical principles you make use of for the completion of your 
figures. 

Algebraic Symbols. 

47. a men are each x feet high, h are y feet, and e are z feet. 
Give their average height. 

48. A certain sum of money contains a pounds h shillings and e 
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pence, where a<c* A second sum of money oontains c pounds h 
slullings and a pence. Express in pounds, shillings and pence the 
difference between the two sums. 

Calling this difference x pounds y shillings and z pence, the sum 
of money obtained by again interchanging we pounos and pence is, 
of course, z pounds y shillings and x pence. Prove that when the 
last two sums are added together the result is 12^ I89. lid. Verify 
by a numerical example. 

49. A and B travel along the same road in the same direction, 
^ at a miles and Bath miles an hour. When ^ is at a point O, 
B is m miles ahead. If £ is overtaken H hours later at a place 
M miles from O, find H and M in terms of a, ft, and m. 

Also give the values of H and M when a » 6, d s 3, m >■ 9. 

50. A eyc^Bt can travel q miles an hour on a still day, but his 
speed is decreased m miles an hour against a certain wind, and 
increased n miles an hour vrith this wind. How long would it take 
him to go 20 miles and to return, going against the wind and 
returning with it? 

Give the time to the nearest hour when g s 9, m « 3, n » 2. 

Taking g = 9, draw a graph to show the time he would take to ride 
20 miles against the wind for values of m between and 8. For 
the time represent an hour by 1 cm., and for the speed represent 
one mile per hour by 2 cm. 

51. On the Northern Railway of France, passengers are allowed 
30 kilograms of luggage free, and excess luggage is charged at 
the rate of 1 centime per 10 kilograms ^r kilometre. A tax of 
10 centimes is also charged for registration. Give a formula for 
the amount in shillings charged for carryinff p lb. weight of luggage 
m miles (if this weight exceeds the free limit) ; siven 1 shillings 125 
centimes, 1 kilogram » 2*2 lb., 5 miles « 8 Kilometres. Calcu- 
late from this formula the charge for conveying 100 lb. of luggage 
from Paris to Calais, the distance being 185 miles. 

52. The exposure required to take a photograph is jiroportional 
to the square of the stop-number and inversely proportiomd to the 
speed-number of the plate. It is found that 1} sees, is the correct 
exposure with an ordinary plate (speed 80) using a stop numbered 
16. What would be the eiroosure with a fast plate (speed 350) when 
the stop-number is 6*8 ? Express your answer in the form 1/n of a 
second, giving n to the nearest whole number. 

What would be the exposure with a plate of speed number M and 
a stop numbered Nl 

53. On a long voyage the speed of a ship graduaUy decreases as 
the ship's bottom gets fouled. If u and v are the speeds in miles 
per day at the beguming and end of the journey, T the number of 
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days taken on the journey, and 8 the length of the voyage in miles, 
these quantities are known .to be connected by the formula. 

__ 3 >p««^ («* + «') 

""2 I** + Mt? + f^' 

Find from this the time taken to perform a voyage of 6,000 miles, 
the speeds of the ship at the beginning and end of the voyage being 
290 and 250 miles per day. 

Will the ship arrive sooner or later than if the speed had been 
270 miles per da^ throughout the journey, and what difference 
would this make m the time of arriving ? 

54. If the time of a swing of a pendulum of length I feet is taken 

to be iT^ljg seconds, where g is 32, what is the length of a 
pendulum of which the time of swing is 1 second ? Also, prove 
that a change of 2 per cent, in the length of the pendulum gives a 
correspondmg change of 1 per cent, in the time of swing. 

55. In measuring a field x yards long and y yards broad, an error 
of A per cent, may have been made in each measurement. What 
is tne greatest possible error in the area of the field, calculated 
from these measurements ? 

56. The watch used to time a motor race gained x seconds a day. 
The time of the race as given by the watch was a min. h sec. Find 
an expression in seconds for the true time of the race. 

Similarity, Trigonometrical Terms. 

57. I stand 4 feet from a lampjjost and notice that the end of 
my shadow just reaches a wall. How far is this point of the wall 
from the lamp-post, if the light is 10 feet above the ground, and 
my height is 5 ft. 7 in. ? 

58. In the following give your reasons, a * yes * or * no * alone 
being of no value : 

(a) 15 tons of coal cost £16. 10«. and 9 tons cost X9. ISs. Is 
the price proportional to the quantity ? 

(h) The base of one equilateral triangle is 2 in. and its area 
1*73 sq. in., the base of another is 4 in. and its area 6*93 sq. in. 
Are the areas proportional to the bases ? 

(c) £50 put out at interest amounts in two years to £54, in 
three years to £56, and in 5 years to £60. Is the amount pro- 
pK>rtional to the time? Is the interest proportional to the 
time? 

59. Two straight roads intersect at an angle of 25**. Starting 
from the crossing I walk four miles along one road. How far am 
I then from the nearest point of the other ? 

Give the result of calculation and also of measurement from a 
diagram. 

MAI* ▲ a 
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60. A signals 145 words in 23 minutes, B 94 words in 15 minutes, 
and C 133 words in 21 minutes. Represent the times taken by 
horizontal distances, 1 cm. representing 2 minutes ; and the numbcn: 
of words signalled by vertical distances, 1 cm. representing five words. 
Mark the three points representing the above results. 

Who is the fastest signaUer ? Show on the dia^wn the graph 
corresponding to a rate of six words a minute. 

61. A mine shaft is 1,650 feet in length. It slopes downwards at 
an angle of 45*" to the horizon for a certain part of its total length, 
say X feet, and at an angle of 35° for the rest of its lengUi. If the 
total depth reached is 1,000 feet, obtain an equation for a?, and 
hence calculate x. Draw a rough figure of the shaft. 

62. A carriage is moving on a level road vrithout any slipping of 
the wheels. One of the wheels of diameter 3 feet picks up a speck 
of mud which adheres to the rim of the wheel. On squared 
paper plot out to scale the curve described in the air by the 
speck of mud, and carefully mark the points at which the roeck 
of mud will be when the wheel has turned through 60", 120% 240% 
and 300^ Also in the case of 60% check your result by actual 
calculation. 

63. Draw up a table showing in three columns the value of 
10 sin ^, lOcos^, and 8sin^4-6cos^ for each 30** from 0*" to 360*. 
From the table draw the graphs of y = 10 sin ^ and y = 8 sin ^ 
+ 6 cos By and from the curves determine approximately a value of 
6 for which tan ^ = 3. 

64. On a line OB of indefinite length set off OP 10 cm. long. 
Now imi^;ine OP to revolve about through an angle of 90*, but 
to vary in length in such a way that its length at any moment is 
equal to its original length multiplied by the cosine of the angle it 
has revolved through ; thus at 60* its length will be 5 cm. Use 
the tables to determine the path of P, and justify any statement 
you can make about the locus of P. 

65. Four rods are made into a jointed parallelogram ABCD 

B 




Fio. 19. 
(Fig. 19). Two of the rods, BA and BC^ project beyond the comers 
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of the paraUelogram. A fixed point E on the production of BA is 
taken, and F is taken on BC pit>duced so that for the shape of the 
parallelogram shown in the fimire jP is in line with E and />. 
Show that for all positions of the parallelogram this point JP is in 
line with E and D. 

This framework is laid on a map, F pinned down, and D is made 
to trace out the boundary of a country. Say how E will more. 
If the frame used is represented to s(»le by Fig. 19, what is the 
ratio of any line on the new map to the corresponding line on the 
old one ? 

66. The base BC of a triangle is 7 cm. long. Find the locus of 
the vertex when ABjAC «= 2/3, by plotting a number of points and 
drawing a freehand curve through them. In the same way find 
the locus of the vertex when AB + ^C = 10 cm. 

One of these loci looks like a circle. Prove that it is a circle. 

67. Draw a circle 10 cm. in diameter and take a point P 15cm. from 
its centre. Suppose B a point on the circle and 8 the middle point 
of PS. Draw the locus of Saa B moves round the circle. 

Discuss, with proof, the nature of the locus of S^ whatever the 
size of the given circle and the distance of P from it. 

The Circle. 

68. Find the diameter of the saucer, of which a broken fragment 
is shown in Fig. 20. Prick the figure off. 

69. Three ships, A^ B, and C, at anchor 
occupy the following positions with regard to 
a buoy P: — A is 350 yards north of P; B ia 
170 yards north-east of P; C ia 420 yards east 
of P. Draw a plan showing the positions of 
the ships and the buoy, on a scale of 100 yards 
to an inch. 

A fourth ship, D, anchors in a position equi- 
distant from Ay By and C. Determine its posi- 
tion on your plan, stating its distance from the 
buoy. 

State your method of finding the position of 
Dy and prove that the method is correct. 

70. Prick off the curves a and h (see Fig. 21), 
and find whether they are arcs of circles. Ex- 
plain your method of testing the curves. 

71. State (without proof) the construction for Fia. 20. 
circumscribing a circle about a triangle. 

In what kmds of triangle will the centre fall (a) inside the 
triangle, (d) outside the trungle, (c) on one of the sides ? 

A a 2 
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You voAj use ruler and oompoases as helps in answering the latter 
part of this question ; logical reasons for your answers thereto need 
not be given. 

72. Two oog-wheels gear together ; one of them has a oogs, the 
other h oogs, and the cogs are set e inches apart on each wheel. 
When the first wheel males one revolution, how far does a point 
in its rim travel ? And a point in the rim of the second wheel ? 
And how many revolutions does the second wheel make ? 





Fig. 21. 

If the cog-wheels were connected by a chain instead, how many 
revolutions would the second wheel make for one revolution of the 
first? 

I wish to settle the number of teeth in the cq|;- wheels of a chain- 
driven bicycle with a rear wheel 30 inches in diameter, the bicycle 
to travel 6 yards for each revolution of the pedals. Plot a graph 
showing the number of turns of the rear wheel corresponding to 
1, 2, 8, 4, &c., turns of the pedals. Deduce from your graph 
a convenient number of teeth for each of the two cog-whe& on 
which the chain works, and verify your conclusion. 

73. Two circles have radii 1*3 and 2*1 inches, and their centres 
are 3*9 inches apart. Draw a circle of radius 1*1 inch touching 
them both. Can a circle of radius 0*3 inch be drawn to touch the 
given circles ? 

74. A point P moves round the circumference of a circle whose 
horizontal diameter is AOB^ being the centre. Two circles are 
drawn on AO and OB as diameters, and OP always meets one of 
these circles. Show that the piece cut off OP by the circle it meets 
is equal to the projection of OP on the diameter AOB. 

Give a graph showing (for half a revolution of P) the projection 
of OP as a function of the angle AOP ; that is, mark off distances on 
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one line to represent values of the angle, and on perpendiculars 
to this line mark oflf the corresponding values of the projection. 
Take OP 5 cm. long, and take 1 cm. to represent 20 degrees. 

75. Fig. 22 represents a Chinese windlass. A rope supports the 
wad Z>, and has its ends wrapped on two barrels of diameters 7 and 
9 inches turning together on the same shaft. Another rope goes 
round the pulley of diameter 36 inches, which also turns with the 



36 //f. 




same shaft. When A descends 10 inches, what length of rope 
unwraps at By what length wraps up at C, and how far does D rise ? 
Taking the diameters of the barrels and pulley m r 8 t inches, 
give an expression for the rise of D while A falls k inches. 

76. The area of the segment contained by a circular arc APB 
and its chord AB, is approximately two-thirds of the area of the 
rectangle ABEF^ having the same base and altitude. I form an 
approximate estimate of the area of a circle (Fig. 23) by measuring 
the area of its inscribed square, and adding the areas of the four 
segments outside this square as calculated by the above rule. 
Calculate approximately by how much per cent, the area so estimated 
is in excess or defect of the true area of the circle. 

77. ^^Cand DEFare two concentric circles of radii 7 cm. and 
3 cm. respectively, and AB is Sk chord of the outer circle distant 
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2 cm. from the oentre. Show, both by drawing and by calculation, 
that ABiE trisected at the points where it cuts the circumference 
of the inner circle. 

78. Pjrove that if chords of a circle are drawn through a given 

point inside a circle, the rect- 
angles contained by their seg- 
ments are equal. 

If the raoius of the circle 
is 8 inches, and the given point 
2*1 inches from the centre, cal- 
culate the value of this rect- 
angle and verify the result from 
your figure. 

79. A stream 20 feet ¥ride 
is to be spanned by a bridge 
with a circular arch 7 feet high 
at the middle. Calculate the 
radius of the arch and the angle 
it subtends at its centre. Check 
your results by a drawing to 
scale. 

80. Prove that angles in the 
same segment of a circle are equal. 

State (without proof) what property of a circle may be deduced 
at once from this theorem by conceiving the angular point to move 
along the circumference into coincidence with either extremity of 
the segment. 

81. The distance of the horizon dy the radius of the Earth B, and 
one's height above the sea h (all in miles) are connected by the 
equation 

d^^h^'^2Bh. 

Taking the Earth's radius as 3,960 miles, find at what height the 
horizon is 84 miles away, and express this height in feet to the 
nearest foot. 

82. Prove that a straight line drawn from the centre of a circle 
to the middle point of a chord cuts the chord perpendicularly. 

P is a point external to a ffiven circle whose centre is C. With C as 
centre describe a circle with radius twice that of the given circle. 
With F as centre and PC as radius, describe a third circle cutting 
the second in Q, Join CQy cutting the first cirde in B, Prove thu^ 
PB is a tangent to the firat circle. 

88. I wish to fix the size of a circular enclosure which I may not 
enter ; I therefore note the following points :— It is surrounded by 
a footpath 10 feet wide, and four lamp posts stand along the outer 
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boundary of the footpath at the comers of a square. Each side of 
this square cuts from the enclosure a strip whose greatest width is 
equal to the width of the path. 

Find the diameter of tne enclosure by calculation and also by 
drawing. For your drawing take a circle of radius 4 inches for 
the outer boundary of the footpath. 

84. Find the area of the rectangle KLMN (Fig. 24) inscribed in 
a semicircle in terms of CK = a? cm. and the ladius CL « rem. 

Taking r » 5, find the area 
for 0? » 0, 1, 2, 3, 4, 5, and 
give a general idea of the 
change in the area of the rect- 
angle by a graph. Then deter- 
mine accurately b^ a^bra or 
by geometry the dimensions of 
the largest rectangle that could 
be cut from a semicircular piece 
of paper of radius 5 cm. 

State and prove a relation 
that holds between KA, KL 
and KBy whatever values r and x have. 

85. Draw te a scale of 10 feet to the inch the junction lines of 
a small tramway for a factory from the dimensions given in the 
sketeh (Fig. 25). All lengths are in feet. The arcs AB and JETC 




A N 



K B 




Fio. 26. 



have a common tangent at B, What is the distance between the 
centres of the arcs AB and BC ? How does the knowledge of this 
distance enable you to-flnd the centre of the arc BC^ and the position 
of the points? 
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86. In the rougli aketcli in Fig. S6 the ciide lepreaentB a seotioii 
thion^ the oeotite of tiie eeith by » plane in whicsh a sfaar S lies. 
mb and ed are the directioos in which the star 8 is aeen from two 
places a and e, the star being so far away that oi and «<{ are parallel. 
ah and ef are tangents at a and c. Prove that the d^erence 
between the angles ^<^and hah is equal to the angle aOe, 





Fig. 27. 



87. The section of a tube railway is a segment of a circle (Fig. 27). 
The breadth of the tube on the level of the rails is 8 feet, and its 
greatest height above the rails is 10 feet. Draw the section on any 
convenient scale, and write down the greatest breadth of the tube 
in feet to the nearest tenth. 

State how you drew the sectiofi, and state and prove a property 
of the circle that you used. 

Fytliogorea/n Proposition. 

88. Prove that of all straight lines drawn from a given point to 
a straight line the perpendicular is the least. 

A instructs B to make a triangle with these measurements : two 
sides are to be 7 inches and 4*8 inches in length ; also the angle 
opposite the shorter side is to be 45**. B says it is impossible to 
do so. Prove that B is right. 

89. Given the lengths of two sides of a triangle, and of the per- 
pendicular from the point where they meet on the third side, show 
how to find the length of the third side by drawing. 
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How many solutions are there? Find an expression for the 
length of the third side in terms of the given lengths. 

90. A piece of wire ABC is bent at right angles at J?, the length 
of AB being 4 cm. and of BC 12 cm. A point K travels from C 
to B, BO that as its distance from C increases, its distance from A 
diminishflR. Take JST in a nmnber of positions, measure KA for 
each, and show in a graph how KA varies as the distance 
KC increases. Find from your graph the length of KB when 
KA = KC, 

A point f is to be found in BC so that KC may be bent into the 
position KA and so form a right-angled triangle ABK Suppose 
BK to be a; cm. long, and express the length KC in terms of x. 
Write down the relation between the three sides of the triangle 
ABKj and find a value of x that satisfies this relation. 

Also find the position of f by a geometrical construction, 
justify the construction, measure BJT, and tabulate the three 
results. 

91. xOX and yOY&re two lines at right angles, and a GO"* set- 
square ABC (LB = 60°, LC = 90°) moves so that A and B 
travel along the lines xOX and yOY. Draw the path of C, using 
a length of 10 cm. for the hypotenuse AB, 

What kind of line is the path of C? Justify your statement. 

92. BAC is a triangle, right-angled at A. Show that the square 
on BC is equal to the sum of the squares on BA and AC. 

ABCD is a quadrilateral figure in which AB » 15 cm., BC ^ 
25 cm., CD == 13 cm., AD = 11 cm., and AC= 20cm. Draw AE 
perpendicular to BC^ and take P in EC 13 cm. from A, Show 
that BAC is a right angle, that BA is a tangent to the circle about 
ACE; calculate BE AE PC, and show that AD is parallel to BC 
The figure need not be drawn to scale. 

93. A triangular piece of cardboard, ABC, is held over a hori- 
zontal table, the points a h c on the table being immediately 
below ABC, lia h c are comers of an equilateral triangle of 
sides 6 inches and their distances from ABC are 10 4 7 inches 
respectively, prove that ABC is an isosceles triangle, and calculate 
the lengths of its sides to the nearest tenth of an inch. 



Manma. 

94. On a certain steamer the expense of coaling per mile is 
found to be directly proportional to the square of the speed main- 
tained, being 2«. 6d^. per mile when the speed is 30 miles per hour ; 
the other expenses being £1. 168. Odf. per hour at all speeds. 
Express in pounds the expense of a journey of 100 miles at. x miles 
an hour ; draw a diagram showing the expense of a journey of 
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100 inileB at any speed from to 45 milee per hour; and detennine 
tJie most eoonomieal speed and the expense at that speed. 



95. The shortest side of a trian^^ is 10 cm. long, the other two 
lOr cm. and lOr* em. long. Determine the greatest Talae r can 
have foir a triangle to be posmble. Obtain a first approximation 
(to within a tenth) by trial, then €akmlat»e the value to two decimal 
phces, and draw the three lengths 10 cm., lOr cm., lOr^ cm. 

96. ABC is a ri|^t-ang^ed triangle having AB = 8 cm., BC » 
4cm., LB a 90°. O is a pcMnt on AC^ OL and OM -Ls on 
BA and BC. Show by a graph how the area of the rectangle 
OLBM changes as the perpendicolar LO passes from A to BC, 
giving AL ihe values 0, 1, 2, 3, . . . cm. 

Oompare the maTimum area of the rectangje with the area of the 
trian^ ; oompare also the rates at which O and L move along 
their respective linea 

97. Assuming that, if a gun is fired over a plain, the imnge of 
the projectile is {^ven in yards by jr = 5000 sin 2ae (where jp** is 
the ang^e of elevation of the barrel), j^ot out a curve showing the 
ranges between the limits ef 5"* and 20" for the ang^e of elevsticm. 
State what must be the value of :r to give the greatest range. 

98. A man in a launch at a pmnt 1^ is 30 miles from the nearest 
point ^ of a strai^t coast-line and wants to reach a point B on 
the coast 60 miles from A. He can either go by water the whole 
way or make for any point on the coast b^ween A and jB, where a 
motor car is running and watching to pick him up and finish the 
journey by land. Fill up a table like that bdow, and draw a 
gr^[^ to show how his toUd time from L to B varies according to 
the point of the coast at which he lands. And from your graph 
find what point he ought to strike in order to execute the whole 
journey in the least possible time. The speed of the launch is 
10 miles an hour ana of the motor 20 miles an hour. Use one 
division of your squared paper for a mile and 20 divisions for 
an hour ; the time hours need not be shown. 



I>i8tance from A 
of l<»«<ling point 
in miles . . . 
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20 


30 


40 
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hours .... 

















Calculation of Triangles. 

99. ^B is the base (100 feet long) of a triangle ABC^ and C is 
inaccessible pmnt. The an^es ABC and BAG are fonnd 
to be 63M4' and 80Ma. Calculate the distance of C from ^ 



an 



ADDITIONAL EXERCISES 368 

100. To determine the size of a piece of ground, pegs were 
driven at the four comers A B C D, AB was found to be 
11-35 chains, AC 14*70 chains, AD 12*65 chams, \^BAC 26^40', 
L CAD 43° O'. Find the area of the ground by calculation. 

101. A section of corrugated iron roofing consists <^ circular arcs 
of angle 110**, alternately curved in opposite directions. Supposing 
the section of the sheet to contain an exact number of these 
arcs, find (expressed as a decimal) the ratio of the area covered 
by it to the entire superficial area of the sheet-iron of which it is 
made. 

102. A meteor is seen from two places, A and B ; B being 20 
miles from ul in a direction 15* west of south. At A the meteor 
appears to be 5* 35' east of south, and at B it appears V 24' north 
of east. The altitude of the meteor as observed from B is 23**. 
From these data find the height of the meteor. 

103. Taking the earth as a sphere of radius 4,000 miles, find the 
distance from its axis of London whose latitude is 51** 30' K. Find 
also the distance London travels in an hour in consequence of the 
rotation of the earth. 

104. The extreme range of the guns of a fort is 8,000 metres. 
A ship 14,000 metres distant sailing due east at 24 kilometres an 
hour notices the bearings of the fort to be 20** 30' north of east. 
Find, to the nearest minute, when the ship will first come 
within range of the guns. Check your result by a drawing to 
scale. 

105. Draw a triangle ABC such that tan J. = 2 and tan B ^ 0*5. 
Find, by measurement, the height h (perpendicular to AB) and the 
area 8 of the triangle you have drawn. Find the value of the 
ratio S/h^ as a decimal. 

Find an exact formula for the area of any triangle in terms of its 
height h and the tangents of its base angles A and B, and compare 
the numerical value of S/h* given by your formula with your 
previous result. 

106. If one angle of a triangle is greater than another, prove 
that the side opposite the former angle is greater than the side 
opposite the latter. 

State, with accompanying proof, whether the following theorem 
is or IB not true : — * In every triangle, the magnitudes of the angles 
are proportional to the magnitudes of the opposite sides.' 

107. A rod BC of length 5*8 cm. rotates about B. Another rod 
CA of length 8*6 cm. has one end C hinged to the first rod, while 
the other end A slides along a fixed line BO. By drawing the rods 
in various positions (taking values of L B at intervals of §0° or so), 
find how the length BA varies as the angle B increases ; and show 
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BA as a function of L B in a graph for one revolution of BC^ 
showing the actual length of BA and representing 30** by 1 cm. 

Write down an equation ccmnecting the angle B and the lengths 
of the three sides of the triangle ABC. 

Solve the equation to find the length of BA when L£ » 35^. 
To check your result find the length by drawing. 

108. Draw a circle of radius 22 =» 10 cm. and draw two radii at an 
angle of 3^ 80*. Join the ends of the radii, cutting off a segment 
of height hem, and base ccm. Find a formula for the area of 
the segment in terms of R and ^. The area is sometimes taken as 
that of a triangle on the same base as the segment and of 4/3 times 

the altitude of the segment. The formula -?- + -^ ia also used 

to give the area. Use these three methods to determine the area 
of the given segment, and tabulate your three results. 

109. Fig. 28 represents a two-foot rule, which is pivoted at O 
and hinged about ac and hd. Imagine it placed, as shown, flat on 
a table, so that the angle AOB is 34"*, and calculate the distance 
from Ato B, 




Fio. 28. 

If the parts Ac and Bd are now turned about the hinges ac and 
hd through 90° from the plane of the table, what is the new 
distance horn Ato Bl Briefly give reasons for your statements. 

110. Sufficient data are given below to draw three triangles. 
State, with reasons, whether any two of the triangles are similar to 
one another : 

(a) One angle 90^ hypotenuse 15 cm., one side 9 cm. 
{h) Two sides 3*6 in. and 4*8 in., included angle GO"". 
{c) Sides 36 yards, 27 yards, 45 yards. 

EqtMtiom. 

111. The speed (a) of sound in air at a temperature of f 
(Fahrenheit) is given by the expression « = a + W. When t = 82, 
8 « 1,087 ft. per sec. ; and when ^ = 41, « =^ 1,096 ft. per sec. Find 
the value of 8 when t = 70. 
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112. A man pays an annual subscription of £10 to a fishing 
club, and each day he goes fishing he spends IQs, in addition. 
Find an equation oonnectii^ y the total cost in pounds of a day's 
fishing, inoludinff the proportion of the subscription, with x the 
numl:«r of days he goes fishing during the year. Draw the graph 
of the equation supposing x to range from 5 to 50. 

113. A retail bookseUer is supped by a wholesale firm, who 
allow discount off the published price of certain books ^class A) at 
40 per cent. ; of all others (class B) at 33} per cent. At the end 
of a year he finds that he would have paid 2^ per cent, less than he 
actually did, had he accepted the tender of another wholesale firm, 
who offered a uniform discount of 37} per cent. What percentage 
of his purchases (reckoned at published price) belonged to each 
class? Give your answer to the nearest integer. 

114. The diameter dfeet of a pipe connecting a certain tank to 
a water crane is given by the foUowing equation : 



d* = 



(^-1) 



1000 
Solve this equation graphically. 

115. Qiven a^- 3ajy +y2 -. q^ g^^td od? = Jy = 1, find an equa- 
tion which contains only a, h, and numbers, and deduce the value 
of a/b. 

116. From the relation v^ u + at express tin terms of « u u; 
then substitute this value in d = ut-^^afi and so obtain the 
relation v^ ^ u^-^2ad. Find the values of t and d when 
» 100, M = 84, a « 32. 

117. It is believed that the cost of keeping a school varies 
according to the law 

where 50y pounds sterling is the cost, and 50a? is the number of 
boys. It was found that with 100 boys, the cost was £2,050; with 
150, £2,600; with 200, £2,950. Find a 6 c, and deduce the cost 
for 170 boys. 
Verify by a graphical method. 

118. It is known that when a certain tackle is used to raise 
heavy weights, the weight TTlb. that can be raised by a force of 
Plb. is given by the formula 

W=kP-70, 

where k is some number. And a man finds that ^ pulling with 
a force of 1001b. he can raise a weight of 3301b. Find what the 
number k is. 

Find, further, what weight a force of 140 lb. will raise, and what 
force is needed to raise a weight of 400 lb« 



366 ADDITIONAL EXERCISES 

119. A and B are two coal pits m miles apurt. The price of coal 
at ^ is a shillings a ton, and at JS it is 6 shillings a ton. The cost 
of carriage from each pit is c shillings per ton per mile, (jive, 
in terms of o h e, the distance from ^ of a point X, on the road 
from ^ to ^, at which the total cost of the coal is the same, whether 
it comes from A or from B. Give a numerical result when a s= 29, 
6 = 27, c= 1-5, 111 = 20. 

120. If -A_ + _J_ + -^ = ^^-^^^'^ for all 

values of x, find the value of ^i in terms of x, 

121. A screen is placed between two lights A and B, whose 
lighting powers are as 3 to 4. The intensity of illumination of th4 
screen by either light varies inversely as the square of th4 
distance of the screen from the light. A and B being 5 feet aparti 
find the distance, x feet, from A at which the screen is equally 
illuminated by the two lights. Verify your result, and state whtl 
interpretation you place on the n^^tive value for x, 

122. Solve a2 = 62 + i^-2&c cos A as a quadratic equation ih 
which b is the unknown quantity. And hence, or c^herwisi, 
calculate the positive value of ( when a = 11 cm., e^9 cni<, 
A 8 40*** Check your result by An accurate drawing. 

123. The formula for bodies ejected vertically upwards is 
s =s fU '^ i gt^^ where i = time in seconds, 8 = height in f e^t 
above starting point at time t, u ^ initial velocity in feet pir 
second, and g = 32. 

Find the time a body takes to rise 192 feet vertically whto 
the initial velocity is 128 feet per second. 

Indices. 

124. Find the values, giving not more than three significant 
figures, assumed by o + o^, when a has the successive values 
200, 20, 3, 2, 1, 0-2, 01)2. 

Tabulate the values of a, a^ a+o*, and explain what your 
table diows as to the relative importance of the two terms 
according as a is large or small. 

125. When a man lends £a at 6 per cent, compound interest, the 

value of his loan grows so that after e years it is £a ( 1 + t^ ) . U^ 

this formula to find the value after two years of a loan of £460 At 
3} per cent. Give the value to the nearest shilling. 

126. The formula = — is used by engineers. Find its 

ft ^ 1 

value to two decimal places when n = 1 '05 and r = 2. 
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127. Find between what pair of consecutive integers each of the 
foUowing Ues : M*, M*, 2VS 3V2. 

128. The discharge Q of water through a rectangular submerged 
hole is given in cubic feet a second by the equation 

Q = ^CB (ir3/2 - -K8/2) ^/Wi, 

all the dimensions being in feet. Find what the discharge is in 
gallons per 24 hours, when C=0-60, ^ = 32, IT = 3, ir«2, 
iTs 1. One cubic foot = 6'2 gallons. 

129. The pressure p and volume t? of a gas which expands in a 
vessel impervious to heat are connected by the relation pv^ =» con- 
stant, where y = 1*4. A mass of gas occupies a volume of 1 cubic 
foot at a pressure of 100 lb. per square inch. Find its pressure 
when its volume is 2, 3, 4, , . . 10 cubic feet respectively, and 
represent the relation between pressure and volume within these 
limits by a curve drawn on squared paper. 

130. After very careful calibration it was found that the discharge 
D gallons per minute over a certain weir was given by the equation 

D«20in« 

when H was the head of water in feet above the sill of the weir. 
Calculate with the aid of a table of logarithms the head necessary 
to discharge 3*72 gallons per minute. 

131. A working rule for the collapsing pressure of a boiler flue 

. . , „ 806300«2-i» , x> ^. „ . 

IS given by P = — yji > ^*^6r© -P = *'he collapsing pressure in 

lb. per sq. inch, D = diameter of the flue in inches, L ss the 
length in feet, t <= the thickness of the plate in inches. Find the 
col&psing pressure when ^ = |, 2> s= 3}, L ^ 25. 

Cd'Ordinates. 

132. Draw OX horizontally towards the ri^ht and OY vertically 
upwards. Values of x are measured to the right along OX from 
and values of y £rom along OF, unit 1 foot. A telegraph wire is 
given in position approximately by the equation 

(100-a?)a«1000(y-50). 

The centre line of the jib of a builder's crane is given in its 
highest position by the equation y » 3 + }a;. The height of the 
lower end of the lib above the ground (that is, above OX) is 30 ft. 
and the length of the jib is 43 ft. Find whether the crane fouls 
the wire. 

133. Draw the quadrilateral ABCD, the comers A^ By C, D 
having the co-ordinates (14, 12), (12, 1), (3, 10), (04, 14*6). 
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Hoir WMBj oonditkoB does it tike to fix * tnaoj^ in size and 
tihaipel Henoe diseiiaB hour manj oonditkne w0 fix a quad- 
rilateraL How manj oonditianB aie used above to ^lecify ABCD 
hy oo-ofdinatfls ? Can joa leeondle these statements ? 

Diseuss how many conditions wHl fix a polygon of N sides (1) 
in sh^te and size, (2) in position, and give two ways of ^leeifying 
sndi a figore in eadi way. 

Could yon make a ooadrilatenl fiame with its sides equal to 
those of ABCD 7 Coold yon make a frame satiflfying these con- 
ditions, and ako having eadi diagonal 15 cm* long ? Justify yoor 



Suppose ABCD to bea frame made of four rods jointed U^etJiery 
and suppose AB fixed. Draw the path that O, tiie middle point 
of CD J IS able to tEsoe out. OaicnJate the co-ordinates of O in 
the position given in the first paragr^h, and ako vdioi O is as far 
as possible from A^ and diecx your results by measurements of 
your drawii^ 

Solid Geometry. 

134. Assuming that sand will just rest with its surface inclined 
to the horizon at anan^e of 30^, find the smaUest possible diameter 
(rf the base <A a conical heap^ containing 40 cubic feet of sand. 

135. A sauare house, measurii^E 30 feet eadi way, has a roof 
sloping up from aU (our waDs at 35* to the horizontaL Find the 
area^ the roof. 




B 




AB 8/Me 
BC Afkei 
BE Bfeet 



Fig. 29. 



136. A light, which mMr be shown as a point, is placed on 
a horizontal floor at A (Fig. 29X and shines through a 
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rectangular opening BCDE on to a vertical screen FGHK parallel 
to the opening and 12 feet from it. The angle ABC is a right 
angle. Draw the shape, and calculate the dimensions, of the 
portion of the screen which is lighted up, using the additional data 
given below the figure. 

Examine the effect on the bright portion of moving the light 
2 feet horizontally at right angles to AB, 

137. In the map of a mountain district in Bavaria (see Fig. 30)» 

JT is a lake, / a level ice field 
backed by mountains Hi H2 
JETs, the dotted lines represent 
mountain ridges, A indicates 
summits, X ^^ lowest points 
on the ridges, and the numbers 
indicate altitudes in metres. 
Examine whether any portion 
/ of the range HiH^ff^ ^ visible 

/ from the lake. How many 

/ metres must a person ascend 

J from the li^e in the neighbour- 

\ hood of O in order (1) to just 

) see the tip of JETi, (2) to see the 

I three summits. Hi JT^ H^'i 







/^ "--AAsr.''*^ 



2878 2^ 

^9849 



2598 A.^/ 



A2, 



2871 



2881 




Fig. 30. 




188. Fig. 31 is a projection of an <H>en tank with a sloping 
bottom, so drawn that the edges OA, OB, OC and all lines on the 
tank parallel to them are 60 times as long as they are made in 
the fi^re. The tank is made of sheet-iron. Find the area of 
sheet-iron used, and how many gallons the tank will hold. 

Bb 
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Find ezpreaBioiis for the number (rf gkUons in the tank for any 
depth of water at the deep end, indnding the caae when the 
bc^tom is not oompletely ooveied. Draw * graph showing the 
Yolame of water for any depth. 

Use this graph to find the depth of water when the tank 
contains 40 gtXUma^ and when it ocNotains 200 gallons^ Find these 
depths, also, by writing down and sobring soitahle eqnationa. 

The edges OAy OB^ OC being all foreshortened to the same 
extent by the projection, find the amount of foreshortening. £a<^ 
line OA, OB, OC on the projection being 1/50 of the actual length 
of the edge, find the scale of the projection. 

Supposing the water to flow in at the rate (rf a gallon * second, 
find from yoor ffxph^ or by calculation, the rate at whidi the 
depth increases when there are in the tank, 0, 20, 40 • « i^ gallons, 
and draw a graph giving the rate of filling in terms of the quantity 
already in the tank. 

139. What do you consider is, in Geomday (o) the purpose of 
a definiticm, (b) the test of a good de&iition ? 

Read carefully through eadi of the following def ective definitions 
in torn; then, briefly and relevantly, referring to each by its 
number, point out wherein the defect lies. 

(i) A circle is the assemblage of all those points which are 
equally distant from a fixed point, called the oentoe. 

(ii) Two straight lines are called parallel when, however far pro- 
duced, they never meet. 

(iii) A circle is a plane figure closed by a boundary such that 
all straight lines which are terminated by the boundiuy and nass 
through a certain point within called the centre are biaectea *t 
that point. * 

(iv) A plane is a surface on which an unlimited number of 
straight lines can be drawn. 



TABLE OF WEIGHTS AND MEASURES 

1 metre =^ 100 cm. = 1,000 mm. = 0001 km. 

1 yard « 3 ft. = 36 Id. = 0*9144 metre. 

1 mUe = 8 fur. = 80 chains « 320 po. = 1,760 yds. 

1 hectare =» 100 ares » 10,000 sq. metres. 
1 acre = 4 roods = 10 sq. chains = 4,840 sq. yds. = 0*4047 
hectare. 

1 litre = 1 c. dm. = 100 cl. « 0*01 hi. = 0*001 c. metre. 
1 gallon « 4 qt. = 8 pt, = 0*1606 c. ft. = 4*546 litres. 
1 quarter » 8 bush. » 32pk. = 64 gal. 

1 kilogram = 1,000 g. = 0*001 tonne. 

1 lb. = 16 oz. = 7,000 grains « 453*6 grammes. 

1 ton « 20 cwi = 80 qr. = 2,240 lb. 

1 litre of water weighs 1 kg. 

1 c. fL of water weighs 62*3 lb. 

Ratio of circumference of circle to diameter is 3*1416. 



ANSWERS TO CERTAIN NUMERICAL 

QUESTIONS 



Ghafrr m 

2. 6 or 7 hectaires or 16 acres. 4. 200 sq. cm. 

6. 1,010,000 ; 994,000. 8. Areas 10*8 and 11*88 sq. in. 
10. 34,000 sq. yds. or 71 acres. IL 11*56, 13*6 ar, 0-58q.in. 
12. 11 layers. 13. 470 sq. ft. 14. 7 mni./sec 

16. 2*6sq. in.; 18 or 19 ft. 17. 0*27 acre. 18. 2*9 cm. 

21. 11 min. after first man's start, distance 400 yds. 

Chafteb IV 

5. 68*9 in. 9. 0-7kg. ; lOOOfcc/a-rf. 

U. £13. S8. Ad. ; £p^/240. 12. 180 sq. m. ; 1,188 c. m. 

la 302 and 26880/ii»» sq. ft. 14. 18 pence per ton. 

15. 98. Sd. ; 0*000,009,13 mnnba shillii^^ 

16. bdx/2240 or 2*25 tons ; h/be or 28 ft. per min. 

17. 8,8008q.ft. ; 180 people. 18. 0*13 o in. 

19. 3,000,000 c. ft. or 20,000,000 gal. 20. 86%. 

2L 9,000 gal./min. 

Ohapteb V 

4. 7 miles. 9. 4*6 cm. ; 40sq.cm. ; 59sq.cm. 

14. 4ac. Ird. 16. 73gal8./min. 

Chafteb "VI 

L 0*8 lb. 2. 31b. 3. 482; 7*2 lb. 

4. 106*6 c.c. 6. 20 H.P., to nearest integer. 

7. Average price £(<wr +6y +(»)/(«+ 6+ c) or ^34. 

IL 0*40^m. 12. 57 and 77%. ^^ la 0*615 m. 

14. 87yds.; 3y«2ir + 20. 16. 21, 0*97 oo, 8*7a«sq.ft. 

16. £920. 20. 8.20 p.m. 
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Chafteb VII 

1. 6*4 m. 4. 3*6 m. ; raised 0*9 m. 

7. Limits 3*8 m. in front of and 1*2 m. behind. 

8. 101 ft. from floor, 4*1 ft. from line. 11. 204 m. 

12. ^P = 4*95 cm., ^0 = 7*0 cm., L0^P==46% LO^-B«60^ 
18. CB = 1,580 m., CD ^ 330 m. 

chaptbb vm 

7. Area 5*1 sq. cm. 10. C^E^ 150% D = 60°. 

11. Jr=120°, L^W, 3f= 45% JV=105°; JT and if increase 
by 10% 1/ and ^ diminish by 10°. 17. 10* acres. 
18. ^a/2 + 6+c + d+«/2)or75sq. ft. 19. 15*8 lb. 

21. 103 hours. 23. (c - 6)/(a - 6) or 2/3. 

Ohafteb IX 

13. Limits for h/c are 0*42, 0*50, 0*64, 0*71. 

15. 12% 24% 37°, 53^ 17. 0*309. 

IB. df^ 3*1 sq. cm., DF = 37 sq. cm., de/DE == 0*29, df/DF = 
0*084. 19. 12 ft. ; 37 or 38 stones. 21. 4*7 min. later. 

22. 40 tons. 24. 0*016 in. ; 0*00020 sq. in. 
26. y/(a?-0*9)=»0*7, or other forms. 

Gbaptxb X 

1. 256, n\ 2. 1,122. 3. 7,482. 

4. 507 red, 507 white, 527 black. 5. 28. 8. 4 cwt. 

9. 0*72 gram. 10. 33 cwt. ; 1%. IL 16; 55*875, say 56. 

12. 1%. 13. £618. 14. \ax^-{-hx^\ y^px-^c. 

16. Sines 0*39, 0*96 ; angles 12% 25% 57^ 
18. 11 million gallons. 

Ohafteb XI 

L n = 68% CW^ 52, 2^=25, CZ^ 147, TZ^69; 0£?«49, 
CA == 56, TF- 23, TB = 26. 2. 24% 0*92, 0*44. 

3. 53% 0-80, 1*33. 4. 76% 0*97, 0*24. 9. 0*69, 0*97. 

10. 3-7 in. IL 27°. 12. 185 and 249 yds. 

13. i> is 4*04 ch. north and 8*88 ch. east. 

14. Each ratio » 1-62. 16. l*13in. ; 16°. 

18. HI in. 
20. 12. 



17. (6 - x)/a + \/36 + x*/h hours ; a? = 3*5. 

19. 3-53, 7*28, 11*55 in. ; greatest swing 36*9°. 

21. 39%. 22. 1,944 cases; 36«. lOd. 23. About 2,380. 

24. 4*7, 0*6. 

MAIB B b 3 
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Ghapteb XTT 

Art. 8. For indices 20, 40, . . . 240, the powers of 1*01 are 
1-220, 1-489, 1-817, 2217, 2-705, 3-300, 4-027, 4-914, 5-996, 
7-316, 8-927, 10-893. 

XSz. 2. At at 8.40 a.m. a 1,600,000 gal. ; 290 gaL 

4. 7 ; 8 more. 6. £86. 6. 0*84. 

7. 99 gaL ; true volnme 103 gal. 8. 32,000 miles. 

CHAFTEBXm 

2L 9,200 c. ft. 24. 5-12 kilos ; 32 shillings. 

26. 750gaL/sec. 27. 24,000 tons. 28. 6 ft. 9 in* 

81. 8,000 miles. 82. 13 ft. 

Chaptbb XIV 

L 8-6 cm. 2. 23*1. 4. 400ft. ; 2-5 sec. 

6. 2001b./sq.in. 7. 10-2, 121, 15*2 cm. 

8. In millions (i) 38*93, 4005 ; (ii) 38-89, 40-01. 

9. 65 million miles. 11. 6-9 m. 

12. Son's weight 73% of father's, but he needs 81% of father's 
food, i. e. 5*7 oz. 13. 'bc/2 or 14*9 sq. in. 14. 43 burners. 

16. 0-54; 1*41 in. 16. 48 swings. 17. 7,100 ft. 

18. 2*9%. 19. 0-141. 21. 13*1 lb./sq. in. 

23. 63 ft. away horizontally. 24. x » 1*22, A; »= 470, p = 49. 
25. 1-61, 5*35. 27. 210 kilos. 82. 1008cm. 

Chaptbb XY 

IL 86 ft. 13. Side of table 15*3 in. 

17. m = 3*08 gives 1*66 for least value of 2>. 

19. sine -0-419, cosine = 0*908. 20. 11*3 cm. 
2L 30 in. 22. 103,000 gal. ; l*9ml./hr. 

24. 71,000 miles. 26. 9 ft. 

Chafteb XVI 

Art. 16. Area 40*0 sq. cm. 

Art. 17. (1) A = 26*4^ (2) a « 11*1. (3) c = 7*61 or 5-49. 
Art. 18. a = 12*5, h = 8*41, A = 108-9', B = 39-6% C = 31•5^ 
Ex. 6. 68 yds. 6. 3*1 miles. 7. 2*8, 0*7. 

8. 19«. 2d. 9. a « 0-39, h ^ 0*174. 

10. 7*4, 10-5, 16-1,- y« 2-75 + 1*55 a?. 14. 0*5, -0*6. 
16. 117% 0-89, -0-45. 17. 5-36 km. ; 444 m.; 4-8'. 

18. 980 ft. 19. 376 metres. 
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20. X = 813, y = 6-45. 21. y = 1-62 a?- 5-3. 

22. 80ft. at 1 sec. and 58608., 128at2and4, 144at38ec8. 
28. 4-24, 4-07, 401 inches. 24. 205** Fahr. 

26. Je'/sinuisinB/sinC^+P); 308c. yds. 26. 801b./yd. 

27. 14-9 or 15*0 cm. 28. 760ft. 29. 280 sq.ft. 
31. 117 ft. 82. 219 links 71-7*' 8. of E. 

2». 153-3% 5,090 links. 

chaftes xyn 

1. 6-9 cm. 9. 0-00008. 10. 0-00016. la 258'. 

Art 62. AB^ 2-2, BC2'H, CAB-Od, ^i2-51, BL 242, 
CL 1*78 

16. 13,000 eft. 17. 980ft. 20. 369 in. ; 21*6*. 

2L 5-0 ft. 22. 8,748 eft. 24. 21 in 100. 

26. 896 ft. 26. 253 ft. 28. 120^. 

80. 31118. 54 min. 31. 1,050 c. ft./min. ; 4-9 ml./br. 

82. In links to nearest integer AB » 800, CD = 118. 



INDEX TO EXPLANATIONS OF TERMS 
AND PROPERTIES OF FIGURES 
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Aente L, 88 footnoie, 71. 

Aeote angled ^ 83 footnote. 
Altenuite U, 129. 
Altomate tegment of ft eizele, 225. 
Angle, 8, 4. 

Aente L, 83 footnote, 71. 

Alternate Lb, 129. 

L between two planes, 806. 

L greater than 180^, 219. 

BiBeetion of an L, 22, 64. 

Correeponding La, 129. 

Degree of L, i, 

Hinote of L, 69 footnote. 

ObtOBe L, 88 footnote, 71. 

Bight L, 8. 

Sapplementary Lb, 846 foot- 
note. 

To make an L » a giTen L, 64. 

Yerticallj opposite Lb. 24. 
An^^som property of A, 127. 
Approximation, soitable degree 

of, 29, 47. 
Arc of a circle, 220. 
Areas, 27. 

Circle, 51, 828. 

Parallelogram, 188. 

Rectangle, 29. 

Similar figores, 166. 

Snrfoee of sphere, 882. 

Triangle, 88, 291. 

Average, 51. 

Axes of co-ordinates, 116. 

Base of logarithm, 200. 
Base of A, 85. 



Binomial series and theorem, 181. 
Biseetioa of an L, 22, 64. 
Kaeetion of a straight line, 18L 
Brackets, use of^ 28, 66. 



Centre of orele, 1. 

To find eentre of eirele, 216. 
Centre of sphere. 100. 
Chord of eirele, 5. 
Cirde, 1, 99, 80S. 

L in given s^ment Is eonstant 
and half L at centre, 220. 

Are of a eirde, 220. 

Area, 51, 82B. 

Centre, 1. 

Chord, 5. 

Chord properties, 6, 7, 8, 9. 

Circumference, 49. 

Constmction from varions data, 
225,226. 

Contact of dreles, 8. 

Contact of circle and line, 72. 

Nomber of points that fix a 
circle, 216. 

Badias, 1. 

Batio of circomferenee to dia- 
meter, 50, 828. 

Bectangle properties of circle, 
227. 

Sector of circle, 88L 

Segment of circle, 220. 

Tangent to circle, 72, 222. 

To find centre, 216. 
Circnmference of a circle, 49. 
Coefficient, 179. 
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Gombinaiions of n things p at a 

time, 178. 
Oommensurability, 160. 
Compass, points of the, 8, 11. 
Goneurrent, 217. 
Goncyclic, 28& 
Gone, 881. 
Congruence, 78. 
As with same a b c congruent, 

66. 
As with same a b C congruent, 

67. 
As with same a B C congruent, 

75. 
As with same a A congruent, 

76. 
Discussion of As with same 
ab By 70-75. 
Congruent solids, 821. 
Constraint, degrees of freedom 

and, 102, 105, 818. 
Contact of circles, 8. 
Contact of circle and line, 72. 
Contractions and symbols, their 

right use, 28, 80, 40, 55. 
Converse propositions, 14. 
Co-ordinates, 116. 
Origin and axes, 116. 
Plane co-ordinates, 117. 
Corresponding Ls, 129. 
Cosine of an L, 194. 
Cosine of an obtuse L, 282. 
Counterclockwise, 219. 
Cylinder, cylindrical, 58, 110, 
829. 
Axis of cylinder, 829. 
Volume of cylinder, 48. 

Danger angle, 216. 
Degree of angle, 4. 
Degrees of freedom and constraint, 

102, 105, 818. 
Diagonal, 81, 185. 

Eleyation and plan, 885. 
ElUpse, 119, 120. 
Ellipm>id, 119. 

Eqiution, root of equation, solu- 
tion of equation, 84. 
Independence of equations, 269, 
274, 278. 



Quadratic equations, 92, 264, 
291. 

Simple equations, 86. 
Exterior L of A, 126. 

Freedom and constraint, degrees 

of, 102, 105, 818. 
Function, 86, 55. 

Graph, 85. 

Height of A, 85. 
Hexagon, 42. 
Horizontal plane, 107. 
Hypotenuse of right-angled A, 41. 

Image in a line, 8. 

Image in a plane, 808, 821, 328. 

Independence of conditions, 269, 

274, 278. 
Index notation, 152. 
Fractional index, 242. 
Laws of indices, 209, 210. 
Negative index, 211, 241. 
Zero index, 211. 
Interior and opposite L of a A, 

126. 
Isosceles A, 6. 

Isosceles A has base Ls equal; 
converse ; 6, 7. 

Locus, 10. 
Logarithm, 200, 286. 

Mean proportional, 281. 
Minute of L, 69 footnote. 

Negative quantities, 87, 116^ 

Obtuse L, 88 footnote, 71. 
Obtuse angled Ay 88 fbotnote. 
Origin of co-ordinates, 116. 

Parallels, 18, 105, 12a 
Equality of corresponding Ls, 

of alternate Ls ; converses ; 

129, 180. 
Parallel phines, 107, 806. 
Xs to a plane are |i ; converse ; 

804. 
Transversals are out by ||s in 

same ratio, 158. 
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Pumllel rulen, 18S. 
PtoaUelepiped, 844. 
PanUelogram, 188. 

Area, 188. 

Opposite lideseqnal ; convenee ; 
185. 
Pentagon ; regular pentagon ; 888 

footnote. 
Perimeter, 270, 827. 
Perpendicular, 6. 

± is shortest distance te a line, 
189. 

J. to a plane, 106, 299. 

J.S to a plane are || : converse ; 
804. 

Property of X bisector of a line, 
11. 

To draw a X to a line, 18, 14, 
221. 
Plan and elevation, 885. 
Plane, 100. 
Plane table, 62. 
Plumb line, 107. 
Polygon, 140, 827, 888 footnote. 

Perimeter, 827. 

Regular polygon, 888 footnote. 
Polyhedron, 888. 
Power, 152. 
Priam, 820. 
Projection, 108, 115. 

Projection on a line, 287. 

Projection on a plane, 884. 

Plan and elevation, 885. 
Proportion, 281. 
Proportional, mean, 281. 
Pyramid, 299. 

Volume, 811, 820, 886. 
Pythagoras, theorem of; con- 
verse ; 259. 

Extension to any A, 290. 

Quadrant, a quarter of a circle 
bounded by two JL radii. 

Quadratic equations, 92, 264, 291. 

Quadrilateral, a figure of four 
sides. 
Sum of opposite Ls of cyclic 
quadrilateral is 180^, 222. 

Radius of circle, 1. 
Ratio, 150. 



Ratio of oirenmferenoe of circle to 

diameter, 50, 828. 
Rectangle; rectangular; 27, 88, 
186. 
Area of rectangle, 29. 
(a + c)«=r-a«+c« + 2ac, 257. 
Regular pentagon and polygon, 

888 footnote. 
Right L, 8, 4. 
Right Ld A, 81. 
Calculation of, 268. 
Hypotenuse of, 41. 
To draw, from various data, 

260. 
Theorem of Pythagoras; con- 
verse ; 259. 
Root of equation, 84. 

Sector of circle, 881. 

Segment of circle, 220. 

Set-square, 181. 

Shape of A, conditions that fix it, 

168. 
Similar figures, 161, 167. 
Similar solids, 825. 
Similarity of As, conditions that 

ensure it, 164. 
Simple equations, 86. 
Sine of an L, 165. 
Sine of an obtuse L, 282. 
Slide rule, 209. 
Slider crank pair, 78. 
Solid body, position fixed by six 
data, 812. 

Congruent solids, 821. 
Solution of equation, 84. 
Sphere, 100. 

Area, 882. 

Centre, 100. 

Section by a plane, 829. 

Volume, 888. 
Square, 86, 186. 

To draw square ^a given rect- 
angle or A, 229. 
Square root, 212, 244, 24a 
Straight path shortest, 188. 
Supplementery Ls, 846 footnote. 
Surface, 99. 
Symbols, table, 28. 

> and <, 155. 

V , 218. 
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Precedence of x over + , 29. 
Right use of symbols and con- 
tractions, 28, 80, 40, 56. 

Table of weights and measures, 

871. 
Tangent of an L, 195. 
Tangent of an obtuse L, 284. 
Tangent to circle, 72, 222. 

L between tangent and chord =s 
L in alternate segment, 225. 

To draw a tangent, 280, 85a 
T-square, 181. 
Tetnihedron, 815. 
Transyersal, 129. 
Trapezium, 189. 
Triangle, 8, 82. 

Acute Ld A, 88 footnote. 

Angle-sum property, 127. 

Area, 88, 291. 

Base, 85. 

Bisector of vertical L diyides 
base in ratio of sides, 191. 

Conditions that fix A, 65. 

Congruence of As, 65. 

Exterior L of A, 126. 

Greater L opposite greater side ; 
converse ; 190. 

Height of A, 85. 

Interior and opposite L, 126. 

Isosceles A, 6. 



Obtuse Ld ^ 88 footnote. 

II to base cuts sides in same 
ratio, 157. 

± bisectors of sides are con- 
current, 217. 

±s of a A are concurrent, 289. 

Pythagorean theorem ; genera- 
lization ; 259, 290. 

Right Ld A, 81. 

Shape of A, conditions that fix, 
168. 

Similarity, 164. 

A given by co-ordinates, 292. 

Two sides are greater than 
third, 8. 

Vertex, 128. 
Trisection of line, 146. 

Vertex of A, 128. 
Vertical line, 107. 
Vertical plane, 107. 
Vertically opposite Li, 24. 
Volumes, 45. 

Cylinder, 48. 

Rectangular room, 45. 

Similar soUds, 167, 886. 

Sphere, 888. 

Pyramid, 811, 817, 886. 

Weights and measures, table of, 
871. 
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